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Convergence Estimation of GCR(k) Method
with Stationary Type of Preconditioning

TaKASHI SEKIMOTOT! and SE1J1 FujsiNnot?

Preconditioning techniques improve convergence rate of Krylov subspace
methods when we solve a large non-singular linear system of equations Az = b.
ILU(0) decomposition preconditioning without extra fill-in is well known as a
technique for linear systems with nonsymmetric coefficient matrix. However,
this preconditioning doesn’t sometimes work well due to high cost to build
preconditioner matrix and extra cost of forward and backward substitutions.
In this paper, we propose restarted GCR(k) method with stationary type of
preconditioning. Through numerical experiments, we make clear that this pre-
conditioning has excellent convergence rate.
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Table 1 Determination of preconditioner M, N.
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Let @o be an initial guess, (23)
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Table 2 Specifications of ten kinds of nonsymmetric coefficient matrices.

matrix dimension nnz ave. analytical
nnz | field

big 13,209 91,465 6.92 structural

bridge 64,461 | 4,373,817 | 67.85

poisson3Da 13,514 352,762 26.10

poisson3Db 85,623 | 2,374,949 | 27.74

xenonl 48,600 | 1,181,120 | 24.30

xenon2 157,464 | 3,866,688 | 24.56

ex11 16,614 | 1,096,948 | 66.03 | fluid-

ex19 16,614 1,096,948 66.03 | dynamics

raefsky2 3,242 294,276 | 90.77

raefsky3 21,200 | 1,488,768 | 70.22
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Table 3 Convergence of three kinds of preconditioned GCR(k) methods.

matrix pre- k w 5 itr. | pre-t itr-t tot-t ave. | TRR | ratio
cond. itr-t

- 20 - - | max - - - - -5.36 -

ILU(0) | 5000 - -1 253 0.01 1.36 1.37 | 5.38| -8.06 -

big SOR 500 | 1.0 -| 413 | 0.00 3.36 3.36 | 8.14 | -8.03 -

1000 | 1.9 -1 320 0.00 2.04 2.04| 6.38| -8.04 -

V-GS 2000 1.0 | 286 | 0.00 1.73 1.73 | 6.05| -8.08 -

5000 -1 17| 272| 0.00 1.54 1.54 | 5.67 | -8.05 -

- 500 - - 11926 | 0.00 | 104.07 | 104.07 | 54.03 | -10.57 | 1.00

ILU(0) 20 - - | max - - - - 0.00 -

bridge SOR 100 | 1.0 - 12563 | 0.03| 46.77 | 46.80 | 18.25 | -10.62 | 0.45

20 | 0.5 - | 1310 | 0.03 14.59 14.62 | 11.14 | -10.69 | 0.14

V-GS 20 1.0 | 717 | 0.04 | 11.33 | 11.37 | 15.80 | -10.73 | 0.11

20 -109]| 687| 0.04 | 10.84 | 10.88 | 15.78 | -10.50 | 0.10

- 20 - -1 285 0.00 0.34 0.34 | 1.20 | -8.08 | 1.00

ILU(0) 20 - - 57 | 0.05 0.13 0.18 | 2.30 | -8.07 | 0.53

poisson3Da | SOR 20 | 1.0 - 99 | 0.00 0.13 0.13 | 1.31| -8.09| 0.38

20 1.1 89 | 0.00 0.12 0.12 | 1.35| -8.09| 0.35

V-GS 20 1.0 74 | 0.00 0.14 0.14 1.91 -8.12 | 0.41

20 -1 1.1 72 | 0.00 0.12 0.12 | 1.68| -8.10| 0.35

- 50 - -| 582 0.00 8.34 8.34 | 14.33 | -8.05 | 1.00

ILU(0) 100 - -| 110 | 0.56 3.12 3.68 | 28.35 | -8.09 | 0.44

poisson3Db | SOR 20| 1.0 - 204 | 0.03 2.24 2.27 | 10.98 -8.11 | 0.27

20 | 0.9 -1 202 0.03 2.20 2.23 1 10.90 | -8.09 | 0.27

V-GS 20 1.0 137 | 0.03 2.14 2.17 | 15.63 -8.12 | 0.26

20 -1 1.1 136 | 0.02 2.14 2.16 | 15.74 -8.15 | 0.26

- 100 - - 11956 | 0.00 | 19.05 | 19.05| 9.74 | -8.00 | 1.00

ILU(0) 20 - - | max - - - -1 -2.24 -

xenonl SOR 20 | 1.0 -1 673 ] 0.00 3.16 3.16 | 4.70 | -8.00 | 0.17

20 | 0.8 - | 669 | 0.01 3.13 3.14 | 4.69 - -

V-GS 20 -11.0]| 477 | 0.01 2.90 291 | 6.08| -8.02| 0.15

20 -109]| 450| 0.00 2.73 2.73 | 6.07| -8.01| 0.14

- 200 - - 11514 | 0.00 | 81.46 | 81.46 | 53.81 | -7.99 | 1.00

ILU) | 20| - -] max - - - -] 222 -

xenon2 SOR 20 | 1.0 -| 768 | 0.04| 12.43| 12.47 | 16.18 | -8.01 | 0.15

V-GS 20 -11.0| 554 | 0.03| 11.89 | 11.92|21.46 | -8.01 | 0.15

20 -11.1| 555| 0.04 | 11.42 | 11.46 | 20.57 | -8.01 | 0.14
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Table 4 Convergence of three kinds of preconditioned GCR(k) methods. (cont’d)

2010/8/4

matrix pre- k w § itr. | pre-t itr-t tot-t ave. | TRR | ratio
cond. itr-t

- 20 - - max - - - - | -7.08 -

ILU(0) 20 - - max - - - - | 0.00 -

ex11 SOR 20 | 1.0 - max - - - -1 -7.22 -

50 | 0.5 - 8299 | 0.01 | 28.93 | 28.94 | 3.49 | -8.40 -

V-GS 1000 -] 1.0 max - - - -1-7.33 -

20 -10.5 8524 | 0.00 | 32.92 | 32.92 3.86 | -8.46 -

- 20 - - max - - - - | -7.16 -

ILU(0) 20 - - max - - - - | 0.00 -

ex19 SOR 20 | 1.0 - max - - - -1-7.83 -

200 | 0.8 - 7238 | 0.00 | 29.25 | 29.25 4.04 | -8.15 -

V-GS 20 1.0 | 10500 | 0.00 | 11.43 | 11.43 1.09 | -7.93 -

20 -10.5| 6253 | 0.00| 6.81 6.81 1.09 | -8.18 -

- 2000 - - 337 | 0.00 | 0.61 0.61 1.81 | -8.01 | 1.00

ILU(0) 100 - - 40 | 0.05 0.04 0.09 0.98 | -8.60 | 0.15

raefsky2 | SOR 200 | 1.0 - 186 | 0.00 | 0.20 0.20 1.08 | -8.12 | 0.33

V-GS 1000 1.0 70 | 0.00 0.06 0.06 0.84 | -8.27 | 0.10

- 50 - - 8826 | 0.00 | 40.32 | 40.32 | 4.57 | -9.10 | 1.00

ILU(0) | 5000 - - 75| 0.19 | 0.63 0.82 | 8.41 | -8.85| 0.02

raefsky3 | SOR 100 | 1.0 - 6239 | 0.01 | 38.43 | 38.44 6.16 | -9.35 | 0.95

20 | 0.6 - 5140 | 0.01 | 19.16 | 19.17 | 3.73 | -9.42 | 0.48

V-GS 200 -|1.0| 2205 | 0.01 | 22.94 | 22.95 | 10.40 | -9.35 | 0.57

50 -10.7 1893 | 0.02 | 11.42 11.44 6.03 | -9.55 | 0.28

05 00000 GCR(k)0OO0OO0O0O0 GCR(k)00ODOOOODO
Table 5 Comparison of total time of preconditioned GCR(k) methods to that of GCR(k) method.

ratio | ~0.25 | 0.25~0.50 | 0.50~0.75 | 0.75~1.00 | 1.0~ | not conv.
ILU(0) 3 1 1 0 0 5

SOR 6 4 0 0 0 0
V-GS 7 3 0 0 0 0

type of preconditioning to that of ILU(0)-GCR(k) method.

06 D000O0O0OOOO0OOO0OOOOO ILU(O)ODOO0OO0OOOOO
Table 6 Comparison of total time of GCR(k) methods with stationary type and variant stationary

ratio ~0.25 | 0.25~0.50 | 0.50~0.75 0.75~1.00 1.0~ not conv.
SOR 5 0 2 0 3 0
V-GS 5 0 3 0 2 0
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