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Fair and Pareto optimal load balancing in distributed computer systems

Arsusai Inote, Hisao KaMmepar and CorINNE TouATr

In this paper, we examine a new criterion of fairness for sharing resources among users. The Nash Equilib-
ria can be perceived as fair as they correspond to an equilibrium obtained by fair competition between users.
However, they may not be Pareto optimal. We therefore consider, as a fair point the Pareto optimal point
where the utilities of users are proportional to those of a Nash Equilibrium point. We study the properties
of the new fair point in a simple load balancing system consisting of two servers and two set of users and

compare it with previously proposed fair criteria.

1. Introduction

Load balancing among computers in a distributed sys-
tem is a means of efficiently sharing resources among
users. We can consider many optimizations in load bal-
ancing. An important objective of a load balancing sys-
tem is Pareto optimality. Indeed, there exists no other
state where all users have better benefits simultaneously
than in a Pareto optimum situation. There exist innu-
merably many Pareto-optimal situations, and we may
not have any absolute preference among Pareto optima.
The weighted sum optimization (which minimizes the
weighted sum of the users’ costs with different weights)
is one of the means to obtain a Pareto optimum.

The choice of one to achieve can be controversial
among users. One selection criterion is fairness among
users. Various fairness concepts that achieve Pareto op-
tima have been already proposed®>-9.

There also exist many systems where multiple indepen-
dent users, or players, strive to unilaterally optimize their
own ulitily or cost. They are regarded as noncooperative

games, and the equilibrium is called a Nash equilibrium? .

+ 0000 00000000000
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Nash equilibria may be Pareto inefficient. However, each
Nash equilibrium is fair on all users in the sense that it
is achieved by the fair competition (with no coalition)
among users. Then, among the Pareto-optima, only those
that are strongly Pareto-superior to the Nash equilibrium
could satisfy all users. In particular, as the situations that
would make all users to feel fairness similar to that of
the Nash equilibrium, we consider a group of situations
where each user’s utility is proportionately larger than
that of the Nash equilibrium. We say that such situations
are Nash proportionately fair to the Nash equilibrium. If
we identify a Nash-proportionately-fair Pareto optimum,
the resulting situation will satisfy all users since it reflects
the competitive fairness given by the Nash equilibrium
and is Pareto optimal, at the same time.

By the Pareto set of a system, we mean the set of all
Pareto optima of the system. We are quite interested in
the positions that the already proposed and Nash pro-
portionate fairness objectives occupy in the Pareto set.
It may seem difficult to study this problem in a general
framework from this beginning stage. Therefore, in this
paper, we deal with simple static load balancing model
with two identical servers (computers) each of which has
an identical arrival and its own queue, and numerically

obtain the cost (the mean response time) of each user at
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the points in the Pareto set, at the solutions that achieve
various fairness objectives, and at the Nash equilibrium
(which is unique in this case®).

The rest of this paper is organized as follows. Section
2 describes our model and formulates as various types
of fair and optimal load balancing problems. Section 3
shows some numerical results. Section 4 concludes this

article.
2. Model and Assumptions

We consider a distributed computer system (shown in
Fig. 1) consisting of two servers (computers), 1 and 2,
with two flows of demands ¢, and ¢, arriving from users
1 and 2 at servers 1 and 2, respectively. Service times
of servers 1 and 2 are according to exponential distribu-
tion at mean 1/y; and 1/u,, respectively. Let a fraction
x; (0 < x; < ¢;) of a flow of jobs be forwarded from
server i to the other server j (# i). Denote by x the vector
(x1, x2), and by 1 and f3,, respectively, the resulting loads
on nodes 1 and 2. Then, we have

Bi=¢i—xi+x;, iL,j=1231#)).

We assume that the processing time at server i for the

load of rate 3; is given by (u; — 8~ .

we assume that forwarding a job requires a fixed delay

For simplicity,

t. Therefore, the cost of user i, that is, the delay of each
flow arriving from the user i, can be written:
L= S — %% e —1
G pi — i+ X — x5 Hi— ¢+ x;— x
@
fori, j = 1,2(j # 0.

Denote by C the feasible region of x, that is, C =
x|0<x;<¢;, i=12and pt; —¢; +x,—x;>0, i, j=
1,2 (i # p}. Clearly, C is a convex set. However, note
that T3(x), i = 1,2, x € C, is not convex in x while 7;(x),
i=1,2,is convex in each of x; and x, for (x1, x;) € C.

For example, we may consider that the utilities of the
users are inversely proportional to their costs, that is,
U(T)=1/T;,i=1,2.

2.1 Pareto set

Denote by II the Pareto set defined as follows:

I = {(T1(x), T2(x)) | x € C, and for any x" (x" € C)
if T;(x") < Ty(x)(i = 1,2) then T,(x") > T;(x)(j # i)}

Minimization of a weighted sum of costs of users is one
of the objectives to obtain the Pareto set. The objective is
represented as follows:

£3(x) = min (x) @)

X1 X2
o1 &2

Fig.1 Loadbalancingin a distributed system consisting of two servers

where Q(x) = 3, &,T,(x),& > 0,i = 1,2,and ¥, &, > 0.
Then, the cost of user i is given by 7;(x), i = 1,2. Clearly,
X gives a Pareto optimum.

This objective has the following property?. If the strat-
egy set C is convex, and if the cost functions 73, i = 1,2,
are convex, any Pareto optimum is given by a solution
X of the minimization of weighted sums of costs (2). In
fact, however, T;, i = 1,2, are not convex in x as noted
above. Therefore, there may exist Pareto optimal points
that are not a solution of minimizing a weighted sum of
costs, which is actually shown in the numerical examples
given in the later section.

2.2 Nash proportionate fairness

In this system, a Nash equilibrium % is given as fol-
lows:

T:(%) = II}lclIl T;(x;, X)), st (x,X)eC, i, j=1,20# j).

3)
For the model in question, there exists a unique Nash
equilibriumP.

The Nash equilibrium, 7(X), i = 1,2, may be Pareto
inefficient¥. Consider P; = 5T;(%), i = 1,2, By decreas-
ing 5, if (P1, P») hits the curve II, and reaches a Pareto
optimal point, (P, P,), it is the Nash-proportionate-fair
Pareto optimum.

2.3 Already proposed fairness

Already proposed lines of general parameterized fair-
ness objectives are expressed, for example, in the follow-
ing form®.

F(¥) = min F(x). “
where F(x) = (1 —a)' 3 {T @)} .

Similarly as (4), we consider maximization of the util-
ities of the users, and formulate the following fairness
objectives:

F@®) = max F(x), 3)
where F(x) = (1 — @)' 2,{U,®)}"® and U,(x) =

0 1e0
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Fig.2 Combinations of response times, respectively, T, and 75, of users 1 and 2 in the case where the

values of system parameters are ¢ = 2.1, g1 = 3, ¢2 = 2.7, up = 3.7, and ¢ = 0.001. Note
that the left and right graphs of this figure and the left and right graphs of the following Fig. 3
show the same case of the system. Only differences lie in that the points shown may be what

achieve objectives different among the four graphs. This applies also to the set of 4 graphs in
Figs. 4 and 5 and to the set of 4 graphs in Figs. 6 and 7. We show the points that achieve [Left]

Nash proportionate fairness and [Right] minimization of weighted sums of costs.
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Fig.3 Combinations of response times, respectively, 71 and T, of users 1 and 2 in the case where
¢1 =21, 1 =3, ¢ = 2.7, u2 = 3.7, and t = 0.001. We show the points that achieve the
already proposed fairness objectives (5) [Left] and (4) [Right].

1/T,(x).

The case of @ = 0 shows the simple sum of the costs
of the users. The case of @ — 1 presents a Nash bar-
gaining solution and, in particular, proportional fairness
in this system. The case of @ — oo corresponds to the
Max-Min fairness®>>-®. Obviously, (5) also follows the
lines of already proposed general parameterized fairness

objectives.
3. Numerical Results

‘We characterize fair and optimal load balancing prob-

lem through some numerical results. For convenience,
we add the constraint & + & = 1 in minimization of
weighted-sums without losing generality.
3.1 A case where weighted-sum objective does not
cover all the Pareto optima
Figs. 2 and 3 show the Nash equilibrium, the part
of Pareto set obtained by the weighted-sum optimiza-
tion and the fairness solutions that achieve (4) and (5).
The values of the system parameters are ¢; = 2.1, y; =
3, ¢ =27, pp =3.7, and ¢ = 0.001.
In the right graph of Fig. 2, we observe that the parts

g1iro
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Fig.4 Combinations of response times, respectively, 71 and T, of users 1 and 2 in the case where
¢1 =09, ;11 = 1.5, ¢ = 0.8, up =2, and ¢ = 0.35. We show [Left] the point that achieves the
Nash proportionate fairness, and [Right] the points that achieve the minimization of weighted

sums of costs.
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Fig.5 Combinations of response times, respectively, 71 and T, of users 1 and 2 in the case where
¢1 =09, 1 = 1.5, ¢ = 0.8, o =2, andt = 0.35. We show the points that achieve the
already proposed fairness objectives (5) [Left] and(4) [Right].

of the Pareto set obtained by the weighted-sum objectives
are divided into two parts and do not cover all the Pareto
set. We note that 7, and 7, are nonconvex in x, and,
therefore, the optimal solutions to the weighted-sum ob-
jectives may not cover the Pareto set since the conditions
of the Aubin’s theorem are not satisfied. Thus, the above
result presents a counter-example that shows that if a con-
dition of the Aubin’s theorem is not satisfied, the theorem
does not hold.

In Fig. 3, we observe that, as to the solutions obtained
by the already proposed fairness objectives (5), the opti-

mal points converges to the point of the Pareto set satisfy-

ing Ty = T, as the value of a increases. (Note, however,
that, in this case, we were unable to obtain numerically
the optimal values for very large values of a (> 100).
This is perhaps because of accumulation of round-off er-
rors.) In particular, some such optimal points are in the
part of the Pareto set which the weighted-sum objective
cannot cover. On the other hand, the points optimal for
the objectives (4) diverge from the Max-Min fair point as
the value of @ increases. Superficially thinking, both the
objectives (5) and (4) would be anticipated to show simi-
lar behaves, but, in fact, the objective (4) is not good as a

general fairness objective.
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Fig.6 Combinations of response times, respectively, 71 and T, of users 1 and 2 in the case where
¢1 =07, 11 = 1.0, ¢2 =09, 2 = 1.2, andz = 3. We show the points that achieve [Left]

Nash proportionate fairness and [Right] minimization of weighted sums of costs.
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Fig.7 Combinations of response times, respectively, 71 and T, of users 1 and 2 in the case where
¢1 =07, p1 = 1.0, ¢2 = 0.9, o = 1.2, and ¢t = 3. The points achieve the fairness objectives
(5) [Left] and (4)[Right].

It is seen in the above figures that the Nash equilibrium
is almost Pareto optimal, and almost identical to the Nash
proportionate-fair Pareto optimum. In this case, however,
the Nash proportionate-fair Pareto-optimal point is not in
the part of the Pareto set obtained by weighted-sum ob-
jectives and any fairness objectives.

3.2 A case where the Nash equilibrium is not

Pareto optimal

Figs. 4 and 5 show a case where the values of sys-
tem parameters are ¢; = 0.9, yy = 1.5, ¢ = 0.8, p =
2, and ¢ = 0.35.

In Fig. 4, we observe that the Nash equilibrium is not
on the Pareto set. The Pareto set and the straight line
passing through the origin (0,0) and the Nash equilibrium

intersect at a point, which is the Nash proportionate-fair
Pareto-optimal point.

In this case, Pareto optimal points that achieve the
weighted-sum optimization cover all the Pareto set. The
Pareto optimum corresponding to the Nash proportionate
~ 0.934 and & =~ 0.066. In this

case, the Nash-proportionate-fair optimal point happens

fairness is given by &

to be the point that achieves the fairness objective (5) for
a =~ 26.4. On the other hand, in this case, no points that
achieve the fairness objectives (4) with any values of «

can be identical with it.
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Fig.8 Combinations of response times, respectively, 71 and 75, of users
1 and 2 in the case where ¢ = 0.5, fg = 0.7, ¢2 = 0.4, p2 =
0.7, and ¢t = 20.

3.3 A case where only one Pareto optimum point
achieves the fairness objectives (5) with vari-
ous values of o
Figs. 6 and 7 show a case where only one Pareto op-
timum point achieves the fairness objective (5) at 7} =~
3.333 and 7, =~ 3.333, that is, the case of no load balanc-
ing (x; = 0 and x, = 0). The values of the system param-
eters are ¢; = 0.7, py = 1.0, ¢ =09, up =12, andt =
3. Note that in this case, the following relation is satis-
fied: ¢, — pu; = ¢ — po. Note that, in this case also, the
Nash proportionate-fair Pareto-optimal point is different
from the Pareto optimum that achieves the fairness objec-
tive (5).
3.4 A case where only one Pareto optimum point
exists
Fig. 8 shows a case where only one Pareto optimum
point exists. The value of the system parameters are
¢ =05,y =07, ¢ = 04, yp = 0.7, and ¢ = 20.
‘We note that load balancing must be ineffective when job
forwarding time ¢ has a large value. In Fig. 8, all op-
timal points that achieve the weighted-sum optimization
for any combinations of the values of & and &, the points
that achieve both fairness objectives (4) and (5) with any
values of @, and the Nash equilibrium point happens to

be the Pareto optimal point.
4. Concluding Remarks

‘We have numerically examined the generally param-

eterized fairness objectives and the Nash-proportionate

fairness recently introduced. The platform of this re-
search has been simple static load balancing model with
two identical servers (computers) each of which has an
identical arrival and its own queue.

The points that achieve the general parameterized fair-
ness objectives generally cover a part of the Pareto set,
and at times, do not covered the Nash-proportionate-
fair Pareto optimal point. Since each Pareto optimum
may have its own significance, we may wish to have a
more generally parameterized fairness objective that all
the Pareto optimal points may be achieved with a certain
choice of the values of the parameters.

‘We have observed that careful consideration is needed
in establishing the concrete form of the fairness objec-
tive along the lines of the generally parameterized fair-
ness objectives. Otherwise, we may have an inappropri-
ate objective that would not give us truly fair assignment

of resources to users.
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