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We construct by computer necessary -representation matrices to compute 3-pararell
version polynomial invariants, called Murakami invariants, of knots with 5 braid
forms using W-graphs bf Hecke algebfas H(q,15). All matrices, dorresponding to
irreducible representations of Hecke algebras H(q,15), had already been given in
[0K] but no direct calculations of Murakami invariants to use them is well adapted
for computatlonal computatlons as it involves product calculatlons of very big
matrices. Hence we construct certaln subspaces of representatlon matrlces of the
irreducible representation matrlces of H(g,15). Furthermore, we verified to able to
compute in adequate time Murakami’s invariants of knots with 5-braid forms,
inclﬁding‘ Te(ésékaéKindsita knot " and Conway knot, usjng such the matrix
"repfesentations.; . ' - ' ‘



1 Introduction

V. Jones [Jol] discovered a polynomial invariant in one variable which is an invariant
of oriented links, and also defined in [Jo2] another two—vanable invariant Xz(g,A) of an
oriented link L given by the following formula

n-1

Xi(g,A) = <—7;(_—1'\;95) (VX)etr(m(a))

, where ¢« is any element of the braid group B, with & = L, e being the exponent sum
of o and 7 is the representation of B, in the Hecke algebra H(g,n) sending the standard
generators of By, to those of H(g,n). But it is already known that no polynomial invariants
of Conway type can recognize two different mutant knots and so that no Jones invariants
in one or two variable can distinguish Kinoshita-Terasaka knot KT and Conway knot KC.
Under such situation, J. Murakami [M] found that 3-parallel version of 2-variable Jones
polynomials distinguish certain mutant knots and later 3-parallel version of a special type
of 2-variable Jones polynomial of 4 braids can distinguish KT and KC [OM].

2 3—parallel version of a spécial type of 2-variable
Jones polynomial

Let L be a link, o be an element of the braid group B, with & = L, and 8 be the 3-parallel
version of a (see [M]). Then the following Laurent polynomial

PN = (~2)" WREEE)

is a polynomial invariant of L (see [M]).
Let H(g,n) be a C-algebra with a unit defined by the following relations:

H(q,n) =(91,92,---,9n-1] & =(g-1)gi+gq,
- 9i9i+19i = 9i+19iGi+1y . .
99 =90 ifli—j1>2) .

Then H(g,n) is called a Hecke algebra of type A,—, and each generator g; is called
a standard generator of it. Let oy,09,...,0n—1 be the standard generators of B, and
¥®) . OB, — H(g,3n) be the, .algebra homomorphism defined by

U (03) = g(3i — 2,3 — 1)3g(31,3i + 2)g(3i — 1, 3z+1) (3i—2,3)

where g(i,j) = gigiy1-g;(1 Si<j<n—1). o

- In'[OK], we gave the irreducible representations of H(g,9), H(g, 12), and H(g,15) and
so.can compute X (g, A) for every link L -whose braid form has braid index of 3, 4, and
5. \

It is necessary for a direct calculatlon of X (q, )\) ofab bra.ld of length I to compute
about 107 many timés products of matrices of size n up to'292864. But Murakami method
[M] and [OM] needs only the similar products of matrices of size n up to 1449.

Let Y be a Young diagram for the set A(n) of partitions of a positive integer n , and let
X = {xl, T3, ..., Zs} be the collection of words induced from the standard Young tableaux
generated by Y"(see [OK]). For each element z of X, define I-invariant I(z) as the set of
i € {1,2,...,n — 1} such that the row containing i is above the one containing i 4+ 1 in' z



([G1,2,3]). Let Y be a Young diagram associated with A(3n) , and G(Y) be the W-graph
with the vertex set V(Y) = {x1, X2, ---, Xs } labelled by I(G(Y)) = {I(x1), I(x2), - I (Xs)}
corresponding to Y, where I(x;) is the I-invariant of x;. Then define a subset V3(Y) of
V(Y as follows: ~

Each vertex x in V(Y) is included in V3(Y) if and only if I()x) contains all numbers
kin I={1,2,..,3n} with k£ = 2(mod 3) and no numbers k in I with k& = 1(mod 3).

Let 7y be the representation given by the W-graph G(Y') , let 75 be the restriction
to my o U®) on the subspace U spanned by the basis corresponding to V3(Y). Then it
is well known that 7} gives a representation of B, (see [M]). Then by Theorem 1.5.1 of
[M], the following X f)(q, A)* islan invariant of L.

n— N

P = (-425) " (VA Ty Wr(g Vel (@)

,where Wy (g, A) = S(g, A)/Q(q) and wi is the trace of 3.

Later we will compute only the special type X ,Ea) (g,9%)* called by a Murakami-invariant
of L. '

Q(g), S(g,\) are as follows:

Let Y be a Young diagram (Ag, Ag, ..., Ax). Then each node of Y has a value, called by
hook length, which is the total number of nodes which exist on the right and downward
direction. For an example, a Young diagram (10, 4, 1) has the following hook length.

12]10]9]8]6]5][4][3[2[1]
53 [2[1
1 .

Then we have that
RQ=01-91-)1-F)(1-¢")1-")1-¢®)(1~F)(1—¢*)(1—-¢")(1-¢"?)
(1—Q()1(1 -PA)(1-1-¢)(1-9) : «
an .
S(q,2) = (1 - Ag)(g — M) (¢ — M) (¢® — Ag)(q* — Ag)(¢° — Ag) (¢ — Ag)(q” — Ag)(¢® —
Ag)(¢° — Ag)(1 — Ag®)(g — Ag®)(¢® — Ad®)(¢® — Ag®)(1 — A\gP).
1-M q-M ¢-M &©-M
1-A2 q-Ag® ¢*—)¢?
1-2? ¢g—2¢3 .
1- Ag*

3 Computational results

By computational computation using the result of [OK], we got the following list which
means that the first column gives a Young diagram Y, the second gives the dimension of
Ty, and the third gives the one of 7} :

([14 1], 14, 0], [[13 2], 90, 0],

((1311],91, 0], [[12 3], 350, 0],

([1221],7150], [[12111], 364, 0],

[[11 4], 910, 0], [[11 3 1], 2835, 0],



[[11 2 2], 1925, 0], [[11 2 1 1], 2925, 0],
[[t11111], 1001, 0], [[10 5 ], 1638, 1],

[[10 4 1], 7007, 4], [[10 3 2 ], 9100, 5],
[[10311],11088, 6], [[10 2 2 1], 9450, 5],
[[102 111],7722,4],[[1011111],2002, 1],
[[96],2002 4], [[951], 11375, 20],
[942],22113,36], [ 94 11], 25025, 40],
[[933],12740, 20], [[ 9 3 2 1], 42042, 64],
[[93111],26950,40], [[922 2], 13650, 20],
[92211],24948,36], [[921 11 1], 14300, 20],
[9111111],3003,4],[[87], 1430, 5],
[861],11583,36], [[85 2], 32032, 94],

[8511], 35100, 100}, [[ 8 4 3 ], 35035, 100,
[[8421],91000, 250], [[84 111], 53625, 140],
[8331],57330, 155, [ 8 3 2 2], 58968, 156],
[83211],100100, 255], [ 83111 1], 44550, 105],
[82221],42042,104], [[822111], 43120, 100],
(82111 1 1],19305,40], [[81111111],3432, 6], .
[771],5005,20],[[762],25025, 100],
(7611],27027, 104], [ 7 5 3 ], 45045, 180],
[7521],108108, 416], [ 7511 1], 61425, 220],
[744],25025,100], [[ 7 43 1], 135135, 520},
[7422],112112,424], [ 74 21 1], 184275, 660],
[741111],75075, 240], [[ 7 3 3 2], 90090, 340],
[[73311],122850, 440], [ 73 221 ], 159250, 560],
[732111],150150, 480}, [[ 73111111, 51975,140],
[72222],34398, 116], [[ 722 2 1 1], 70070, 220],
[7221111],51975,140], ([72111111], 19305, 40],
[711111111],3003, 4],[[ 6 63],21450, 100},
|
[

[
[
[
[
[
[
¥
[
[
[
[
[
[

6621 ],50050, 225, [[66111],28028, 116],

65 4], 30030, 145), [[ 6 5 3 1], 128700, 600],
[6522],100100, 460, [ 6 52 1.1 ], 162162, 699],
[651111],63700,240], [[ 64 41 ], 80080, 380],
[6432],175175,820], [[6 4 31 1], 231660, 1020],

6411111170070, 220}, [[ 6 3 3 3], 50050, 235],
63321],210210,920], {63311 1], 156000, 610], -

6321111], 150150, 480], [[631111 117 43120, 100], " ' """

[
%63222] 112112, 474], [ 6 322 1 1 ], 221130, 855],
[
[

[[622221],63700,240], [6222111], 75075, 240],
[[62211111],44550,105], [[621111111], 14300, 20],
[6111111111],2002,1),([555],6006,32, )
[554 1], 54054, 283], [ 55 3 2 |, 96525, 500],
[55311],126126,612], [[55221], 125125, 600],
[552111], 112112, 474], [[5511111], 34398, 116]

[
[
[
[
[
[
[
[
[
{
[[64221],243243, 1056], [ 6 4 211 1], 221130, 855],
[
[
[
[
[
[
[
[
%
([5442],81081,432], [ 5441 1], 100100, 500},
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[[5433], 75075, 400], [[ 5 4 3 2 1 ], 292864, 1448,
[543111],210210,920], [ 5422 2], 125125, 600],
[542211],243243, 1056, [5421 11 1], 159250, 560],
[54111111]),42042, 104, [ 5333 1], 100100, 500],
[53322],126126,612], [[533211],231660, 1020],
[5331111],122850,440], [[532221], 162162, 699],
[5322111],184275,660],[[53211111],100100, 255],
[531111111],24948,36],[[522222], 28028, 116],
[5222211],61425,220],[[52221111],53625, 140],
[522111111],26950,40],[[5211111111],7722,4],
[51111111111],1001,0], (4443 ];24024, 138],
[44421],75075,400), [444111], 50050, 235
[[44331],81081,432], [44322], 96525, 500],

[[443211],175175, 820], [[4431111],90090, 340],

[442221],100100,460], [[4422111], 112112, 424],
[44211111],5898,156],[[441111111],13650,20], -
[[43332], 54054, 283], [[ 4 3 3 31 1], 80080, 380],
[433221], 128700, 600], [4332111],135135, 520],
[43311111],57330,155], [[432222], 50050, 225],
[[4322211],108108, 416, [[4322 111 1], 91000, 250],

[432111111]),42042,64],[[4311111111],9450, 5,

[4222221],27027,104],[[42222111], 35100, 100],

(422211111, 25025,40],[[4221111111],11088, 6],

[42111111111],2925,0],[[411111111111],364,0],

[[33333],6006,32],[[333321],30030, 145],

[3333111],25025, 100], [[3 3322 2], 21450, 100],

[3332211],45045,180),[[33321111], 35035, 100],

[[333111111],12740, 20], [[33222'21] 25025, 100],

0 [[33222111],32032,94],[[33221 1111],22113,36], -

[3321111111],9100, 5], [[33111111111] 1925, 0],

[3222222],5005,20],[[32222211],11583,36], .

[322221111],11375,20],[[3222111111],7007,4], .
[[32211111111],2835,0] [321111111111],715, U]
[3111111111111],91,0],[[22222221],1430, 5],

. [[222222111],2002,4];{[2222211111],1638,1],
[22221111111],910,0,,[222111111111],350,0],
[2211111111111],90,0},[[21111111111111],14,0]
Let us consider the output datum in the above list:

For an example, we adopt the case of Young dlagram Y13 = [10 4 1] and its adjoint
Yiga = [3222111111]. In this case, there happends a collection X153 = {x1,Xa2, .-, X707}
(res. Xies = {X1: X3 ,X7oo7} ) of words such th&t only X437, X1s23 , X1997 > and Xao17
(res. X3eor» Xioa1 » Xioss » and Xigss ) are included in V3(Yig) (res. V3(Yies) ), where

124 5;f,718|105|11113|14|
X437 = -3.’ 6 9 12 ) (1)
15, | .




T[2[4]5 [7[8]10]11[13]14]

Xi23=| 3 |6]9]15 (2)
12 ‘ .
T]2] 4[5 [7[8]10[11[13]14]

X1997 =(3]6[12]15 ) . (3)

B ,
,and

112 4[5 [7]8]10]11]13] 4]

X2017 = 3194{12 |15 ) (4)
6

(resp. HH&E ).

Really X437, X1823 , X1997 , and X017 (T€S. X3997, X5941 » X065 » a0d Xios5 ) are included
in V3(Y13) (resp. V3(Yy44)) , because all of them have an I-invariant {2, 5, 8,11, 14} (resp.
{2,3,5,6,8,9,11,12,14}) which satifies with the subspace condition mentioned above and
every word other than those don’t satisfy with the one.

For an example,

14 |

0o} Uy W

—
ey

3| O | DO

X=g ()
10 '
12

13
15

has an I-invariant {3,5,6,8,9,11,12,14}, and then it don’t satisfy with the condition
because it’s I-invarint don’t contain 2.

As another computational result, we have the following matrix representation corre-
‘sponding to Y33 (resp. Yies ):

¢ 0 0 0 ‘
0 ¢ 0 0
o= o % 40 | ~ (6)
0 0 qﬂ\/a _q3
¢t (1 0 0 ,
10 0 0
09 — 0 : /q3q q _q3 0 ' ‘ (7)
0o 0 0 ¢
¢ 0 0 0
3 3 3 0
oo | TYE TN (®)
0 0 0 ¢t



—q3 q3\4/(j 0 0
0 0 0

04 —> 0 % q4 0 (9)
0 0 0 ¢*

(resp. &HE ).

KT (resp. CK) is the closure of a 5 braid ay03 0905 0303 ‘o7 0304 (resp.

0103 ‘0905 0305 0105 %04 ). Then we tried to compute Xg’%(q,q“)* and Xg,)((q, )
and got the same result as given in [OM]. On a personal computer with DEC Alpha 300
Hz CPU, our program to compute such the invariant needed about 7 minutes and 68 M
bytes main memory. '

In conclusion, we hope to have complete lists and also our computer programs (Knot-
TheorybyComputer Windows 95 version) available on the ftp server in the site ftp@ics.nara-
wu.ac.jp at the directory /export2/ftp/pub/ochiai so that readers in this field of knot
theory, representation theory, and etc. can use them.
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