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Amortized Complexity of a Transitive Closure Algorithm(H)
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Given a directed graph G, suppose that edges are added to or deleted from G, and we want to
compute its transitive closure in the on-line manner. This paper presents an improved version of the
previously proposed algorithm. The result of the paper is as follows: the on-line computation of the
transitive closure of G with n nodes, while m eddges are added to and d eddges are deleted from G,

can be done in O ((d+1)mn+(m-d)n) time. The new algorithm works even if an cycle occures in G,

which is forbidden in the original algorithm.

1)



1. FE RATE

75705 ATE. HEnWidkRETELEVWIH
HEHLEES, ASHrORM (quer 22851 T
Ty ILTF-IMESROPEBEESATWS. 2 'R
513 Ki2. BEMZI7GIRBNBALBREERD
BLITS LEDGORBRMAEE A4 TRDSB
PLTYXLLRRLE. "OXRITER. ZOBURK
2525,

BEZ 3 708BIMAELEAY F4 L TROSFEA
oL T3, Ibaraki and KatohS XD H>NER%E
BTWE. @

i) nEOHAEZHO>EMI I 7 GIANWAZITY
DL EORBMAR AL IV THET IEEIC
HL. HAShZANERICHDDH ST O (n?)HRAT
KFFTL2TNTY XAHEETSE. T

) nEOTA. mEDAUELHO>HEMZ 7766l
DBREZFTVWES S EFORBAARLE T T4 TEt
AT2MEMBEICHL. REShZDLOERIIPIPDLLT
O(n2(m+n))ETEFTTETNT) XLPEFET
5. .

®F. Italianold TRLAF—sMEEHAVWS I L
CEDXROEEEB. 0 HinMmEITHL. B
BWBOLW IS 75 3L E 1 EDAN
BAZO (n)%t & LEIE (amortized time) TEITY
BN XLk 2 F7o, GoRMBEIHL T,
MY BWCEBAROLWI I 7 bt b LR &
BERODOKRERO (mn)BRITETTLETINTY
ZA%RE 2. B, [talianod 7N T U XL TR
GORBHHAANRI BT TERL. EBO2REE
RBYEDBELERIIZORO—OE (HBHLEHEL
FD3bO—2%) FORICHAMLLBETES S
LHTES.

FESIZ, K. nEOHARHOLOLWERYS
SIGIANHBALBEETBRVBELITI L E (XL,
BBFELZ LS LDDOBARES LW, GORBY
BHarA>I4 > TCROBEVIEEICHL, mED
BArdEOBE2O0((d+1)mn+(m—d)n)k

BTEFTLTNTY XL ERELL. OO KRITIL

GIHABHKELZHEICLHBTEL LI 0T
NIV XLEBRT S.

PIF. 2BIEBWIRFRXTLXBEL L EFET
*RAPT 2. 3ETCTF-SHBL TN TY XLEZON
THX, 4ETEOLSL LANRERMITTSE (Zhb
NETEXR QDAY BTESIhTWNE) . ST
BREHERETSE. 6 HIITLOTHSB.

€2y

=2 . M#mOW
G=(V, E) #3Fm757:¥5. VEIEANK
4. E(cVXV)BINKAETHS. Ae= (v,
w)leL, HivEe DER LB, HRwW2 e
RELRE HAV APLHAVAESIRED - 1D
BEIGLOF (vi, v2), (vo,vs), < -+, (V-1 Vva) TH B
A ubbHAVAZIBGHLLE, viRudLHEl
RITETHE. 22, VEUDFRTHELWS.
THAXOFRNE S Zdesc() L /AT 5.
757G=(V, E) ERLEAKEELOEMS
597G T. GRBWIVHLWADRYEDE L &,
2LEFNLELCRH-TG RAGV.WEHBLILLD
:GORBHMA LK.
FRXTHOEZ S MEXERLTELH, GLEN3
DNRELEXRT S.
() add(i,j): G, NEWATS. LLELARE
EFBI5%ANWEARLWLDET S,
G) delete(i,j): G»5MG, i) 2KET 3.
@ searchpath(i,j): GIBWIHAILIPLEAIL
Z2ROEEEAN, LLANWTZOR (HBDHOH
EDS>bD—D) ¥ET.
ARX T, nBOEAEHOLOLVWERT 57
GHhLERBL., GItLED3>DEMED 5% b HES
PREFTLLVWIMELINEKS.

3. F— XFXME
ST, RICRRLLT - MEEOWT, £OR
REANK S, FHIIR Q0 EBRINLW. £DT
— S MEE. TtalianodS TR (5) & (6) TRELAT —
SHELERL LT, ThEYRLELDNTHS. £
DEFLTAFTIE. FHAX EVITH Ldesce®) %
BAEARTERTLVWILDOTHE. ZORFEARIE
gk ahdesc() T, DRABENEFREATHS. X
B, UTTE. Eadesc(x) bdesc () ERTHRFEA
FERMLENWTENDB.
KNESCERAZINE X nDEFTHE 2RTE
FITEHEL. BEFoNLLTRIETS.

index(x, v)
B ERdescR)DTHBVADKAL 5
= (vEdesc(x)D & &)

null (vgdesc(x) DL &)

B E Adesc X) DETHAUIFIcmH I KA o LB
S KA Y ¥ 2. searchpathiR{EIZH>E DX
SIEFANS. HAIPLHAINEIROFTER



index(i, ) ¥ WNR BT LNT. ERBHFRATHETS
3. index(i, ) HnullThWVE &I, £DHELTRT
HAPLBRIZMITTCHOEREFTIZLIZED iHS)
NEHIRERDITS. X-oTROWELES.

(M8 1] searchpath#fEIZO (Q)BBTRITTE
5. oL QEETHORETH .

Kz,
A, NOBRNLZREERERDT. 2255638 (1,))
¢ET S ZoRBMIIEx € VIZOWTindex (x, j)
DEZRANX. nullThWE Edesc(x)i2BIT3 j DEH
1 THhE2LE,PEANNE I VOT, O (n)BRATE
ATE5. A3, J)ERFERdesc() P SBELE
& JHUBxPLIBVETH 0L W) RIEFR
5. 232N DU DEAELFIEXxDS INANELIRHPG
CHa%oiE. HEA IZdesc)ICBE LR L S
WL, ZOX5%BHGICL<%d% b, THMA ) i2de
scX)PLBELLITRIEZ LW, ThiEPRL<E
F35Dizdesc(X)DBTFEAWIROVWTXRDESER
FHMYRXFTRBELRFHTS.

in(x,w)= {vedesc(x)| (v,w}€E H»D (v,wit
desc(X) DBETIZ W}

InGwWRGIBWIWIZABLDMMEND 5B, desc(
XNDBEERTHEHB,. BiTEKdescx)icBIFawnlT
HEWLDDORETHSE. DTTIE. R&ink,wE®
DY+ EERP LAV, iz, BIFTEKRdesc(x) D%
HAWIYAMinx,wWDEHEEHET KRS V228D,
B, j)Edesc )P SHBELLE inx,j))+6Th
St TE ZNLEINR HDERO—DOKk ZHEER
MU, desc)CB(k, ) EHATS. ZNHk% (desc
zBiTB) N7 v 27 (hook) LR, jiIkizY
w7 §HENI. inxD)=¢ThoToE GIC
BWT LR LIETHETIE L WOT, desc
s EBRETE. 35612 desc)iZBIB D
ETHOFHSIZOVWTA G, s)Mdesc D SBRES R
RbDL LT, LEAROUELBRENICHRIET.
UAP G DOEHREDHRLIITI DI, KOS
ERFAMYANTEIAL #7FT 5.

out(x,v)= {wedesc(x)| (v, w)EE H»D (v,w)it
desc (x) DB T 7 W}

DTTiE., £8outx, VEFDY APERFIL V.
RATE AKRdese () DETHEAVIZY 2 bout(x, V) DR
BIRA2EHD. CROORFEY A LDEAR
LN, —onF— 2 HE Taddk deleted IR EHL T

delete(i, )) ¥ RTTHFEMERYTS. 27

€3

Eho2TWab.

T XL MBCERTELDIC. ROEEKE
EEEHRT 5.

(1) vin(x,v) : in(x, V)BEDOFHZInul 13 ET. ETL
WEEEZEDERNEREET.

(2) vout(x,v): out(x, V)FZEDWInul1%i&F. £ET
TWEERZORHOEREET.

(3) insert(x,u,v): in(x,v)iCu 2 A L. out(x, u)
CviFATS.

(4) del(x,u,v): in(x, V)PS5 u%2kEL. out(x, )
LvEBRET 3.

(5) cut(x,v): RifEKRdesc() P LHA v EREL.
index(x, v) Znulli{z 9 3.

ExffEinsert(x, u, I, desc(X)2HFHMI I 7L
ATBUVE2HATEIZLICHYTS. (HAZhL
A (u, VBT ERDATIZ AW, ) del(x,u, v)idl
(LWVRHIBRTLZLICHYT 3.

SLIEANDE 3 L3RR pink pout2 HET 3.
ZhiZE»T. LBOSH>0#HEZER FRERER
TEFTES.

pin(x, i,3) : YA bin(x, DHFDINDKL ¥
pout(x,i,j): Y X bhout(x, i) j DK ¥

B, indexk FH IR SDORF DML TR (1)
FERMEL LOFECL), Omn)BFRITENSTS
BIEIZERINL. delete(i, )2 ERTTLFHES
EM1IRY. 48, COFRENDEYRIIGICHAR
BUAWIEPLHLNTHAS .

BRI, add(i, j) Z2RTTEFMCOWTRIT 5.
LU, igdesc(x)ThHNIT, BT EKRdesc)IIHE2R
i, i, jedesc(X) DBAIZIE. desc () IZHIC
MbBEMIL <, inlx, j)Lout(x, i) EEHT 3750
T&W. ic€desc(x)P2jEdescX)DHEICIZ. B
EARdesc OV IZH AW OPDOTHEASMH S, T,
desc()ICBWITHRIiNTFHE LTHAI 2B ATS.
B 62, desc(DICBITZHER DEhFhoFHwic
2WT, wédesc(x) THRIEdesc X)DTHA § O Ft
ELTHATS. ChEHRMICERNET. ek,
EEink KBt DEHRLITDbNS. add(i, j) 2 T
2FBHEEFH 27T

4 . TV X2 DAEPT
L LEERBITO—DOEFHLHEIR. F-2%

MEORBICHKT VvV ERIEN 2 RBOENES

F5LDTHS. FBRBDeDF — & SN LB



procedure delete(i,j);
begin
for each xeV do
if index(x,i)#null and index(x,j)#null
then
if desc(x) KI5 jOEMBITHD
then begin
desc(x) bl (i,7) ZEWOEL;
findhook(x,j)
end
else del(x,i,j)
end;

procedure findhook(x,j);
begin
if vin(x,j) = null
then begin
for each weout(x,j) do del(x,j,¥);
for each child s of j in desc(x) do
begin
desc(x) 76 (j,s) ¥WMOEL;
findhook(x,s)
end
cut(x,j)
end
else begin
u:=vin(x,j);

desc(x) 1G4 (u,j) ¥M&A3;

del(x,u,j)
end
end;
B1  F#Sdelete(i,])

procedure add(i,j);
begin
for each xeV do
begin
if index(x,i)#null then

if index(x,j)#null then insert(x,i,j)

else meld(x,j,1i,j)
end
end;

procedure meld(x,j,u,v);
begin
TS v ¥ desc(x) DudTfee LTIAT S ;
index(x,v) X*D v iigT X5 KRET S
for each child w of v in desc(j) do
if index(x,w)#null then insert(x,v,w)
else meld(x,j,v,w);
for each k€out(j,v) do insert(x,v,k)
end;
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procedure delete(i, j);
begin
for each x€V do
if index(x, i) #null and index(x, j) #null
then
if desc() BT oMY iTHD
then begin
desc (x) 530 (, MM ;
search (x)
if j is not marked them eliminate(x,j)
end
else del(x, i, j)
end;

procedure search(v);
begin
mark v;
for each child w of v in desc(x) do
if w is not marked then search(w);
for each wevout(v) do
if w is not marked then
begin
if w+j then begin
desc ()53 (p(w), w) M D BR<;
insert(x,p(w),w); {p(w)iZwd#sl}
end
desc () (v, W EMZ 5
del(x, v,w);
search (w)
end
end;

procedure eliminate(x,v);
begin
cut(x, v);
for each child s of v in desc(x) do
begin
desc(X) D6 (v, 8) EMOKRL;
if s is not marked then eliminate(x,s)
end
end;
M3 F#Exdelete(i, ) (BBRR)

€6

Ydesc) P HHIBRLTWS. XKOMBOEHIIHE

LRRZDTERT S.
[#E5 ] 3OFH Edelete(i, ) ¥ —EIRTTS

LEnLHLIAMIO0 (mn) THS.
HE1~MESLBMAS IV XDERERS.
[E®2] nlOHAEHLILOLWERTF7Gh
L s L i, mEIDaddiiEr dBEIDdeleteEHO
((d+1)mn+ (m—d)n)EMTEITTES.

6 . TeI X

MY S 7GORBHMAE LY 54 Y TRHLT
NTYXLADBRET 7. CHOBRICEN. BHT
GIHBYPELBAELMNEIB LI ICu .

x R
(1) A. V. Aho, J. E. Hopcroft and J. D. Ullman:
"The Designand Analysis of Computer Algorithms,”
Addison-Wesley, Reading, MA(1974).
(2) S. Even and Y. Shiloach: "An on-line edge
deletion problem,” J. Assoc. Comput. Mach. 28,
pp. 1-4(1981).
(3) G. F. Frederickson: "Data structures for on-
line updating of minimum spanning trees,” Proc.
15th ACM Symp. on Theory of Computing, pp. 252-
257 (1983).
(4) T. Ibaraki and N. Katoh:"On-line computation
closures for graphs,” Inform.
Process. Lett., 16, pp. 95-97(1983).
(5) G. F.
path retrieval data structure,” Theoret. Comput.
Sci., 48, pp. 273-281(1986).
(6) G. F. Italiano: "Finding paths and deleting
edges
Process. Lett., 28, pp. 5-11(1988).
(O D. D. Sleator and R. E. Tarjan: "Amortized
efficiency of list update and paging
Commun. ACM, 28, 2, pp. 202-208(1985).
(8) R. E. Tarjan and J. van Leeuwen: "Worst-case

of transitive

[taliano: "Amortized efficiency of a

in directed acyclic graphs,” Inform.

rules,”

analysis of set union algorithms,” J. Assoc.
Comput. Mach., 31, pp. 245-281(1984).

(9) R. E. Tarjan: "Amortized time complexity, "

SIAM J. Alg. Disc. Meth., 6, pp. 306-318(1985).

(10) B%. TH. BE: EBORAERROETLT
Y XAD% s LEHER, TS EHEH# conp8d-99, pp. 11

-27(1989).



