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[Abstract] GivenanundirectedgraphG = (V, E), asubgraphG’ = (V, E’) of G, a specifiedsetl’ C V, and
acostfunctionc: E — R™, we considerthe k-edge-conneatity augmentatiorproblemfor T' (kECA-SV). The
paperproposesan O(A + |V||E|) time 2-approximatioralgorithmFSA+1for (A 4+ 1)ECA-SV for thecasewhen

AV; G = AT; G), whereh = A(T'; G') andA is thetime complexity of constructinga structuralgraphF (G")

of G'.

1 Intr oduction

[Problemdefinition] Thek-edge-connectity augmen-
tation problemfor a specifiedsetof vertices(W-kECA-

SV) is definedasfollows: “Given an undirectedgraph
G = (V, E), aspanningsubgraphG’ = (V, E’) of G,

a specifiedsetof verticesI' C V' anda costfunctionc:

E — R" (nonngative real numbers)find asetE” C

E — E' of edgesgachconnectinglistinctverticesof V,

of minimumtotal costsuchthat\(T'; G’ + E") > k for

G'+E" = (V,E' UE")] whereA(T'; G”) > k means
that G’ hasat leastk edgedisjoint pathsbetweenary

pair of verticesin I". Costsc((u,v)) for (u,v) € E is

denotedasc(u, v) for simplicity. A(T; G) withT =V

is denotedasA(G). The k-vertex-connectvity augmen-
tation problemfor a specifiedsetof vertices(W-kVCA-

SV) is similarly definedif we consider‘internally dis-

joint paths”insteadof “edge disjoint paths”. For sim-

plicity, let kECA-SV denoteW-kECA-SV unlessother

wise statedin this paper kECA-SV with I' = V is de-
notedsimply as kECA, calledthe k-edge-conneatity

augmentatiorproblem. The problemis called the un-

weightedversion,denotedby UW-KECA-SV, if G has
k multiple edgesconnectingu andv for ary u,v € V

andary edgecostis unity.

By “an r-appoximationalgorithm’ we meanthatit
producesa solution whosetotal costis no more than
r times the optimum. This solution is called “an r-
approximatesolution” andwe saythatthe performance
ratio of the algorithmis r: this statements simply rep-
resentedaisPR = r.

Figurel: G = (V, E) anda spanningsubgraphG’ =
(V, E") with A(V;G") = AT;G') = 4, whereblack
verticesarein T, solid lines are edgesin E’, (fine or
bold) dottedlinesareonesin E — E’, numbersshovn
besideedgesare costs,and bold dottedlines denotean
optimumsolution E*, of total cost25, for 5SECA-SV.

Table1: Summaryof NP-completenesgesults,where
K, is acompletegraphof n vertices

[ProblenjRef] G| G"  |Cost§Comment$
2ECA | [4] |[K» tree |lor2
3ECA [27]|K.[NG) > 2[T or2
kKECA |[26]| K| noedges k>2

Examplel Fig. 1 shows an example of 5ECA-SY
whee A\(V; G’) = 4(= X). Alsoshownis an optimum
solution E*.

[Applications and related results] The problem has
applicationto designingrobust networks: a k-edge-
connectechetwork can survive k — 1 communication
lines’ failure.

Somerelated resultson kECA and kECA-SV are
summarizedn Tablesl and?2.
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Table2: Resultsconcerningoptimum,approximater heuristicsolutionswheren = |V| andm = |E|

| Problem| Ref. | PR | Time | Space | Comments
2T NG = 1 5 )
2ECA [4] 3if A(G) = 0 O(n?) O(n*)
2ECA | [14] [2if MG) =1 O(m + nlogn) O(n +m)
3ECA [FS[27] 2 O(n?) O(n?) minimum-costarborescence
KECA | [15] 2 O(kn(m + logn) logn) O(n+m) packingarborescence
3ECA | [28] | unbounded O(n®logn) o(n?) maxweightmatching*
EECA [[24,25]| unbounded O(n®logn) o(n?) maxweight matching*
2ECA-SV| [23] 2 o(n?) o(n?) [ A(G") > 1, reductionto 2ECA[4]
3ECA-SV| [29] | unbounded O(n®logn) o(n?®) [MG") = 2, maxweightmatching¥
LECA* | [12] 2 O(VI™E|")
LECA** | [8] glff_]g 1_If1k 22 O(k*n?* + knv/mloglogn)
LECA** | [10] 2H (k) O(nmin{kn, m}(k + n) + n’p) Hk)=1+5+-+5%
* Four heuristicalgorithmsareproposedandthe oneusingmaximumweightmatchinghashighestcapability

** | ECA (local edge-conneatity augmentatioproblem)containskECA-SV asa subproblem.

[Subjects and main results] In this paper A(T; G')
is denotedas X for short. For (A + 1)ECA-SV with
AG') = A, (1) and (2) are the main results, where
we assumeX > 1 sinceif A = 0 thenthe problem
is optimally solved by usingan algorithmfor finding a
minimum-costspanningtree. (1) The recognitionver-
sion of (A + §)ECA is NP-completeevenif § = 1,
G’ is A-edge-connectednd edgecostsare either1 or
2. (This partis omitted becausenf spacelimitation in
this paper) (2) A 2-approximationalgorithm FSA+1
for (A + 1)ECA-SV with A(G') = A([T; G’) is pro-
posed, basedon a minimum-costarborescencalgo-
rithm. Its time compleity (spacecomplexity, respec-
tively) is O(A + |V||E]) (O(|V|? + | E|)) if Xis even,
or O(A + |E|) (O(|V] + |E])) if Ais odd,whereA is
time complity of finding a structuralgraphof given
graphG’.

(Theearlyversionof this paperappearedn [16,24].)

2 Preliminaries

Technicaltermsnot specifiedherecanbe identified in
[2,21].

An (undirected graph G = (V(G), E(G)) is often
denotedasG = (V, E), andan (undirected)edgebe-
tweenu andwv is denotesas (u,v). A directedgraph
G = (V(G), A(G)) is oftendenotedas G = (V, A),
and a directededgefrom u to v is denotedas (u, v).
The dggreeof avertex v is denotedasdg(v), or simply
d(v): visoftencalledadegreed(v) vertex. A pathfrom
utow in G is referredto asa (u, v)-path. We consider
a pair of multiple edgesasa cycle of length2. A con-
nectedcomponent(is simply calleda component Let
A(u, v; G) or simply \(u, v) denotethe maximumnum-
ber of edge-disjoint(u, v)-pathsof G. We representis
A(S; G) = min{\(u,v; G) | u,v € S} for asetof ver-
ticesS C V. If § = V thenwe simply represents
A(G), whichis calledthe edge-connectivitgf G.

Let S C V U E beary minimal setsuchthatG — S
(agraphobtainedby deletingall elementof S from G)
is disconnectedvheredeletinga vertex v removes all

edgesincidentto v. S is calleda sepaator of G, or
in particulara (u, v)-separatoiif « andv are discon-
nectedn G — S. A minimumsepaator S of G is asep-
aratorof minimum cardinalityamongthoseof G, and
|S| is the edge-conneatity (denotedby A\(G)) of G in
caseS C E; particularlysuchS C E is calleda min-
imum cut (of G). (For a minimum separatorS, |S| is
the vertex-connectity x(G) if S C V.) It is called
alsoa k-cutif |S| = k. If |S| = 1 thenthe element
of S is called a cutpointin caseS C V or a bridge
in caseS C E. A minimumcut S C F is oftende-
notedas (X,Y; G), whereX U Y is a partition of V
suchthatS = {(u,v) € F | u € X,v € Y}. If no
confusionoccursthen (X,Y'; G) is simply represented
as(X,Y). We saythatacut (X, X) sepaatesl if and
onlyif XNT #£ 0andX NT # 0: S = (X,X)
is calledaT'-cut or a k-I'-cutif |S| = k. A minimum
I-cutis definedsimilarly to aminimumcut.

A directedpathfrom u to v is referredasa (vy, vy, )-
path,andwe saythatv is reachabldérom u. An arbores-
cenceis adirectedagyclic graphwith onespecifiedver
tex, calledtheroot, having no enteringedgesall other
verticeshaving exactly one enteringedgeandthey are
reachabldrom theroot. A minimum-cosarborescence
is an arborescencef minimum total cost. For an ar
borescencevith therootr, a graphconsistingof edges
(u, v) suchthattheedges(v, u) arecontainedn thear
borescences calledareversearborescenceootedat r.
If thereis a (u, v)-pathin a (reverse)arborescencey is
anancestonf v andv isadescendantf u. Forareverse
arborescencé’;, u is calleda leafif therearenoances-
torsof u in G_ji. Supposeéhatw is not an ancestoof v
andwv is not anancestof u in a reversearborescence
with therootr. Thena neaestcommondescendanof
u andv is acommondescendant of v andv suchthat
it is the nearestamongall suchcommondescendants.
A cactusis anundirectecconnectedyraphin which ary
pair of cyclesshareatmostonevertex: eachsharedser-
tex is a cutpoint. An edgeof a cactusis calleda cycle
edgeif it is containedin a cycle; otherwiseit is called
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Figure 2: A graphG; (to be constructedn Step2 of
FSA+1) anda structuralgraph G, (= F(G')) of G’,
whereblackverticesarein T's = p(T"), edgesn G, are
denotedby solid lineswith weight 2, and(fine or bold)
dottedlinesareedgesn E; — E’, (bold dottedlinesare
edgesn E? constructedrom anoptimumsolutionE*),
andp~!(u) for eachu € V; is shavn in braces

atreeedge A leaf of a cactusis eithera vertex v with
d(v) =1 orv’ with d(v') = 2 includedin acycle.

A structurl graph F(G) of a given graphG =
(V, E) with edge-connectity \(G) = X is arepre-
sentationof all minimum cutsof G (Fig. 2). F(G) is
an edge-weighteccactusof O(]V|) nodesand edges
suchthat eachtree edge has weight A and eachcy-
cle edge has weight A\/2. Particularly if X is odd
then F(G) is a weightedtree. Thereis a one-to-one
functionp : V(G) — V(F(G)), andary vertex of
V(F(G)) — V(G) is called an emptynodeto which
V(G) hasno correspondingvertices (seel, m, n in
Fig. 2). It is shovn that F/(G) can be constructedn
O(|V||E|) time[13] or O(|E|+ 2|V | log(|V|/\)) time
[5]. Notethatif )\ is eventhenreplacingeachtreeedge
by a pair of multiple edgesof weight A/2 preseresthe
propertieof structuralgraphsandmakegheir handling
easybecausegheresultinggraphshave no bridges.This
graph,aswell asatreein the casewhere\ is odd, is
calleda modifiedcactus In this paper F(G) denotes
a modified cactusunlessotherwisestated. Note that
AMF(G)) = 1if Nisoddand A\(F(G)) = 2if Ais
even.

3 A 2-Approximate Algorithm for W-KECA-SV
with A(G") = AT} @)

In this sectionwe proposea 2-approximatioralgorithm
FSA+1for (A + 1)ECA-SVwith A\(G') = A(I;G') =
A

(A + 1)ECA-SV for G’ with \(G’) = A(T'; G') can
bereducedo 2ECA-SVor 3ECA-SVfor F(G’). Since
AMF(G)) = 1if AM(T;G") isoddand A(F(G')) = 2
if A(T'; G") is even, we consider2ECA-SV or 3ECA-
SV for F(G’) by settingd — 2 if A(T'; G’) is odd,and
6 — 3if \(T'; G') is even.

For W-2ECA-SV, [23] proposedan ©(|V|2) time 2-
approximationalgorithmfor the casewith A\(G') = 1.
[23] proposedfour heuristicalgorithmsfor W-3ECA-

SV and UW-3ECA-SV for the casewith \(G') = 2.
Thesefour algorithmsare outlined as follows. First,
a given graphG’ with A(G’) = 6 — 1 is transformed
into agraphG’, suchthataminimumsolutionto ECA-
SV for G’, G and ¢ is a minimum solutionto ECA
for G, G andc,, andvice versa. For sucha graph
G’ W-2ECA (UW-3ECA or W-3ECA, respectiely) is
solved by meansof an ©(|V|?) time algorithm of [4]
(@anO(|V|+| E|) time algorithmof [30] or someheuris-
tic algorithms proposedin [24,25,28]). Then a 2-
approximatesolution (an optimum one or a heuristic
one)is obtained. The algorithm of [4] is basedon a
minimum-costarborescencalgorithm[7].

Our algorithm FSA+1 is basedon a minimum-cost
arborescencalgorithm [7] and utilizes the algorithm
of [14], insteadof [4], for solving 2ECA. The algo-
rithm FSA+1 is outlined as follows. First, we con-
structa structuralgraphG’, = (V;, E%) (= F(G")) of
G’ = (V, E’) by thealgorithmin [5, 13] (seeG andG’
of Fig. 1 andG; of Fig. 2). Accordingto the construc-
tion, we obtainagraphG, = (Vs, Es), aspecifiedver
tex setl's = p(T'), acostfunctionc, : Es — E, — R™
andabackpointet : E; — E. — E (seeFig. 2). Sec-
ondly, G’, is changednto a simple graphby deleting
multiplicity, andthena tree G, will be constructedas
follows (seeFig. 3): for eachcycle C thatis remain-
ing in this simplegraph,anew vertex v is addedeach
vertex on C andve areconnectedy anedge,andthen
all edgesof C' aredeleted. Let G}, denotethe result-
ing tree. Next, we choosesomevertex r € T’ asthe
rootof G}, anddirectevery edgeof G} towardr. Note
thatr becomesaleafin G/, to be constructedater. Let
G}, = (W, A}) denotethe resultingdirectedgraph(see
Fig. 6). Somemodificationof G andcs will be done.
From G, G} andcs, we obtainG, = (V4, 4) and
@Ay — RT thatareasupegraphcontainingG_g) and
theassociatedostfunction,respectrely. And then,we
constructa maximalsubgraptG’, = (Vy, A’}), whichis
atree,from G} = (V4, 4;) suchthatl'y C V; C V,
A, C A;, andu € T, for ary leafu of G7,. According
to the constructionwe obtaina supegraphcontaining
G}, G4, theassociatedostfunctionzg : A; —R™ and
abackpointeb, from G, andg, (seeFig. 7). Finally we
find a minimum-costarborescencé;, = (V3, A;) of
G4 with respecto ¢z (seeFig. 8), andan approximate
solutionof G' is obtainedrom A; — A/;.

[Description of FSA+1] Wefirst presenProcedurdrE-
MAKE that changesa modified cactusG’, (= F(G"))
into aspanningreeGy.

Procedure REMAKE
I* Input: G, = (Vs, EY). Output: G, = (Vy, E}). */

1. If AisoddthenG} — G’, andstop.

2. Deletemultiplicity of edgesin G’,, makingit sim-
ple. Thenfind all cycles(eachbeinga 2-eccof G)
by a depth-first-search.

3. Foreachcycle C', addadummyvertex we, connect
we to everyvertex on C anddeleteall edgegu, v)
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Figure3: A tree G} constructedrom G’, in Fig. 2 by
procedurcREMAKE A squaredenotesadummyvertex.

Figure5: Schematiexplanationof asetof edgesA©(e)

of FSA+1 (1) Case6.2(a),(2) Case6.2(b1),(3) Case

Figure 4: A

circuit C;
n(Ci)—1 .
{9, 01), (0}, v2), ..., @MD" 9} in G

of C. LetG, = (V4, E}) betheresultinggraphand
W bethesetof dummyverticesin G} (Fig.3). O

FSA+1choosesivertex r € I, calledtherootof G,.
Supposé&7’, hasatleastonecycleswhosdengthis more
than2. LetC;, 1 < i < h, becyclesin G,. For eachcy-
cle C;, letv) € V(C;) denotethe vertex which is near
estfrom therootr, andv! is calledthestartingvertex of
C;. Notethat? is thefirst visitedvertex in C; whenwe
executethe depthfirst searchstartingfrom r in G/,. We

numberthe verticesof C; as?, v}, v2,.. .,v?(ci)’l
clockwise,wheren(C;) denotesthe lengthof C; (see
Fig.4). Let L;(j, k) denotethesetof verticesv] through
v¥ clockwiseon C; for j < k. For ary vertex u € V,
let us denoteA; (4, k;u) = {(v},u) | v} € Li(j,k)}
(seeFig. 5(3)), whereall self-loopsare deleted. Note
thatif 0 < j < k < n(C;) thenv) ¢ L;(j, k). These
notationsareusedin constructings;, andGy.
Algorithm FSA+1;

I* Input: A graphG = (V, E), a subgraphG’ = 3.

(V, E") of G, a specifiedsetl’ C V with A(T';G") =
MV;G") = A, andacostfunctionc : E — R". */

/* Output: An edgeset E” C E — E’ suchthat 4

AT G+ E") > A+ 1.%

1. Constructa structuralgraph G, = (V;, EL) (=

F(G")) of G’ by thealgorithmin [5, 13]. 5.

2. ConstructGs = (Vs, Es), ¢s andT'; asfollows.

First, Es <+ FE.. Then,for eachedge(z,y) € 6.

E—F' setE; — EsU{(u,v)}, cs(u,v) « c(z,y)
andb(u,v) « (z,y), whereu = p(z) andv =

0 280

6.2(b2).

Figure6: A graphG, = (V4, 4;) anda directedtree
G}, = (V, A}), wheresolid arrovs areedgesn Aj with
cp(e) = 0forary e € A}, and(fine or bold) dottedlines
areedgesn A, — Aj (bold dottedlines correspondso
edgesn E?).

p(}y) (seeFig. 2). LetTs = p(T') = {p(v) | v €
T}

ConstructatreeG; = (V4, E;) from G, by using
REMAKE (seeFig. 3). /* The setW of dummy
verticesin G, is obtained*/

If G}, hasary leafv € I'; thenchoosev astheroot
r. Otherwise,chooseary leafv € V;, find ary
vertex w € I', thatis nearesfrom v in G, andlet
w betherootr.

Constructa directedtree G, = (V;, A;) from G,
by directingeachedgeof F; towardr.
DefineadirectedgraphG, = (V4, A4p), acostfunc-
tiongg : Ay, — RT andbackpointers, : A, — F,
asfollows (seeFigs.5 and 6):
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Figure7: A graphG, = (V,, A4) anda directedtree
G', = (Vy, Aly), whereall self-loopsare omitted, solid
arrovs areedgesn A/, (¢g(e) = 0 for ary e € A’)) and
dottedlinesareedgesn A, — A/, (bold dottedlinesare
correspondingo edgesn E%).

6.1. A, — Aj. Foreache € Ay, &(e) < 0and
bb(e) — @
6.2. Foreachedgee = (u,v) € E; — E!, execute

thefollowing (1) and(2).

(1) construcasetA<(e) of directededgedy ex-
ecutingthefollowing (a) or (b) (seeFig. 5).

(a) If oneof {u, v}, sayu, is andescendant
of the other v, in G}, then A¢(e) «—
{(u, v)} (Fig. 5(2)).

(b) Otherwise(u is not an descendanof v
andv is not an descendanof « in G}),
find a nearesttcommondescendant of
u andv, andexecuteeither(bl) or (b2).
(Note that (b2) is executedonly if X is
even.)

(b1)If ¢t ¢ W then A<(e)
{(t, u), (t,v)} (Fig. 5(2)).

b2) If t = wg, € W (thatis, t is
a dummy vertex) then A¢(e)
Ai(J, k;u) U A;(4, k;v), wherewe
assumethat the (u, t)-path and the
(v, t)-path of G} passthrough v/
andvf with 0 < j < k < n(C)),
respectiely (Fig. 5(3)).

(2) a(e') « cs(e) andby(e’) « e for each

e’ € A°(e), andthenA4, «— A, U A°(e) (see

Fig. 6).

7. (1) Constructa maximalsubgraphG?, = (Vy, A,)

consistingof thoseedgeson the (u, r)-pathof G,
for ary u € I, (seeFig. 7). (NotethatG’, is are-
versearborescencemotedatr.)
@ Letl =V, — Vg LetX; (1 < i < n)de-
notethevertex setof ary maximaltreein G, — A/,
suchthat | X;| > 2andX; NV = {x;}. (I =
{e,9, k' k" q}, X1 = {k, k', K", q} with 21 = k,
X2 = {c,0} with zo = o, X5 = {gq,n} with
r3 = n in Fig. 6.) Define Gy = (Vg, Ag),
ca: E4g —» R andby : E4 — E), asfollows.

«—

—

Figure 8: A minimum-cost arborescencel,
(Va, A,,) of total cost 32 given by FSA+1 E? =
E; — (E, U {(d, k"), (g,h)} (seeFig. 2) is obtained
from T,,, at Step9 of FSA+1 and an approximateso-
lution E” = E— (E'U{(4,14), (7,8)}) of Fig. 1is ob-
tainedfrom E! at Step10 of FSA+1, wherecs(E”)
c(E") =27.

SetA; «— A!,. Foreach(u,v) € A, — Aj,
() if {u,v} NI # P andu’ # o' then
Ag — AgU{{W, v}, ca(u', ") — cp(u,v),
ba(u',v") « (u,v), where(u’ or v’ denotes
x; or x;) if w orv isin someX; or X;, re-
spectiely, or (u/ = uw andv’ = v) other
wise; (i) otherwisedy — Ag U {{u,v)},
ca(u,v) « cp(u,v), ba(u,v) «— (u,v).

. Find a minimum-cost arborescenceT,,
(Va, Ap,) rootedatr in G4 with respecto ¢ (see
Fig. 8).

. Constructa solution E? = {by(bg(e)) € Es —

E. | e € Am,bp(ba(e)) # 0} (with multiplicity

deletedysuchthatA(Ts; G, + EZ) = 6.

Constructa solution E” = {b(u,v) € E — E' |

(u,v) € EY} (with multiplicity deleted)suchthat

AMT;G'+ E")y =X+ 1. O

10.

Remark 3.1 Whenwe changea graph havingmultiple
edgesnto a simpleone,we choosean edgee = (u, v)
of minimumcostamongthoseconnectingu and v for
anypair of verticesu, v. O
Remark 3.2 If the problemis 2ECA-SWith A(G) =
1 and T V then FSA+1 is similar to the 2-
approximationalgorithmof [14]. O
[Corr ectnessof FSA+1] We shawv seriesof necessary
results,someof which arestatedwvithout proofsbecause
of spacdimitation.
ForasetE"” or E of edgespachconnectinglistinct

verticesof V' or of V;, respectiely, let

c(E") = Z c(u,v) or

(u,v)EE"

cs(EY) = Z cs(u, v).

(u,v)eEY

Thefollowing lemmashaws thatit sufiicesto consider
(A + 1)ECA-SVfor acactusG’, = (V;, E) (insteadof
G") from the propertiesof a structuralgraphof G”.
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Figure9: A setU of verticesin G~,.

Lemma3.1 If A(T;G’ + E”’) > X + 1 for someE”
thenther is E? with cs(E?) < c(E") sudt that E”
is a solutionto G/, andT's. For asetE”, letb(E”) =
{b(u,v) | (u,v) € E!} with multiplicity deleted.If EZ
isasolutionto G, andl"; then\(T'; G'+b(EY)) > A+1
andes(EY) > ¢(b(EY)). O

Clearly G’, satisfieghefollowing Properties3.1,3.2
and3.3from its construction.

Property 3.1 If u is an descendanof v in G/, u is

reachablefromu in G7,. O
Property 3.2 Anypair of dummyverticesin G_fi are not
adjacentin G7,. o

Property 3.3 If (X,Y;G%) is any minimum I'-cut
which is either a bridge or a 2-cut sud that
{(z,v), (z,2)} = (X,Y; G,) thentheris aT';-bridge
(z/,y) = (X', Y';G,) with X’ — W = X — I and
Y'—W =Y — I. Corverselyif (X",Y’;G)) is any
[s-bridge then there is a minimumT'-cut (X,Y;GY%)
suhthat X’ — W =X —TandY' - W =Y — I,
and (X,Y; G’) is eithera bridge or a 2-cutsud that
{(@,), (2,2)} = (X,Y; GL). :
Backpointerd;, andb,, respectrely, have thefollow-
ing Properties3.4 and3.5from its construction.
Property 3.4 If there is any directed edge (z,y) €
Ay — A, in Gy and (2/,y') = by((z,y)) € E, then
y e {9}, 0
Property 3.5 If there is any directed edge (z,y) €
Ag — A, in Gg and (', y') = ba({z,y)) € Ey then
z (y, respectively)s a descendanof z’ (y') in G_;, O
Fore € E; — E., let A5(e) = {¢/ € Ag |
ba(¢') isincludedin A¢(e)}. Let A°(Z) = U, ., A°(e)
and A5(Z) = . Ag(e). Lemma3.2 (Lemma3.3,
respectiely) shavs strongly connectednessf I'; in
G + A°(Z) (V4 in G, + A5(Z)), whereZ C Ej is
ary setof edgessuchthatA\(T's; G, + Z) > 6. Asan
exampleof suchZ, seeE? (bold dottedlines)in Fig. 2

cenceG_g. Suppose: € V; is the nearesvertex from r
in G_g suchthatV (T,) N T's # () andu is notreachable
from r in G} + A°(Z). Let u, denotethe vertex with
(u,up) € Aj. Notethatary inner vertex of (up,r)-
pathin G is reachabldrom . We selectthe vertex set
U C V, containingu asin thefollowing (al)or (a2).

(al1) If u, ¢ W thenU = {u}.

(@2) If up = we, € W thenU = L;(p(u), p’(u)) with
0 < p(u) < p'(u) < n(C;) asshawn in Fig. 9,
whereU is a maximalvertex setsuchthatu € U,

v? ¢ U andary vertex in U is not reachabldrom
p(u)—1

r. Fromthe maximality of U, vg = v; and
v = vf'(“)“ arereachabldromr in G}, + A¢(Z),

wheresuperindicesf verticesin U aremodn(C;).

Let D(U) denotethe unionof V(7,) overall a € U.

Clearlyu € D(U),u, ¢ D(U), andary vertexin D(U)

is notreachabléromr in G, +A°(Z). Thereisa (6—1)-

I's-cutin G, separating(U) — W from V; — (D(U) U

W). Let K besuchary (6 — 1)-cut. If u, ¢ W then
K is a bridge or a 2-cut consistingof multiple edges;
if u, € W then K is a 2-cut consistingof two edges
in C;. BecauseK is nota (§ — 1)-cut separatinds

in G, + Z, thereis anedgee = (s,v) € Z suchthat
s ¢ D(U) — W andv € D(U) — W. Supposethat
v € V(Ty) for somevertex x € U. Lett bethenearest
commondescendantf v ands in G}, wheret may be
equalto s. Thent ¢ D(U) andt is reachablefrom r

in G + A°(Z). We selectavertex z € V; asin the
following (b1)or (b2).

(b1) Thecasewitht ¢ W. Thenz « ¢ (Fig. 10).

(b2) Thecasewith ¢t € W. If t # up thenz «— o/
(Fig. 11), wherew’ is the parentof ¢ on the path
fromutotin G). If t = u, € W thenwesetz to
eithervg or vy, by thefollowing rule (Fig. 12). Let
t = we, andv] € V(C;) bethevertexin the(s, t)-
pathin Gj. Thensetz «— vg if 0 < j < p(u), or
z —wrif p'(u) < j <n(C).

For suchavertex z, wehave z ¢ W andz ¢ D(U), and
z is reachabldrom r. Fromthe constructionof A¢(e),
thereis anedge(z,v) € A°(e) C A°(Z). Thismeans
thatv € D(U) is reachablérom r by using(z,v), a
contradiction. O

Lemma3.3 If A(Ts; G, + Z) > O forasetZ C E;

andtheedgegbolddottediinesin Fig. 7) corresponding thenG’, + A5(Z) is strongly connected.

to E}.
Lemma3.2 If \(I's; G5+ Z) > O forasetZ C E;
thenT', is strongly connectedn G} + A¢(Z).

Proof: Suppos¢hatIl’, C V} is notstronglyconnected

in G} + A¢(Z), while \(T's; G+ Z) > 0 holds.Clearly,
r is reachabldrom ary vertex v € V;, throughedgesin
G- Let T, denotethe subtreegnducedby the setof all

ancestorgincludingw itself) of v in thereversearbores-

Proof: Letu € V, beary leafin G7,. Clearlyu, r € T
holds. ThenG_ji + A45(Z) is strongly connectedbe-
cause,from Lemma3.2, T'; is strongly connectedn

G} + A°(Z), thatis, thereis a directedcycle contain-
ing bothof v andr. O

Lemma3.4 \(T's; G, + EY) > 6 for EV in Step9 of
FSA+1
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Figurel0: Thecasewith t ¢ W in theproof of Lemma
3.2

Figurell: Thecasewith t € W andt # u, in theproof
of Lemma3.2

Proof : Suppose (6 — 1)-I';-cut K existsin G, + EY.
ThenK isa (6 — 1)-I's-cutof G, andis a bridgeor a
2-cut. Let S C V; bedefinedfrom K by thefollowing
(i) or (ii).

(i) If K isabridgee; in G, thenS «— {u}, where
e1 = (u,uq) € E; and(u, uqg) € Aj.

(i) If K isa2-cut{es, e2} includedin the samecycle
in C; of G, thenS «— L;(j, k), wherewe assume
thate; = (v) ', v)), e2 = (vF, 05 with 0 <

Jj < k < n(C;), andtheir superindicesare mod

Let D(S) C V;, betheunionof V(T,) over all vertices
a € SinGj. Clearly\(T's; G5) > 6 holds.FromLem-
mas3.2and3.3,G4 (= G, + AS(Es — E.)) is strongly
connected.Thereforewe canfind a minimum-costar

Figurel2: Thecasewith t € W andt = u,, in theproof
of Lemma3.2

borescencd’,, = (V4, A,,) in Step8 of FSA+1 T,,
hasan edge(w,v) € A,, suchthatw ¢ D(S) — I
andv € D(S) — I. Let (w',v') = bg((w,v)) and
(w”,v") = by((w',v')). FromProperties3.4 and3.5,
v (w, respectiely) is a descendanbf v’ (w’) in G,
andv’ = v” € V,. Then, by the constructionof
Ac((w”, ")), wehave w” ¢ D(S) andv’ € D(S). Be-
causgw”,v") € EY, thiscontradictghatK isa(6—1)-
cutseparating’; in G, + E7. O

The next lemma shaowvs the performanceratio of

FSA+1
Lemma3.5 Let E” be an appmoximate solution for
(A +1)ECA-SWy FSA+land E* beanoptimumsolu-
tion for (A 4+ 1)ECA-SVThenc(E") < 2¢(E*).
Proof : Let E* denotethe setof edgesof G’, corre-
spondingto E* of G’. By Lemma3.1, E¥ is an op-
timum solution suchthat A(T's; G, + E*) > 6. We
will show thatcs(EY) < 2¢5(E¥). FromLemma3.3,
G', + AS(E?) is strongly connectedand, therefore, it
containsan arborescenc&™* = (Vy, A*) rootedat r.
Since T, is a minimum-costarborescencin G4, we
haveci(A,y,) < cg(A*).

Becausel™ is anarborescence™ containsat most
two edgesof A4(e) for eache € E}. All edgesof
AS(e) have the samecost c,(e). Hencetg(A*) <
2¢5(EY). Moreover, ¢s(EY) < ¢4(A,,) holds,mean-
ing thates(EY) < 2¢,(EY). Because(E") = cs(EY),
wegete(E") = cs(EY) < 2¢5(EY) = 2¢(E*). O
Remark 3.3 AlthoughStep6 of FSA+1keepsall edge
of Ay, keepingonly one minimum-costdgefor ead
ordered pair {u,v} € V; x V, with (u,v) € A (see
pairs {l,}, {n, h}, {n, g} in Fig. 6) is suficientfor us
to find a minimum-costarborescence Our algorithm
can be easily modifiedso that Step8 may be donein
O(|V|?) timeif A\(T;G") is even. Evenwith this im-
provementhowever overll time compleity of FSA+1
isstill O(A + |V||E|) if X(T; G") is even. O
Theorem 3.1 FSA+1is a 2-appoximatealgorithm for
(A + 1)ECA-SVwith A = \(G') = A(T; G'). Its time
compleity (spacecompleity, respectivelys O(A +
\VI|E]) (O(|V]* + |E])) if Xis even,or O(A + |E|)
(O(V|+ |E]) if Ais odd.

Proof : The correctnesss proved by Lemma3.4. By
Lemma3.5, PR = 2 is shavn. We aregoingto shov
thatFSA+1takesO(A + |V||E|) timeif A is even,and
O(A+|E|)if Aisodd. Constructing7, ¢s andb canbe
donein O(A + |E|) time, whereA is time compleity
of obtaininga structuralgraphof G’ atStepl of FSA+1
andA = min{|V||E’|, |E'| + X\2|V|1og(|[V'|/)\)}. Step
2 takesO(|E|) time. BecauseG’, hasO(|V]) vertices
andedges,Steps3, 4, 5 and6.1 take O(|V]) time. In
Step6.2, it is necessaryo find O(|E|) nearestcom-
mon descendant$or eachedgein FE,. It is canbe
donein O(|E|) time by using an algorithm by [11].
In Step6.2 (a), only one edgeis produced. In Step
6.2 (b1), two edgesare produced,while, in Step6.2
(b2), O(]V|) edgesmay be produced. So, Step6.2
takesO(|V||E|) time, whereif X is odd then Step6.2
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(b2) is not executedand O(|E|) time is to be spent
in Step6.2. Step6.2 takesO(|V||E]|) (O(|E]), re-
spectvely) time if A is even (odd). Step7 is donein
O(|V] + |E|) time. Finding a minimum-costarbores-
cenceT,, in Step8 takesO(m + nlogn) time by us-
ing the algorithm of [7], wherem (n, respectiely) is
the numberof edges(vertices)in G;,. BecauseG), has
O(|V|? + |E|) edges(O(|E|) edgesrespectiely) if A
is even (odd), Step8 takesO(|V|log [V | + |V|? + | E|)
time (O(|V]log|V|+|E|)). Steps9 and10takeO(|V|)
time. Thusthe time compleity asstatedfollows. Ex-
planationof spacecompleity is omitted. O

4 An optimally solvablecase

We canprove that(A+1)ECA-SVis solvablein O(A +
|E|) timeif thefollowing conditionholds(meaninghat
Step6.2 (b) of FSA+1is not executed).
Condition 4.1 For anyedge(u,v) € E; — E’, oneof
{u, v}, sayu, is an descendantf the other v, in G, in
Step6.20of FSA+L a
Theorem4.1 If Condition4.1 holdsthen E” givenby
FSA+1lis anoptimumsolutionto (A+1)ECA-S\Vfor the
casewith A\(T'; G') = A(G’) = A, andits time complex-
ity is O(A + |E)).
Proof: Clearly E” is asolutionto theproblem.Soit is
enoughto shav ¢(E”) < ¢(E*). We considerE?, E*
andT™* in Lemma3.5. By the constructiorof A¢(E¥),
we have ¢,(A°(EY)) ¢s(E*) when Condition 4.1
holds. Becausefor e (u,v) € E*, T* contains
exactly one edge (u,v) with {ba((u,v))} = A°(e),
we have ¢g(A(T*)) < &(A°(E?})) = cs(EE). Thus
e(E") = ca(BY) < €alAm) < ca(A(T*)) < c(E").

O
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