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[Abstract] Given an undirectedgraph hBj7lnm$oqpsr , a subgraphh~}ðjBlnm�oqp~}ñr of h , a specifiedset �i�Fm , and
a costfunction � : p��	�� � , we considerthe ¦ -edge-connectivity augmentationproblemfor � ( ¦ ECA-SV). The
paperproposesan ËslºÌiÅ@ÍÒmÑÍÎÍÎp�Íòr time2-approximationalgorithmFSA+1for ln·èÅäÆÇr ECA-SVfor thecasewhen·¹lnm¼»Áh~}�r¿jÀ·¹ló�$»Áh~}Âr , where ·³jÀ·¹lº��»Áh~}Âr and Ì is thetimecomplexity of constructinga structuralgraph åvlºh~}�r
of h~} .
1 Intr oduction

[Problemdefinition] The ¦ -edge-connectivity augmen-
tationproblemfor a specifiedsetof vertices(W- ¦ ECA-
SV) is definedasfollows: “Given an undirectedgraphh7jBlnm�oqpsr , a spanningsubgraphh~}çjFlºm$oqp~}ñr of h ,
a specifiedsetof vertices�Y�ïm anda costfunction � :pô�	�� � (nonnegative real numbers),find a set põ} }è�pYö5p~} of edges,eachconnectingdistinctverticesof m ,
of minimumtotal costsuchthat ·¹lº��»Áh~}÷ÅHp~} }�rðø�¦ forh~}ùÅäp~} }új�lnm$oûpõ}¹üyp~} }�r ,” where ·¹lº��»Áh~} }ýrþøk¦ means
that hõ} } hasat least ¦ edgedisjoint pathsbetweenany
pair of verticesin � . Costs �ulól�ÿ o � rºr for lÂÿ o � r���p is
denotedas �ul�ÿ o � r for simplicity. ·¹lº��»Áh r with �{j m
is denotedas ·¹lnh r . The ¦ -vertex-connectivity augmen-
tationproblemfor a specifiedsetof vertices(W- ¦ VCA-
SV) is similarly definedif we consider“internally dis-
joint paths” insteadof “edgedisjoint paths”. For sim-
plicity, let ¦ ECA-SVdenoteW- ¦ ECA-SVunlessother-
wisestatedin this paper. ¦ ECA-SV with �Nj§m is de-
notedsimply as ¦ ECA, calledthe ¦ -edge-connectivity
augmentationproblem. The problemis called the un-
weightedversion,denotedby UW- ¦ ECA-SV, if h has¦ multiple edgesconnectingÿ and � for any ÿ o � ��m
andany edgecostis unity.

By “an � -approximationalgorithm” we meanthat it
producesa solution whosetotal cost is no more than� times the optimum. This solution is called “an � -
approximatesolution,” andwesaythattheperformance
ratio of thealgorithmis � : this statementis simply rep-
resentedas ���xj�� .
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Figure1: h\j7lnm$oqpsr anda spanningsubgraphhõ}õjlnm$oqp~}ñr with ·¹lnmv»½h~}�r�j ·¹lº��»Áh~}�r�j
	 , whereblack
verticesare in � , solid lines are edgesin p~} , (fine or
bold) dottedlinesareonesin pÀökp~} , numbersshown
besideedgesarecosts,andbold dottedlinesdenotean
optimumsolution p�� , of total cost25, for � ECA-SV.

Table1: Summaryof NP-completenessresults,where
��
is a completegraphof � vertices

ProblemRef. � ��� CostsComments

2ECA [4] ��� tree � or �
3ECA [27] � � ��� ��������� � or � 
ECA [26] � � no edges

 ���
Example1 Fig. 1 shows an example of � ECA-SV,
where ·¹lnm¼»Áhõ}Ârõj!	Çlºj§·¹r . Alsoshownis an optimum
solution p�� .
[Applications and related results] The problem has
application to designingrobust networks: a ¦ -edge-
connectednetwork can survive ¦yö|Æ communication
lines’ failure.

Somerelated resultson ¦ ECA and ¦ ECA-SV are
summarizedin Tables1 and2.
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Table2: Resultsconcerningoptimum,approximateor heuristicsolutions,where�Yj|ÍÎmvÍ and " j|ÍÒpÑÍ
Problem Ref. #%$ Time Space Comments

2ECA [4]
2 if ��� � � �'&(�
3 if ��� � � �'&() * �,+.- � * �/+0- �

2ECA [14] 2 if �1� � � �'&�� 2 �/3546+87:9<;�+ � 2 �/+6463 �
3ECA FS[27] 2 2 �/+>= � * �/+0- � minimum-costarborescence 
ECA [15] 2 2 �  +.�,3?4@7:9<;.+ � 7:9<;�+ � 2 �/+6463 � packingarborescence

3ECA [28] unbounded 2 �/+ = 7A9<;�+ � * �/+ - � maxweightmatching* 
ECA [24,25] unbounded 2 �/+>=B7A9<;�+ � * �/+0- � maxweightmatching*

2ECA-SV [23] 2
* �,+ - � * �/+ - � ��� � � �.�(� , reductionto 2ECA[4]

3ECA-SV [29] unbounded 2 �/+ = 7A9<;�+ � * �/+ - � �1� �C�D�0&E� , maxweightmatching*
LECA** [12] 2 2 �GF:HIF,JLKMF N�F:O �
LECA** [8] �  QP � if

 ���� if
 &(� 2 �  - + - 4  +.R 3S7A9<;.7:9<;.+ �

LECA** [10] �UT �  � 2 �/+8VXWAY'Z  +.[\3^]_�  4`+ � 4`+ -ba � T �  �'&(� 4cJ- 4edfdgdh4iJj* Four heuristicalgorithmsareproposed,andtheoneusingmaximumweightmatchinghashighestcapability.
** LECA (localedge-connectivity augmentationproblem)contains

 
ECA-SVasa subproblem.

[Subjects and main results] In this paper, ·¹ló�$»Áh~}Âr
is denotedas · for short. For ln·¸Å ÆÇr ECA-SV with·¹lnhç}ñr@j�· , (1) and (2) are the main results,where
we assume·Fø
Æ since if ·§jlk then the problem
is optimally solved by usingan algorithmfor finding a
minimum-costspanningtree. (1) The recognitionver-
sion of ln·TÅnm½r ECA is NP-completeeven if mkj�Æ ,h~} is · -edge-connectedandedgecostsareeither1 or
2. (This part is omittedbecauseof spacelimitation in
this paper.) (2) A 2-approximationalgorithm FSA+1
for ln·TÅ ÆÇr ECA-SV with ·¹lºh~}ñr@j�·¹lº��»Áh~}Âr is pro-
posed,basedon a minimum-costarborescencealgo-
rithm. Its time complexity (spacecomplexity, respec-
tively) is ËslºÌ|ÅkÍÎmÏÍÐÍÒp�Íòr ( Ësl ÍÎmsÍ oáÅxÍÎpÏÍÒr ) if · is even,
or ËslºÌÀÅ�ÍÒpÑÍòr ( Ëvl ÍÒmÏÍ ÅiÍÎpÏÍÒr ) if · is odd,where Ì is
time complexity of finding a structuralgraphof given
graph h~} .

(Theearlyversionof thispaperappearedin [16,24].)

2 Preliminaries

Technicaltermsnot specifiedherecanbe identified in
[2, 21].

An (undirected) graph h j lnm lnh rnoÁpslnh rºr is often
denotedas hôj lnm$oqpsr , andan (undirected)edgebe-
tween ÿ and � is denotesas l�ÿ o � r . A directedgraphh j lºmÏl hsrºo<põl hèrºr is often denotedas h j lnm$o_p~r ,
and a directededgefrom ÿ to � is denotedas q ÿ o �sr .
Thedegreeof a vertex � is denotedas tvu l � r , or simplyt l � r : � is oftencalledadegree-t l � r vertex. A pathfromÿ to � in h is referredto asa l�ÿ o � r -path. We consider
a pair of multiple edgesasa cycle of length2. A con-
nectedcomponent(is simply calleda component). Let·¹l�ÿ o � »Áh r or simply ·¹l�ÿ o � r denotethemaximumnum-
berof edge-disjointl�ÿ o � r -pathsof h . We representas·¹lfw$»Áhsrðjyx@z,{¹a ·¹lÂÿ o � »ÁhsrðÍ ÿ o � �Swþb for a setof ver-
tices w§� m . If wïj m thenwe simply representas·¹lnh r , which is calledtheedge-connectivityof h .

Let wä��mkü5p beany minimal setsuchthat hxö|w
(a graphobtainedby deletingall elementof w from h )
is disconnectedwheredeletinga vertex � removes all

edgesincident to � . w is calleda separator of h , or
in particulara l�ÿ o � r -separatorif ÿ and � are discon-
nectedin h=öew . A minimumseparator w of h is asep-
aratorof minimum cardinalityamongthoseof h , andÍ}w¿Í is theedge-connectivity (denotedby ·¹lnh r ) of h in
casewÀ�§p ; particularlysuch wÀ�§p is calleda min-
imumcut (of h ). (For a minimum separatorw , Í:w¿Í is
the vertex-connectivity ~ùlnh r if wô��m .) It is called
also a ¦ -cut if Í}w¿Íèj ¦ . If Í}w¿Íèj Æ then the element
of w is called a cutpoint in case wô��m or a bridge
in casew§�ôp . A minimum cut w§�ôp is often de-
notedas lD�Ro���»½h r , where �
ü�� is a partition of m
suchthat w�j a½l�ÿ o � r6��pQÍ$ÿ5�|�To � �|�yb . If no
confusionoccursthen lD�Ro��¸»Áhsr is simply represented
as lD�ToG��r . We saythata cut lD�To �@r separates � if and
only if ���N���j�� and ���=���j�� : wFj lD�Ro �är
is calleda � -cut or a ¦ - � -cut if Í}w¿Í¿j\¦ . A minimum� -cut is definedsimilarly to a minimumcut.

A directedpathfrom ÿ to � is referredasa q ��� o � � r -
path,andwesaythat � is reachablefrom ÿ . An arbores-
cenceis a directedacyclic graphwith onespecifiedver-
tex, calledthe root, having no enteringedges,all other
verticeshaving exactly oneenteringedgeandthey are
reachablefrom theroot. A minimum-costarborescence
is an arborescenceof minimum total cost. For an ar-
borescencewith the root � , a graphconsistingof edgesq ÿ o �sr suchthattheedgesq � o ÿ r arecontainedin thear-
borescenceis calleda reversearborescencerootedat � .
If thereis a q ÿ o �'r -pathin a (reverse)arborescence,ÿ is
anancestorof � and� is adescendantof ÿ . Forareverse
arborescenceh } � , ÿ is calleda leaf if therearenoances-
tors of ÿ in h } � . Supposethat ÿ is not an ancestorof �
and � is not an ancestorof ÿ in a reversearborescence
with the root � . Thena nearestcommondescendantofÿ and � is a commondescendant� of ÿ and � suchthat
it is the nearestamongall suchcommondescendants.
A cactusis anundirectedconnectedgraphin which any
pairof cyclesshareatmostonevertex: eachsharedver-
tex is a cutpoint. An edgeof a cactusis calleda cycle
edgeif it is containedin a cycle; otherwiseit is called
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Figure 2: A graph h�� (to be constructedin Step2 of
FSA+1) and a structuralgraph h~} � ( j�åslnh~}Âr ) of h~} ,
whereblackverticesarein � � j���lº��r , edgesin h~} � are
denotedby solid lineswith weight � , and(fine or bold)
dottedlinesareedgesin p � öHp~}� (bolddottedlinesare
edgesin p��� constructedfrom anoptimumsolution p�� ),
and�>� � l�ÿ r for eachÿE�Tm � is shown in braces

a treeedge. A leaf of a cactusis eithera vertex � witht l � r¿jkÆ or � } with t l � }ýr j�� includedin acycle.
A structural graph åslnh r of a given graph h jlnm$oûpvr with edge-connectivity ·¹lnh rNj�· is a repre-

sentationof all minimum cutsof h (Fig. 2). åslnh r is
an edge-weightedcactusof ËvlnÍÎmÏÍÒr nodesand edges
such that eachtree edgehas weight · and eachcy-
cle edge has weight ·���� . Particularly if · is odd
then åslnh r is a weightedtree. There is a one-to-one
function ���ymslnh rä� mslnåslnh rºr , and any vertex ofmÏlºåslnh rºrõöïmslnh r is called an emptynode to whichmÏlºhsr has no correspondingvertices(see � , " , � in
Fig. 2). It is shown that åslnh r can be constructedinËsl ÍÎmÏÍÎÍÎpÑÍÒr time[13] or Ësl ÍÎpÏÍñÅ³·�o ÍÎmÏÍ��}���½l ÍÎm�Í}�Ç·¹rór time
[5]. Notethatif · is eventhenreplacingeachtreeedge
by a pair of multiple edgesof weight ·��v� preservesthe
propertiesof structuralgraphsandmakestheirhandling
easybecausetheresultinggraphshave no bridges.This
graph,aswell asa tree in the casewhere · is odd, is
calleda modifiedcactus. In this paper, åvlºhsr denotes
a modified cactusunlessotherwisestated. Note that·¹lnå lnh rºr�j
Æ if · is odd and ·¹lnå lnh rºrTj � if · is
even.

3 A 2-Approximate Algorithm for W- ¦ ECA-SV
with ·¹lnh~}ýr j�·¹lº��»Áh~}ñr

In thissection,weproposea2-approximationalgorithm
FSA+1 for ln·�ÅHÆÇr ECA-SV with ·¹lnh~}Ârõj§·¹lº��»Áh~}�rçj· . ln·ÑÅ�ÆÇr ECA-SV for h~} with ·¹lnhç}ñrvj\·¹ló�$»Áh~}Âr can
bereducedto 2ECA-SVor 3ECA-SVfor åslnh } r . Since·¹lnå lnh~}ñrórÝj Æ if ·¹lº��»Áh~}�r is odd and ·¹lnå lnh~}Ârºr�j¡�
if ·¹lº��»Áhõ}Âr is even, we consider2ECA-SV or 3ECA-
SV for åslnh~}Âr by setting ¢�£�� if ·¹lº��»Áh~}�r is odd,and¢¤£¡¥ if ·¹lº��»Áh~}Âr is even.

For W-2ECA-SV, [23] proposedan ¦ l ÍÎm�Í oÇr time 2-
approximationalgorithmfor thecasewith ·¹lnhç}ñr j7Æ .
[23] proposedfour heuristicalgorithmsfor W-3ECA-

SV andUW-3ECA-SV for the casewith ·¹lnhç}ñr¸j§� .
Thesefour algorithmsare outlined as follows. First,
a given graph h~} with ·¹lnh~}ýr¥j¨¢¼ö�Æ is transformed
into agraphh~} � suchthataminimumsolutionto ¢ ECA-
SV for h~} , h and � is a minimum solution to ¢ ECA
for h~} � , h � and � � , andvice versa. For sucha graphhõ} � W-2ECA (UW-3ECA or W-3ECA, respectively) is
solved by meansof an ¦sl ÍÒm�Í o r time algorithm of [4]
(an Ësl ÍÎmÏÍºÅ5ÍÎpÏÍÒr timealgorithmof [30] or someheuris-
tic algorithms proposedin [24,25,28]). Then a 2-
approximatesolution (an optimum one or a heuristic
one) is obtained. The algorithm of [4] is basedon a
minimum-costarborescencealgorithm[7].

Our algorithm FSA+1 is basedon a minimum-cost
arborescencealgorithm [7] and utilizes the algorithm
of [14], insteadof [4], for solving 2ECA. The algo-
rithm FSA+1 is outlined as follows. First, we con-
structa structuralgraph h~} � j�lnm1� oqp~}� r ( j åslnhç}�r ) ofhõ} j|lºm$oqp~}ñr by thealgorithmin [5, 13] (seeh and hõ}
of Fig. 1 and h � of Fig. 2). Accordingto theconstruc-
tion, we obtaina graph h � jælnm � oÁp � r , a specifiedver-
tex set � � j�� lº��r , a costfunction � � � p � ö@p~}� �
© �
anda backpointerª«�úp � öxp~}� ��p (seeFig. 2). Sec-
ondly, h } � is changedinto a simple graphby deleting
multiplicity, andthena tree h~} ¬ will be constructedas
follows (seeFig. 3): for eachcycle ­ that is remain-
ing in thissimplegraph,a new vertex �B® is added,each
vertex on ­ and�B® areconnectedby anedge,andthen
all edgesof ­ are deleted. Let h~} ¬ denotethe result-
ing tree. Next, we choosesomevertex �|��� � as the
root of h~} ¬ , anddirectevery edgeof h~} ¬ toward � . Note
that � becomesa leaf in h } � to beconstructedlater. Leth } ¬ j lnm ¬ o_pK} ¬ur denotethe resultingdirectedgraph(see
Fig. 6). Somemodificationof h � and � � will be done.
From h � , h } ¬ and � � , we obtain h ¬ j lºm ¬ o<p ¬ r and� ¬ �.p ¬ ����ú� thatarea supergraphcontainingh } ¬ and
theassociatedcostfunction,respectively. And then,we
constructa maximalsubgraphh } � j�lºm � o_pK} � r , which is
a tree,from h } ¬ j lnm ¬ o_pK} ¬ur suchthat � � �\m � �\m ¬ ,
pK} � �ipK} ¬ , and ÿ(�@�s� for any leaf ÿ of hõ} � . According
to the construction,we obtaina supergraphcontainingh } � , h � , theassociatedcostfunction � � ��p � ����ú� and
abackpointerª � from h ¬ and � ¬ (seeFig. 7). Finally we
find a minimum-costarborescencē>°�j lnm ¬ o<p } }¬÷r ofh � with respectto � � (seeFig. 8), andan approximate
solutionof h~} is obtainedfrom p } }¬ ö�p } � .
[Description of FSA+1] Wefirst presentProcedureRE-
MAKE that changesa modified cactus hõ} � ( j åslnh~}Âr )
into a spanningtree h~} ¬ .
Procedure REMAKE;
/* Input : hõ} � j�lnm � oÁp~}� r . Output: h~} ¬�j�lºm ¬ oÁp~}¬ r . */

1. If · is oddthen h~} ¬C£ h~} � andstop.
2. Deletemultiplicity of edgesin h~} � , makingit sim-

ple. Thenfind all cycles(eachbeinga2-eccof hõ} � )
by a depth-first-search.

3. For eachcycle ­ , addadummyvertex ± ® , connect± ® to everyvertex on ­ anddeleteall edgeslÂÿ o � r
3
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Figure3: A tree h~} ¬ constructedfrom h~} � in Fig. 2 by
procedureREMAKE. A squaredenotesadummyvertex.
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Figure 4: A circuit ­Q² ja l �1³² o � �² rnoûl � �² o � o² rno_´,´,´Îo l � �¶µ ® ²\· � �² o �B³² r b in h~} � .
of ­ . Let hõ} ¬�jklnm ¬ oÁp~}¬ r betheresultinggraphand¸

bethesetof dummyverticesin h~} ¬ (Fig. 3). ¹º
FSA+1choosesavertex �6��� � calledtherootof h~} � .

Supposeh~} � hasat leastonecycleswhoselengthis more
than2. Let ­Q² , Æ�»�¼½»�¾ , becyclesin hõ} � . For eachcy-
cle ­Q² , let �1³² �YmÏlf­¿² r denotethevertex which is near-
estfrom theroot � , and� ³² is calledthestartingvertex of­ ² . Notethat �B³² is thefirst visitedvertex in ­ ² whenwe
executethedepthfirst searchstartingfrom � in h~} � . We

numberthe verticesof ­Q² as �B³² o � �² o � o² o<´_´<´ o � �Àµ ®�Á · � �²
clockwise,where �þlf­Q² r denotesthe length of ­Q² (see
Fig.4). Let Â0²ólDÃ oq¦ r denotethesetof vertices�ÅÄ² through��Æ² clockwiseon ­ ² for ÃÇ»ï¦ . For any vertex ÿÈ�Hm1� ,
let us denote p ² lDÃ oq¦ »ºÿ rÝj�a�q �ÅÉ² o ÿ r Í �ÅÉ² �ÊÂ ² lDÃ oq¦ r b
(seeFig. 5(3)), whereall self-loopsare deleted. Note
that if kÌËÍÃe»§¦ÇËÍ�¿lf­ ² r then �B³² ��ÎÂ ² lDÃ oq¦ r . These
notationsareusedin constructingh ¬ and h � .
Algorithm FSA+1;
/* Input: A graph h j�lnm�oqpsr , a subgraphh~}{jlnm$oûpõ}ýr of h , a specifiedset �|�ôm with ·¹lº��»Áh~}�rÝj·¹lnm¼»Áh~}�r j�· , andacostfunction �8�ùp��
�� � . */
/* Output: An edge set p~} }��/pôö\p~} such that·¹lº��»Áh~}ùÅäp~} }ýrKø�·vÅHÆ . */

1. Constructa structuralgraph h } � j�lºm�� oqp }� r ( jåslnh~}Âr ) of hõ} by thealgorithmin [5,13].
2. Construct h � j�lnm � oqp � r , � � and � � as follows.

First, p � £ p~}� . Then, for eachedge lDÏ oÑÐ¹rE�p�öáp~} , set p � £ p � üþa lÂÿ o � r b , � � lÂÿ o � r½£ �ulDÏ oÑÐ¹r
and ªul�ÿ o � r`£,lDÏ oÑÐ r , where ÿæjÒ��l�Ï r and � j
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Figure5: Schematicexplanationof asetof edgesp½ÓqlfÔqr
of FSA+1: (1) Case6.2(a),(2) Case6.2(b1),(3) Case
6.2(b2).
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Figure6: A graph h ¬ jQlnm ¬ o_p ¬ r anda directedtreeh } ¬ jklnm ¬ o<p } ¬ r , wheresolidarrowsareedgesin p } ¬ with� ¬ lfÔqr¿j�k for any ÔI�ep } ¬ , and(fineor bold)dottedlines
areedgesin p ¬ ö|p } ¬ (bold dottedlinescorrespondsto
edgesin p��� ).

� lDÐùr (seeFig. 2). Let � � j?� lº��rsj af��l � rÏÍ � �� b .
3. Constructa tree h~} ¬vj lºm ¬ oqpõ}¬nr from h~} � by using

REMAKE (seeFig. 3). /* The set
¸

of dummy
verticesin h~} ¬ is obtained.*/

4. If h } ¬ hasany leaf � �T� � thenchoose� astheroot� . Otherwise,chooseany leaf � �7m ¬ , find any
vertex ±n�N�s� thatis nearestfrom � in h~} ¬ , andlet± betheroot � .

5. Constructa directedtree h~} ¬�j�lºm ¬ o<p } ¬ r from hõ} ¬
by directingeachedgeof p~}¬ toward � .

6. Defineadirectedgraphh ¬ jklnm ¬ o<p ¬ r , acostfunc-
tion � ¬ �sp ¬ ���� � andbackpointersª ¬ ��p ¬ ��p �
asfollows (seeFigs.5 and 6):
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Figure7: A graph h � jQlºm � o_p � r anda directedtreeh~} � jBlnm � o<p } � r , whereall self-loopsareomitted,solid
arrows areedgesin p } � ( � � lfÔqrKjyk for any Ô¤�Sp } � ) and
dottedlinesareedgesin p � ö(p } � (bolddottedlinesare
correspondingto edgesin p��� ).

6.1. p ¬ £ÕpK} ¬ . For eachÔ��Èp } ¬ , � ¬ lUÔÁrI£Ök andª ¬ lUÔÁr×£Ø� .
6.2. For eachedgeÔ~j�l�ÿ o � rQ�Yp � öRp~}� , execute

thefollowing (1) and(2).

(1) constructaset p½ÓqlfÔqr of directededgesby ex-
ecutingthefollowing (a) or (b) (seeFig. 5).

(a) If oneof anÿ o � b , say ÿ , is andescendant
of the other, � , in h } ¬ , then pÙÓûlfÔqr|£a�q¾ÿ o �sr b (Fig. 5(1)).

(b) Otherwise(ÿ is not an descendantof �
and � is not an descendantof ÿ in h } ¬ ),
find a nearestcommondescendant� ofÿ and � , andexecuteeither(b1) or (b2).
(Note that (b2) is executedonly if · is
even.)

(b1) If � �� ¸
then p½ÓqlfÔqr £a�qÚ�ûoóÿ r ohqÚ�ûo �'r b (Fig. 5(2)).

(b2) If ��jÛ± ® Á � ¸
(that is, � is

a dummy vertex) then pÙÓûlfÔqr¨£pÙ² lDÃ oq¦ »ºÿ rðü�p½²ólDÃ oq¦ » � r , wherewe
assumethat the q ÿ oG� r -path and theq � oG� r -path of h } ¬ passthrough ��Ä²
and ��Æ² with k�Ë�Ã�Ë ¦�ËÊ�¿lf­Q² r ,
respectively (Fig. 5(3)).

(2) � ¬ lUÔn}ýrc£ �Ñ�½lfÔqr and ª ¬ lfÔº}ñr�£ Ô for eachÔn}Q��p½ÓqlfÔqr , andthen p ¬ £Üp ¬ üÝp½ÓqlfÔqr (see
Fig. 6).

7. (1) Constructa maximalsubgraphh } � j lnm � o_pK} � r
consistingof thoseedgeson the q ÿ oÑ� r -pathof h } ¬
for any ÿÞ�N�s� (seeFig. 7). (Notethat h } � is a re-
versearborescencerootedat � .)
(2) Let ß|j m ¬ öÀm � . Let � ² ( Æ(»Ò¼Ç»Ò� ) de-
notethevertex setof any maximaltreein h~} ¬ öSp } �
suchthat Í � ² Íèø�� and � ² �Ym � j agÏ ² b . (ß�ja � oÑà oÁ¦Ç}�oÁ¦ } }Âo_á b oÑ� � jBa ¦ o½¦ }ýoq¦Ç} }Âo_á b with Ï � j ¦ ,� o j�a � o<â b with Ï o jãâ , �@ä�j�avá½of� b withÏsäQjå� in Fig. 6.) Define h � j lºm � o_p � r ,� � �ùp � ���� � and ª � ��p � � p ¬ asfollows.
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Figure 8: A minimum-cost arborescencē ° jlnm � o<p ° r of total cost 32 given by FSA+1. põ} }� jp � ö lnpç}� ü�a½lft o½¦ }¾rnoûlDà o_¾¹rnb (seeFig. 2) is obtained
from ¯'° at Step9 of FSA+1 andan approximateso-
lution p~} }újÀpTö¸lnp~} üÏa lU	ÇoÁÆ�	 rnoÁlUæÇo_çÇr b½r of Fig. 1 is ob-
tainedfrom p~} }� at Step10 of FSA+1, where � � lnpç} }� rõj�ulnp~} }ýr¿j���æ .

Set p � £èpK} � . For each q ÿ o �'r ��p ¬ ö�p } ¬ ,
(i) if anÿ o � bÌ�Sßé�jê� and ÿ�}?�j � } thenp � £¨p � üÝa�q¾ÿ�}ýo � } r b , � � l�ÿ�}�o � }ñr½£ � ¬ lÂÿ o � r ,ª � l�ÿ�} o � }ýr�£éq ÿ o �'r , where(ÿ�} or � } denotesÏ>² or Ï Ä ) if ÿ or � is in some�6² or � Ä , re-
spectively, or (ÿ�}�j ÿ and � }¸j � ) other-
wise; (ii) otherwise p � £ p � ü{a�q¾ÿ o �sr b ,� � l�ÿ o � rQ£ � ¬ l�ÿ o � r , ª � l�ÿ o � r½£
q ÿ o �sr .

8. Find a minimum-cost arborescencē'° jlºm � o_pÙ°sr rootedat � in h � with respectto � � (see
Fig. 8).

9. Constructa solution p~} }� j�a ª ¬ l ª � lUÔÁrór��ôpÙ�¼öp~}� Í�Ôë�np½°¼o ª ¬ l ª � lfÔqrºrS�jì� b (with multiplicity
deleted)suchthat ·¹lº� � »½h~} � Å{põ} }� r¿jÎ¢ .

10. Constructa solution p~} }áj a�ªulÂÿ o � r@�Àp�öÀpõ}vÍlÂÿ o � r«�Hp~} }� b (with multiplicity deleted)suchthat·¹ló�$»Áh~} Åxp~} }�r¿jk·¼ÅäÆ . ¹º
Remark 3.1 Whenwechangea graphhavingmultiple
edgesinto a simpleone,we choosean edgeÔÏj lÂÿ o � r
of minimumcostamongthoseconnectingÿ and � for
anypair of verticesÿ o � . ¹º
Remark 3.2 If the problemis 2ECA-SVwith ·¹lnh rÝjÆ and � j m then FSA+1 is similar to the 2-
approximationalgorithmof [14]. ¹º
[Corr ectnessof FSA+1] We show seriesof necessary

results,someof whicharestatedwithoutproofsbecause
of spacelimitation.

For aset p~} } or p~} }� of edges,eachconnectingdistinct
verticesof m or of m � , respectively, let

�ulnp } } r¿j µAí¶î ï ·Dðhñ.ò ò �ul�ÿ o � r or

� � lnp } }� r¿j µAí¶î ï ·Dðhñ ò òó � � l�ÿ o
� rf´

The following lemmashows that it sufficesto considerln·¼ÅäÆÇr ECA-SVfor a cactushõ} � j�lnm � oÁp~}� r (insteadofhõ} ) from thepropertiesof a structuralgraphof h~} .
5
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Figure9: A set ô of verticesin h~} � .
Lemma 3.1 If ·¹lº��»Áh~}�Å�põ} }�r�ø ·¥Å|Æ for some p~} }
then there is p } }� with � � lnp } }� r^» �ulnp } } r such that p } }�
is a solutionto h~} � and �s� . For a set p~} }� , let ªulºpõ} }� r ja�ª l�ÿ o � r�Íùl�ÿ o � r½�=põ} }� b with multiplicity deleted.If p~} }�
is a solutionto h~} � and �s� then·¹lº��»Áh~}ñÅõªulºpõ} }� rºrKø�·�Å¼Æ
and �Ñ� lºp~} }� rKø��ulfªulnp~} }� rºr . ¹º

Clearly, h~} � satisfiesthefollowing Properties3.1,3.2
and3.3from its construction.
Property 3.1 If ÿ is an descendantof � in h } � , ÿ is
reachablefrom � in hõ} � . ¹º
Property 3.2 Anypair of dummyverticesin h } � arenot
adjacentin h } � . ¹º
Property 3.3 If l��RoG�y»½h~} � r is any minimum � -cut
which is either a bridge or a 2-cut such thata l�Ï oUÐ¹rnoûlDÏ o<ö r b jælD�Ro��¥»Áh~} � r thenthere is a � � -bridgelDÏ�} oGÐ }ñr�j lD��} oG�Ñ}Â»½h~} � r with ��}¿ö ¸ j÷��ö�ß and�Ý}�ö ¸ j!�7öEß . Converselyif l���} oG�Ï}ñ»½h~} � r is any� � -bridge then there is a minimum � -cut lD�Ro��¥»Áh~} � r
such that ��} ö ¸ j�� ö�ß and �Ï} ö ¸ j!� öEß ,
and lD�Ro��¸»½h~} � r is either a bridgeor a 2-cut such thata l�Ï oUÐ¹rnoûlDÏ o<ö r bèjilD�ToG�y»½h~} � r . ¹º

Backpointersª ¬ and ª � , respectively, havethefollow-
ing Properties3.4and3.5from its construction.
Property 3.4 If there is any directed edge qÚÏ oÑÐ r �p ¬ ö5p } ¬ in h ¬ and lDÏ�}ýoGÐ }ñr�j ª ¬ lgqÚÏ oÑÐ r re�7p � thenÐÇ�RagÏ�}ýoGÐ } b . ¹º
Property 3.5 If there is any directed edge qÚÏ oÑÐ r �p � öÍpK} � in h � and qÚÏ�} oGÐ } r j ª � lfqÚÏ oÑÐ r rÝ�§p ¬ then
Ï (Ð , respectively)is a descendantof Ï�} (Ð } ) in h } ¬ . ¹º

For Ô���p½�5ö7p~}� , let pÙÓ� lfÔqrBj a�Ôn}!�êp � Íª � lfÔº} r is includedin p½ÓqlfÔqrub . Let pÙÓqlUø~rðj ù ðhú p½ÓqlfÔqr
and p½Ó� lfø~rÝj ù ð<ú p½Ó� lUÔÁr . Lemma3.2 (Lemma3.3,
respectively) shows strongly connectednessof � � inh } ¬õÅip½Óqlfø~r ( m � in h } � ÅipÙÓ� lfø~r ), where ø � p � is
any setof edgessuchthat ·¹lº� � »½h~} � ÅÎø~rÑøØ¢ . As an
exampleof such ø , seep �� (bold dottedlines)in Fig. 2
andtheedges(bolddottedlinesin Fig. 7) corresponding
to p��� .
Lemma 3.2 If ·¹ló� � »½h~} � Åiøõr�øû¢ for a set ø\�ôp �
then � � is stronglyconnectedin h~} ¬¿Å�p½Óqlfø~r .
Proof : Supposethat �s�s��m ¬ is notstronglyconnected
in h } ¬ Å�pÙÓûlfø~r , while ·¹lº� � »Áh~} � Å�ø~rðøÎ¢ holds.Clearly,� is reachablefrom any vertex � �=m ¬ throughedgesinh } ¬ . Let ¯ ï denotethesubtreeinducedby thesetof all
ancestors(including � itself) of � in thereversearbores-

cenceh } ¬ . SupposeÿÞ�@m1� is thenearestvertex from �
in h } ¬ suchthat mÏl�¯ í rü�¥���`�jÎ� andÿ is not reachable
from � in h~} ¬�ÅÎpÙÓûlfø~r . Let ÿ>ý denotethe vertex withq ÿ oóÿ ý r �Øp } ¬ . Note that any inner vertex of q ÿ ý oG� r -
pathin h } ¬ is reachablefrom � . Weselectthevertex setôÀ�km ¬ containingÿ asin thefollowing (a1)or (a2).

(a1) If ÿ'ý^�� ¸ then ôkjÀa ÿþb .
(a2) If ÿ>ý�jÈ± ® Á � ¸ then ô�j?Â.² lDþ¹l�ÿ rºoÑþ } l�ÿ rºr withk�ËÊþ¹l�ÿ r`»Êþ }ñl�ÿ r�ËÊ�¿lf­Q² r asshown in Fig. 9,

where ô is a maximalvertex setsuchthat ÿÞ�Þô ,�B³² ��Þô andany vertex in ô is not reachablefrom

� . From the maximality of ô , �Bÿ j � ý µAí · � �² and��� j � ý ò µAí · � �² arereachablefrom � in h~} ¬ Å�pÙÓûlfø~r ,
wheresuperindicesof verticesin ô aremod�þlf­ ² r .

Let
� lfôsr denotethe union of mvl�¯�� r over all ���5ô .

Clearlyÿe� � lfôsr , ÿ>ý^�� � lUôsr , andany vertex in
� lUôsr

is notreachablefrom � in hõ} ¬ Å�p Ó lfø~r . Thereisa lf¢ öáÆÇr -�s� -cut in h~} � separating
� lfôsr ö ¸ from m1� ö¸l � lfôsr÷ü¸ r . Let



besuchany lU¢èöxÆ r -cut. If ÿ ý �� ¸ then


is a bridgeor a 2-cut consistingof multiple edges;
if ÿ ý � ¸ then



is a 2-cut consistingof two edges

in ­ ² . Because



is not a lf¢Ñö�ÆÇr -cut separating�s�
in h~} � ÅÍø , thereis an edge Ô¥j�l��Áo � r6�Íø suchthat
�c�� � lfô rçö ¸ and � � � lfôsr�ö ¸ . Supposethat� �YmÏl�¯�� r for somevertex ÏS�Sô . Let � bethenearest
commondescendantof � and � in h } ¬ , where� maybe
equalto � . Then ���� � lfôsr and � is reachablefrom �
in h } ¬ Åip½Óqlfø~r . We selecta vertex ö��§m�� as in the
following (b1)or (b2).

(b1) Thecasewith ���� ¸ . Then öõ£Ò� (Fig. 10).

(b2) The casewith �S� ¸ . If �Î�j ÿ>ý then ö|£&ÿ�}
(Fig. 11), where ÿ } is the parentof � on the path
from ÿ to � in h } ¬ . If �èj{ÿ'ý@� ¸ thenwe set ö to
either�Bÿ or ��� by thefollowing rule (Fig. 12). Let�Kj�± ® Á and��Ä² �Rmslf­Q² r bethevertex in the q	�½o�� r -
pathin h } ¬ . Thenset ö�£ � ÿ if k�Ë|ÃÝË|þ¹l�ÿ r , oröõ£ � � if þ }Âl�ÿ r×Ë(Ã�ËE�þlf­ ² r .

For suchavertex ö , wehave öÇ�� ¸ and ö^�� � lfôsr , andö is reachablefrom � . Fromtheconstructionof p½ÓqlfÔqr ,
thereis an edgeqÑö o �sr �|p½ÓqlfÔqrs�np½Óqlfø~r . This means
that � � � lfôsr is reachablefrom � by using qÑö o �'r , a
contradiction. ¹º
Lemma 3.3 If ·¹ló� � »½h~} � Åcøõr�ø�¢ for a set ø�� p �
then h } � Å�pÙÓ� lfø~r is stronglyconnected.

Proof : Let ÿS�Rm � beany leaf in h } � . Clearly ÿ oÑ�����s�
holds. Then h } � ÅÊp½Ó� lfø~r is strongly connectedbe-
cause,from Lemma3.2, ��� is strongly connectedinh } ¬ ÅcpÙÓqlUø~r , that is, thereis a directedcycle contain-
ing bothof ÿ and� . ¹º
Lemma 3.4 ·¹lº� � »Áh~} � Å�p~} }� rÏøØ¢ for põ} }� in Step9 of
FSA+1.
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Figure11: Thecasewith ��� ¸ and���j@ÿ>ý in theproof
of Lemma3.2

Proof : Supposea lf¢ðö9ÆÇr - �'� -cut



existsin hõ} � Åäp~} }� .
Then



is a lf¢söiÆÇr - �s� -cut of h~} � andis a bridgeor a

2-cut. Let wx��m�� bedefinedfrom



by thefollowing
(i) or (ii).

(i) If



is a bridge Ô � in h~} � then w!£�a ÿ b , whereÔ � j�l�ÿ o ÿ � r½�Rp~}¬ and q ÿ oóÿ � r �ëpK} ¬ .
(ii) If



is a 2-cut a�Ô � o_Ô o b includedin thesamecycle

in ­Q² of h~} � then w|£ÕÂ0²ólDÃ oq¦ r , wherewe assume
that Ô � j l ��Ä � �² o ��Ä² r , Ô o j l ��Æ² o � Æ � �² r with k�ËÃ�» ¦ÈË÷�¿lU­Q² r , and their superindicesare mod�¿lf­Q² r .

Let
� lfw$rá�Àm ¬ betheunionof mslD¯ � r over all vertices

�@�Sw in hõ} ¬ . Clearly ·¹lº� � »Áh � rçøÎ¢ holds.FromLem-
mas3.2and3.3, h � ( j h } � Å�p½Ó� lnp � öRp~}� r ) is strongly
connected.Thereforewe canfind a minimum-costar-
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Figure12: Thecasewith ��� ¸ and�çj@ÿ>ý in theproof
of Lemma3.2

borescencē ° j lnm � o<p ° r in Step8 of FSA+1. ¯ °
hasan edge qÚ±Ïo �'r �Øp ° suchthat ± �� � lUw ráö|ß
and � � � lfw$rvö�ß . Let q/±á}ýo � } r j ª � lgqÚ±Ïo �sr r andlD±á} }ño � } }�rÑj ª ¬ lgqÚ±è}ýo � } r r . From Properties3.4 and3.5,� (± , respectively) is a descendantof � } (± } ) in h } ¬ ,
and � }{j � } }Î��m � . Then, by the constructionofpÙÓqlólD±á} }ýo � }ñrºr , wehave ±á} }%�� � lfw r and� }ü� � lfw r . Be-
causelD±á} }ýo � }ÂrÙ�Tp~} }� , thiscontradictsthat



is a lf¢ övÆÇr -

cut separating� � in h~} � Å{põ} }� . ¹º
The next lemma shows the performanceratio of

FSA+1.
Lemma 3.5 Let p~} } be an approximate solution forln·áÅRÆÇr ECA-SVbyFSA+1and p�� beanoptimumsolu-
tion for ln·sÅHÆÇr ECA-SV. Then �ulnp~} }�r½»Î� �ulnp�� r .
Proof : Let p��� denotethe set of edgesof h~} � corre-
spondingto p�� of h~} . By Lemma3.1, p��� is an op-
timum solution such that ·¹lº� � »Áhõ} � Å p��� r@ø�¢ . We
will show that � � lnp~} }� r6»Ò� � � lnp��� r . From Lemma3.3,h } � ÅipÙÓ� lnp��� r is stronglyconnectedand, therefore,it
containsan arborescencē��Yj lnm � o_pX�nr rootedat � .
Since ¯'° is a minimum-costarborescencein h � , we
have � � lfp½°vr½» � � lfp � r .

Becausē�� is anarborescence,¯�� containsat most
two edgesof pÙÓ� lfÔqr for each ÔÎ� p��� . All edgesofpÙÓ� lfÔqr have the samecost �U�ûlfÔqr . Hence � � lfp«�ur5»� �U�qlnpõ�� r . Moreover, �Ñ�½lnp~} }� r^» � � lfp ° r holds,mean-
ing that �Ñ�qlnp~} }� r½»c� �Ñ�qlnp��� r . Because�ulnp~} }ýrKjÀ�Ñ�½lnp~} }� r ,
we get �ulnp~} }ýr¿j�� � lnp~} }� rQ»È� � � lnp��� r¿jÎ�Ç�ulnp��ur . ¹º
Remark 3.3 AlthoughStep6 of FSA+1keepsall edge
of p ¬ , keepingonly one minimum-costedgefor each
ordered pair a ÿ o � be�æm ¬�
 m ¬ with q ÿ o �sr �ip ¬ (see
pairs a���oG¼ûb , ag� o<¾ b , ag�¿oUà�b in Fig. 6) is sufficient for us
to find a minimum-costarborescence. Our algorithm
can be easily modifiedso that Step8 may be doneinËvlnÍÎmÏÍ o r time if ·¹lº��»Áh~}�r is even. Evenwith this im-
provement,however, overall timecomplexity of FSA+1
is still ËslºÌiÅxÍÎmÏÍÐÍÎpÑÍÒr if ·¹ló�$»Áh~}Âr is even. ¹º
Theorem 3.1 FSA+1 is a 2-approximatealgorithmforln·�ÅkÆÇr ECA-SVwith ·@jF·¹lnhç}ñr j�·¹lº��»Áh~}�r . Its time
complexity (spacecomplexity, respectively)is ËvlóÌBÅÍÎmÏÍÐÍÎpÑÍÒr ( Ësl ÍÎmÏÍ o¼Å|ÍÒpÑÍòr ) if · is even, or ËslºÌïÅæÍÎpÏÍÒr
( Ësl ÍÎmÏÍÁÅxÍÎpÏÍÒr ) if · is odd.
Proof : The correctnessis proved by Lemma3.4. By
Lemma3.5, �õ� jì� is shown. We aregoing to show
thatFSA+1takesËslºÌkÅiÍÎmÏÍÐÍÒp�Íòr time if · is even,andËvlóÌyÅÝÍÎpÏÍÒr if · is odd.Constructingh~} � , � � and ª canbe
donein ËslºÌÀÅ�ÍÒpÑÍòr time, where Ì is time complexity
of obtainingastructuralgraphof h~} atStep1 of FSA+1
and Ì jcx@z}{¹aÇÍÎmÑÍÎÍÎpá}ÂÍÒo ÍÎpõ}ýÍ Åä·Bo ÍÎmÏÍ��,��� lnÍÎmÝÍ:�Ç·¹r b . Step
2 takes Ësl ÍÒpÏÍÒr time. Becauseh~} � has ËvlnÍÎmÏÍÒr vertices
andedges,Steps3, 4, 5 and6.1 take Ësl ÍÒmÏÍÒr time. In
Step6.2, it is necessaryto find Ësl ÍÒpÏÍÒr nearestcom-
mon descendantsfor eachedgein pÙ� . It is can be
done in Ësl ÍÎpÏÍòr time by using an algorithm by [11].
In Step6.2 (a), only one edgeis produced. In Step
6.2 (b1), two edgesare produced,while, in Step6.2
(b2), ËvlnÍÎmÏÍÒr edgesmay be produced. So, Step 6.2
takes Ësl ÍÎmÏÍÎÍÎpÑÍÒr time, whereif · is odd thenStep6.2
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(b2) is not executedand Ësl ÍÒpÏÍÒr time is to be spent
in Step 6.2. Step 6.2 takes Ësl ÍÎmÏÍÎÍÎpÑÍÒr ( ËvlnÍÎpÏÍÒr , re-
spectively) time if · is even (odd). Step7 is doneinËsl ÍÎmÏÍ÷Å|ÍÒpÑÍòr time. Finding a minimum-costarbores-
cencē>° in Step8 takes ËslD"\Å��@�,���0�þr time by us-
ing the algorithm of [7], where " (� , respectively) is
the numberof edges(vertices)in h ¬ . Becauseh ¬ hasËsl ÍÎmÏÍ oáÅ|ÍÒpÑÍòr edges( Ësl ÍÎpÏÍòr edges,respectively) if ·
is even(odd),Step8 takesËsl ÍÒmvÍ��}���KÍÒmÑÍ ÅHÍÎmÏÍ o~Å{ÍÒpÑÍòr
time( Ëvl ÍÒmÏÍ��,���KÍÎmÏÍ Å¸ÍÒpÑÍòr ). Steps9 and10take Ësl ÍÎmÏÍòr
time. Thusthe time complexity asstatedfollows. Ex-
planationof spacecomplexity is omitted. ¹º
4 An optimally solvablecase

Wecanprovethat lº·þÅ¥ÆÇr ECA-SVis solvablein ËslºÌTÅÍÎpÏÍÒr timeif thefollowing conditionholds(meaningthat
Step6.2 (b) of FSA+1 is not executed).
Condition 4.1 For anyedgel�ÿ o � rX�xp � öip~}� , oneofa ÿ o � b , say ÿ , is an descendantof theother, � , in h } ¬ in
Step6.2of FSA+1. ¹º
Theorem 4.1 If Condition4.1 holdsthen p~} } givenby
FSA+1is anoptimumsolutionto lº· ÅÝÆÇr ECA-SVfor the
casewith ·¹lº��»Áhõ}ýr jÀ·¹lnhç}ñr¿jÀ· , andits timecomplex-
ity is ËslºÌkÅiÍÎpÏÍÒr .
Proof : Clearly põ} } is asolutionto theproblem.Soit is
enoughto show �ulnp } } rX»§�ulnp � r . We considerp } }� , p ��
and ¯�� in Lemma3.5. By theconstructionof p½Óqlnp��� r ,
we have � ¬ lfp½Óqlnp��� rºrHj��Ñ� lºp��� r when Condition 4.1
holds. Because,for Ôxj�l�ÿ o � r(�ôp��� , ¯�� contains
exactly one edge q¾ÿ o �'r with a ª � lfq ÿ o �sr r bïj p½ÓqlfÔqr ,
we have � � lfpõl�¯��qrºrÌ» � ¬ lfp½Óqlnp��� rºryj��Ñ�qlºp��� r . Thus�ulnp~} } r jÀ� � lnp~} }� rÙ» � � lfp½°Ïr½» � � lfpõl�¯�� rºr½»��ulnp�� r . ¹º
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