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v Estimates of Rounding Errors
with Fast Automatic Differentiation and Interval Analysis

Koichi KUBOTA and Masao IRI
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We propose an algorithm for calculating rigorous upper bounds of the absolute values of the
rounding errors incurred in the computed values of functions. We also prove that, under some
suitable conditions, the upper bounds become asymptotically sharp as the machine epsilon
approaches zero. The proposed method is a combination of the technique of Fast Automatic
Differentiation and interval operations for real intervals with both upper and lower edges
representable as floating-point numbers.

The method is useful to guarantee the quality of numerical results in the sense that we can
determine an interval containing the exact value of the function based on the value computed
in finite precision and on the estimate obtained by the method. We also illustrate the efficiency
and the practicalness of the proposed method by numerical experiments in comparison with

the conventional interval analysis.
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MERBGRIC X T AF 25ETNRAE,

By 1) o4 SoTm 4 5 X UEm 5.

A+2z)y <e®<14€e*-r-z (x>0,r>0)
X,
Ap  Zj=1 Wil 8- (L +em)
R~ Y5 |wy - 6
<(1+E—I)-(l+e"M-r-5M)
l

<1+ +15 ell4.

)-PI

<1 e (3.4.10)
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4. BiEsER
4.1. BRERERE OSEH A

F 21X, Pascal-SC 0 X 5 Z Ak 7 480 X oI
BokbdDy 7+ =T %o TnhnoT, BT
D5 LCHEBXEREEER L. (Rx EHEE
KEABIFEE > X — OB X7 4 VAX8600 % {ii
FH L, KCL(Kyoto Common Lisp) # T 7w ”r 7

Sy ZEfFork. , FEVNBUR AR 2 (I
f§+ﬁ“§‘) *H, ﬁbﬁO#IA, <vvxrSouy
emo X 2758 ©h3. )

56 #7 2 HEFBL & HPC, 56 L FOEE O
DIRBER 2D 2 EROTZB/NMNICHER 2 EBL, %
hi=svxrvuy ey CRAF 3. ey TREZ
h3ZEVNEUE AR IC BT B KRS, 7
(1) BEORENEEOERE D ¥ Feyr OEFBVINIUS

FHRCEHHEL;

Ric,
(2) (1) PRERORME C = [, ] DR EIKT <HED

BREEZAULISRRE C ={d, 2Ew3; e

-C"
¢ =min{d(1 —epr), ¢ +exr),
M1 —en), F(L+em)},
& = max{d(1 — enr), (1 +enr),
M1~ enr), (1 +e))
TH5!

4.2. % 1: Ebers-Moll 521
PNP + 7 v ¥V 2 % @ Ebers-Moll €5 & ([ 3)

DR—2BHROGFEX AR L BA LB CEN
T, BIBELIC X 5 3OFRZEDMETHIE Ay, 55 3 & ©
Arp, BREEEEORKE F %, Bo*AaUKEOE

(#hEh, 2. ApGELUE), 2 - AF, d(F)) ©2WT
HEET 5. §4.1 OEMBRREIEEOBRD ey %2712,
92 9-36 9B rgxi v, M4KRY. COREER
fo#ﬂa Tk &:t, CORBREO/NMBE AT, 2- Ay,
2-Af, d(F) @32 BEFRCAKEITHECE; Lk
BoT, F #HE LctkicAr 23HELT %%ﬂiﬂdm
ATHEYVFIERANC ETHB.

P MiMoRnT v — 7 u—ORERER L .




4.3. #i12: LU HRIc X 2838 5RO

BEHERR Az = b O = &, LUSHAE
FiekoT, BB A 27 b b L2bEET
¥5. Lo, 0 = OF 15 o1 % A
L b oBEE f(Ab) tAhATCLHTESL CCT
&, AJ1 A, b »b LUSHS X Ui BBRAK
Xb 2 2FETZ e rSLakHEOTRE LTS
BESL f(A4,b) = (1,0,...,0) - A71b KKDWnT, B
175, ¥, [1,1] Lo—BS/H Ik 5 ELREPER
33 5 RofFlE =2 v roxte 10 EAET 5:
(A1,b1),...,(A10,b10). 10 = f(Ai,bi) KEERD
SLBEEOHEM Af, AF, d(F) %, §4.2 & FRRICHE
BIXENEE (OBHK) @ e % 2712, 2724, 273, 2748
LEZT, HELTHS (1=1,...,10).

eM BREVESKC, F 25ETscenTE
v (LodoT, Arp dEETEAE V) BE85¥D
5. 2D7®, HRGILIC X BHIEHE A % o
HHEL L, Ap/Af, d(F)/(2- A5) 25 ICRT. C0
T, co DWEKH B DDIE, 0 %FAKKEI X
DRERFELicc®ic F OStERTH Wb DT

5. %k, W0KROFHH, <7 briconwTh R
IC
IB \ VCE
:EE
Ig=—(1—ap)- Igs - [exp(~q - V/k - T) — 1]

—(1=aR)-Ics - [exp(q - (Vog — Vag)/k - T) - 1}

Ic =—ap - Igs - [exp(—g - Vpe/k - T) - 1]
+Ios - [exp(g - (Vog — VBE)/k - T) — 1]
Ip, Ic: R—ZEH, =v 7 2 BHE
Igs, Ics: =3I v & « <— X[ERFIES,
VTR - <— REFEFER
af, or: EftEEE
VBE; VeE: =R+ =3Iy #EE, 3L X 23y 4 BE
T: &
¢ BFOEH
k: Rrv<evEl

3. PNP }9 v ¥ x4 ® Ebers-Moll €51
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-20 _|

DEBRETo% (6) . 10 ROFFICOBEO—E
¥R 2ICRT A, Ar OREET 3 KEDBIC ST F
DIREET 5 RBIDESHHEVICIAWC & 33b2 5.

DlEnXsic, #HEABREEL AL, Bh i
BREEREORRGAZK« 0RERT s #EMHc Tt
BRAZLVWEREHIG & 22 2D 5. k& i, &
BHBELZ OOV, 5 ROBET 10! ~ 10°
&, 10 RoOBE T 104~10% EOBRBAAEMEE S L 5
BERDDI WS T2 BRbAE. Dk Y, Txoif
RT3 EREEALFRTh Y AnbRVWHEELS
ABEn52kTHE Eie, BEORKR GROSE
Frey <27 0 ROBE ey < 278) vk, zoR
EoEICH LT REFEM Ap b1+ X WEHiE
52 TwBC e bbhb.

BRRAEEE Y ERCERFT 3 X582 —F
VT I VY TIRGEET LS5 TH B, L
TRRE, MEF 5 ECEICILDEERTET S
RiEEL .

5. HLpE

Fex B OFEE v, ADHEEOMEEDRL
ErEREELDHERR L Lad, ZoBER
BEOXEEAEDOES 2 5RICHRTT - LHENL

o d(F)
A2-Ap
0 2-Af

%

T WA R S U B WA N NN R A N

[ 4. Ebers-Moll &7 A 0~ — X B DOIRIER LIS
VBE'= —0.4V, Vo = ~1.0V, Igg = 1.079A,

Ios = 2.07%A, ap = 0.98, ag = 0.5, T' = 300K,

¢ =1.602719C, k = 1.3806623]/K, Ig=~ —1.04%10%A

2. 10 TR HBEXROBOE | RODEIERE L <> vz 7y vy ofE

ApbiEEERD Fexs Aplc X3
en  BHHEOHRIHTE ARAEX RS PRAFX R
2712 0.7438964843 — —_
2724 0.7542193532  [-3344.4582519,3346.1162109]  [0.4637820125, 1.0446566939]
273 0.7542197853 [0.0575954438,1.4508441332]  [0.7542197555,0.76542198151]
2748  0.7542197855 [0.7540463030,0.7543932679]  [0.7542197855,0.7542197855]1

t[0.754219785475757 ,0.7542197854840781]
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5. 5 T HBRRROMOE | RAORIEXENED H#t

(“0” DEIBD L CAHEH B HRB2EVRBIC X IRKE
BREL 2D ICKEREXF S W b DERT.)

A
110 Py HE
L L]
g = d(F)/(2- Ay)
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- a -y
......... Y -+ V9 -~ S
T T T T >
)12 224 2736 448 EM

6. 10 STATBHRAR OO | REYOIRAEX FIED W

(“c0” DREBDLCZAHICDZARREEUREC L ZRE
BRLEL 7e7e O CREREASHHT S e b D% TFT)

(8)

EROFMEE 52, HEOFHILbHATITICE
Achzct, bk, BAARHEDOd TR, %
DEEREZL B ERB= v nvpphine
CEOADEEDHHE D LRRICHIET 3 € & %28
L7z .

BE R AOREFMIIRRELU T THTH S
B, HECHRLONAELEDEEL DR WEWEHEN
OREICTHT 3 C L i3, FEMREOMERIEET S
EnSBEPLEEARACETHS. h, TOB B
REBHALEOEZE L HERENCER A RBIZRLT
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