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On the stabilities of the nine-stage

seventh—order Runge—-Kutta method and
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The stability polynominal of an explict Runge-Kutta Method is nearly
the rate with which the global error for computed solution is progated
to the next step. Taking note of this fact we derive Runge-Kutta

methods of two types, one is nine-stage seventh-order and the other

seven-stage sixth-order.
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Eﬂm&ﬁﬁﬁwﬁw%m.rzbﬁﬁﬁuwk SWTRe (L) <0 THBLE, BELHRD
HaXHES 1 U TFIC 2 28 BB T30 DTH-=. L, cctRRALHICRSNB LD
CRESHRAOHESERBEORKDAT v TANDEBRIEZ>TNAZLICHEHL, THRE6K
RUIBKMTHKECIOVWT, BREROIWTRLLBUEERRE O TS hi=ARE2ET.

2. HEDANEZED

ABHBpXKED x3xns13%ath KB BIELURE Y1 OBFITHEID BER
Tn+1=7 ph®*1 + O (hP*2) (2.1)
LETZLEMBTES. 22T 7ve B, KRCRTEIOSRAROBEOBOBMBa:: &, (LD
HLOBBITETFET SR Z blgs (xa, v0) LOBRADOKETEERENS.
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4.1 IBBTREOLREHLFH AR

Fig. 1 IC QB 7 REDENIZ, (Shanks, Cooper & Verner) RUH & S =HAR (L2,
KN9, KNBRUFKN1) OREFHRADISI 7%RT. 4B W=ARL2, KNI,
KNS BRU KN1iZ, ZESHROZS 7B ENFN 2 OEH (y=1.0, y=-1.0), ( y=0.9,
y==0.9 ), { y=0.5 , y=-0.5 ) KU (y=0.1, y=-0.1 )2 >ART, F;ILYDBREOHLELS
BREELEZDDTHSB.

BESHADT T T7H (y=1.0, y=-1.0 ) 2ERL TH5ARL 213, BAEMNLEXBE b
», TOXBRICEESHROKENEN L ICEBEFB20FS D, hABEFOL S lEL 5
B h I LTI, ATy TPEATOHLRBBRESHEL TOHLPEVENIREEL->TNS.
ZhIRHLT, BNREXBORE 2R EZITICARL20ORAEZREL 205, BELER
D575 (0.9, y=-0.9 ) EERELTEIAXKNITHS. KEFHADY I 75 (y=0.1,
y=-0.1 ) 2R L T H5AKXKN 11X, BNRERMOIIZLBICBNWTERBEOEBETHS
ZEZHXOMAMNEH 0.1 2R T, BERBEREOBOD TLIWARTHS. F-KNIE, A



HKKNILARKN 1 DOPHOREREE L OARXTHS. Fig. 1 OBEL SHEMAR ShanksP
Verner DEEREIRL, BL4OBHULAZARNICHELTELLE>TWEzBbh3. Rl KK
AARRUBLOBOAROBEHMOR LTS, COXLSRLOBHLEARIT, THY
DRERUVEECEOHEICEVWTEDARICEED, AoMERGHICLBESTVZ L Bbh .

- /AN KN1 Shanks

4 Pt (h/\. Te Te)

Fig. 1 ﬁawﬁmbt4ﬂﬂt%mﬂﬁoﬁﬁaﬁﬁw7a7

#1 SRR O R

N 2o A7z A7s a A(Se) R
Shanks 0.149345d-02 .167895d-06 | 4.4724 | 25.60985 0.697585d+02
cCgyVv 0.466478d-02 .748132d-06 | 2.6661 | 10.91974 0.218280d+02
NIL 2 0.844720d-03 .155516d-07 | 9.9567 42.80168 0.1195284+03
ARKN9 0.839857d-03 .153553d-07 | 9.8526 ) 46.21007 0.106993d+03
ARKNBH 0.719508d-03 . 138854d-07 | 9.2977 | 49.25604 0.999913d+02
ARXKN 1 0.685798d-03 .138695d-07 | 8.1260 | 51.01482 0.288230d+02
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a; = 0.00000000000000000D+00
a; = 9.39795655555555555D-02
as = 0.14096933333333333D+00
as = 0.21145400000000000D+00
as = 0.32710000000000000D+00
as = -0.20096405169928808D+00
a7 = 0.66770000000000000D+00
as = 0.79950000000000000D+00
as = 1.000000000000000p0D+00
bay = 9.39795555556655555D-02
bss = 3.52423333333333333D-02
bsz = 0.10572700000000000D+00
b4y = 5.286350000000060000D-02
baz = 0.00000000000000000D+00
bss = 0.15859050000000000D+00
bsy = 8.59708238249657232D-02
bsz = 0.00000000000000000D+00
bss = -3.56031502986602573D-02
bss = 0.27673232647369453D+00
bey = -0.28833731477265689D+00
bez = 0.000000000000008600D+00
bes = -0.57451531731742215D+00
bes = 0.99719348992706353D+00
bes = -0.33530490953627264D+00
b7y = 1.38671569993498592D400
b7z = 0.00000000000000000D+00
brs = -0. 44386085551647369D+00
b7s = -1.88960508093464853D+00
brs = 1.91168746334874479D+00
bre = -0.29723722682760850D+00
bsy = -1.23801818184482727D+00
bgz = 0.00000000000000000D+00
bss = 0.50430828919461095D+00
bes = 2.10671224227709496D+00
bgs = -1.30665529370005391D+00
bgs = 0.29825555976703351D+00
bgz = 0.43489738430614175D+00
bgy = 2.36003654600783966D+00
bez = 0.00000000000000000D+00
bes = -0.66598723951868114D+00
bes = -4.12381283421947477D+00
bes = 3.94588319768053753D+00
bes = ~0.48762346742979490D+00
be7 = -0.75849793965103373D+00
beg = 0.73000173713048736D+00
c1 = 0.12207056808754406D+00
c, = 0.00000000000000000D+00
cs = 0.00000000000000000D+00
cs = 3.10843127346588357D-02
cs = 0.38726270677010394D+00
cs = -71.62301211419619675D-03
cr = 0.16281907780582516D+00
cs = 0.23879865345202412D+00
co = 6.55876932640400982D~02

4.2 BERLER
BEEERE, non-stifffiif 1 6 B (B—M5aAEX1 06, #EUMIHER6H) ,5estitthi
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a; = 0.00000000000000000D+00
a; = 8.86137777777777777D-02
as = 0.13292066666666666D+00
ag = 0.19938100000000000D+00
as = 0,25194100000000000D+00
as = 2.26427464684788548D-02
a; = 0.67830000000000000D+00
ag = 0.76610000000000000D+00
ag = 1.00000000000000000D+00
bay = 8.8613777TT77T177TTD-02
bsy = 3.323016666666566666D-02
baz = 9.96904999999999999D-02
bsy = 4.98452500000000000D-02
baz = 0.00000000000000000D+00
bes = 0. 149535750000000000+00
bsy = 5.51354477350033122D-02
bsz = 0.00000000000000000D+00
bss = 0.11288167993410563D+00
bss = 8.39238723308910612D-02
bs: = 1.53755637180921327D-02
bsz = 0.00000000000000000D+00
bss = 3.20123011260832071D-02
bss = -4. 25334940124845891D-02
bes = 1.77883756367881041D-02
bry = -15. 2638042640280352D+00
brz = 0.00000000000000000D+00
brs = -0.40871509888182464D+00
bra = -13.6111815205796471D+00
brs = 10.1167849547650783D+00
bre = 19.8452153287244885D+00
bey = 1.87504544340644523D+00
bsz = 0.00000000000000000D+00
bes = 7.36332792127362170D-02
bes = 0.79529422019820487D+00
bes = 1.13004307506429260D-02
bes = ~2. 24432798243656550D+00
bg7 = 0.25515460886353619D+00
bes = -5.91623885429407713D+00
bgz = 0.00000000000000000D+00
bes = -7.80189810121319967D-02
bes = -7.79962188733113387D+00
bes = 6.61424362987063258D+00
bes = 7.99878545498833964D+00
bg7 = -0.90436728267028754D+00
bes = 1.08521792044865831D+00
ci = -0.70530316386270289D+00
c2 = 0.00000000000000000D+00
cs = 0.00000000000000000D+00
ca = -1.30425464378457086D+00
cs = 1.48164940638561735D+00
ce = 1.06917429677181998D+00
c7 = 6.12300258031780801D-02
cs = 0.32702046038118771D+Q0
Co = 7.04836183054706147D-02
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a; = 0.00000000000000000D+00
ap = 8.65897777777777717D-02
as =. 0.12988466666666666D+00
as = 0.19482700000000000D+00
as = 0.22793900000000000D+00
as = 5.48945943637486118D-02
ay = 0.70610000000000000D+00
ag = 0.76220000000000000D+00
ag = 1.00000000000000000D+00
bz1 = 8.65897777777777777D-02
bay = 3.24711666666666666D-02
bs2 = 9.74135000000000000D-02
bsy = 4.87067500000000000D-02
bs2 = 0.00000000000000000D+00
baz = 0.14612025000000000D+00
bsy = 5.05918652652535934D-02
bsz = 0.00000000000000000D+00
bss = 0.13202353408613444D+00
bss = 4.53236006486119668D-02
bs1 = 3.21013894852786514D-02
bg2 = 0.00000000000000000D100
besz = 6.75846925976027730D-02
bes = -8.87358025665285797D-02
bes = 4.39443148473957672D-02
b7y = -8.83686512397582383D+00
b2 = 0.00000000000000000D+00
bzs = -0.30883167838352237D+00
brs4 = -35.3900806014227245D+00
brs = 27.1653383555641977D+00
b7e = 18.0765390488178730D+00
bay = 0.72400652832269652D+00
bsz = 0.00000000000000000D+00
bgz = 2.70167312409076095D-02
bega = -0.13496381707863433D+00
bes = 0.97237984502175643D+00
bse = -1.03657651185019402D+00
bgr = 0.21033722434346779D+00
bgy = 0.14461733622086803D+00
bgz = 0.00000000000000000D+00
bgs = 1.97566288172997400D-02
bos = -1.73408506985851014D+00
bgs = 2.17173702181044117D4+00
bgs = 1.24331110555589462D-03
bg7 = -0.67380567447740364D+00
bgg = 1,07053644638174894D+00
cy = -0.31121921873474726D+00
cz2 = 0.00000000000000000D+00
cs3 = 0.00000000000000000D+00
cq = -3.05548235680096575D+00
cs = 2.99139793662766678D+00
ce = 0.916259461269846900+00
ey = b.63270902641481410D-02
cs = 0.32133779821881100D400
co = 7.13792871552401947D-02



ETHAZLBBERINE. ORI, R1LCRLAEZAROBMEME (BICiTHY 0 HENE
i) k< HIELTNVS.

TEEREERED DTN EstitIEIC N T2 HEER TR, AHEEM» S ERTE
HEirozkickh, RULCRENEZARXNOEBHNZEXBICH Y BV L 8BREaN:. X
SIZHAHBOEEICE I RARI K BMEMROBEESD, *0LEDIARORESHROELIZ
HIGLTWAZ L HBBINE. BEFITIC—20FstittlEORERN%2RE 5. Fig.2 I3,

[FIE] y' = 100(sin (x)-y) y(0) =0

THiRRR y =

sin(x)-0.0lcos(x) +0. 0le=100* I

1. 0001

, x=00~ 50 FTHHB h 2FATHSLEZLED, x = 5.0 TBIIHMEBOMEXH
ZEOBBANBERMC LD, HHIC hL 2L TFOHERRERRELEDOTHS.

.logwl rEE | ' ARKN 1 /\ﬂKNQ
I -2 -4 -6

& AXKNS

Fig.2 y = 100(sin(x)-y) , y(0) = 0 & x=5.0 {CHBIF3
BEROHENSEZELXAE b oMK (1= -100 OBE)
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ProzEgicr), Bx0BHEULEARKNI, KN1EFKNSR, EAARLDITHED
BELEELOMEICBWTEZD, AHBERLZHOVWTHRESZVWOTHRAARORDYICH
WTHFAITHS.
5. TEBE6RE MEOMKRTHERDHRT)

IBM TR L EARUBIHICKYD, THYVRESZIIZRAT, TOEELEHERND Y I 74
FhENy=0.9, y=0.5 B y=0.1 BTBRD3IARIMY, IMERFIMI1 2i#7=.
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a =
a; =
as =
aq =
as =
as =
ar -
b21=
b31=
bao=
bsy=
bga=
bgs=
bsy=
bs2=
bss=
bss=
be1=
bs2=
bes=
bs4=
bes=
b7y

b7a=

n

g

brs
brs
b

C1

n

"

C3

Cs

Co

C7

0. 00000000000000000000D+00
0. 25000000000000000000D+00
0. 30332456780100474998D+00
0.874534361200751102230+00
0. 66344000000000000000D+00
0. 571540000¢0000000000D+00
0. 10000000000000000000D401
0. 25000000000000000000D+00
0.11931298093767209439D+00
0.18401158686333265510D+00
0. 35770869284827793311D+00
-0. 42314314261478557001D+01
0. 47482570945003288692D+01
-0. 13481614416021969832D-01
0. 82805695484239373665D+00
-0. 25425881727205895072D+00
0.10312347684568718390D+00
-0.36861707197151540163D-01
0. 13748562336635249966D+01
-0. 84852113507092759655D+00
0.10630514159011187143D+00
-0. 24738532985557731355D-01
0. 19137297249581593109D+00
-0. 36418397485908692270D+00
0.90684837511659528476D+00
-0. 32936286407769765771D+00
0.28700783188182134502D+01
-0. 22747428274938400857D+01
0. 88184824445509818049D-01
0. 40342966120220907273D-34
0. 49825781330009160898D+00
0.15981666949280061165D-01
0. 76929790907546664442D+00
-0. 45798640760907609476D+00
0. 86264193838727962140D-01

I M5 O

ag = 0.00000000000000060000D+00
az = 0.25000000000000000000D+00
as = 0.30190625320259716971D+00
as = 0.86717727259299634374D+00
as = 0.66264000000000000000D400
as = 0.57639000000000000000D+00
a7 = 0.10000000000000000000D+01
bag=  0.25000000000000000000D+00
bsi= 0.11961148175693574213D400
bap= 0. 18229477144566142759D400
bsi=  0.33148000998165829402D400
baz= -0.41279777372626092373D401
bas= 0.46636749998739472870D+01
bs1= -0, 13687897073649569947D-01
b= 0.87573250629793487554D400
bsa= -0. 306988855685976812950+00
bse= 0. 10758424646169150736D+00
be1= -0.36911942375994874697D-01
bez= 0.14286504063170479921D+01
bea= ~0.90384546993784680669D400
bsa= 0.11335370529866216883D+00
bes= -0. 24856699301868479511D-01
bry=  0.1914550091097987562104+00
br2= ~0. 366748069561247999270+00
bys=  0.88338279467716834403D+00
br4= -0.33473544188062488917D+00
brs=  0.29457492846461390537D+01
bre= -0.23191035769912332655D401
ci = 0.87973605987063759894D-01
cz = 0.10344350287236130070D-35
ca = 0.49269948583503648526D+00
cq = 0.17831896089677451288D-01
cs = 0.78697515025982585167D+00
ce = -0.47162827568735953892D400
c7 = 0.86148137515765990803D-01

IM1OE

as = 0.00000000000000000000D+00
a; = 0.26000000000000000000D+00
az = 0.297469190593980922990+00
aq = 0.84358057708080945002D+00
as = 0.89499000000000000000D+00
as = 0.93322000000000000000D+00
a7 = 0.10000000000000000000D+01
bog=  0.260000000000000000600D+00
bsi=  0.12730011491583063755D+00
bsp= 0. 17016907567815028544D+00
ba1= 0. 10798852300575427481D+00
bao= -0.36562872031437132728D+01
bas=  0.43918792572187684480D+01
bs1= 0. 16648572176854051065D+00
bso= -0. 60435892367289513472D+01
bssz  0.68501955761488120049D+01
bss= -0.78102061187401168267D-01
bs1=  0.24097569488666207120D+00
bs2= -0, 81837879725928053218D+01
bss= 0.90032804326576143503D+01
bea= 0.20970080151161916662D-01
bes= -0.14821823510263301638D+00
byy=  0.76904410503040394724D-01
bro= -0.10228076892189388451D+01
bys= 0. 15980896370339463277D+01
br4=  0.86340970393459319940D+00
brs= -0. 11340954560528921365D+01
bre= 0.61849939380025105974D+00
ci = 0.89311200561983057193D-01
cz = -0.10412053761843493831D-32
cs = 0.45125543464813881201D+00
cs = 0.16926840212043824678D+01
cs = -0.21630500348154793644D+01
ce = 0.83919107607733033783D+00
c7 = 0.90608302323644689502D-01



FAX L BAARXOFHEEHNR2IREND.
#2 TBREREOLNXDORMLIE

N = As2 Ags a A (se) R

Butcher (1) | 8.883973D-3| 5.626540D-6 | 2. 8656 | 12.295 11.91

Butcher (2) | 5.323707D-3 { 3.087794D-6 | 4.2061 | 25.110 31.73

Butcher (3) | 6.758209D-3 | 2.255901D-6 | 2.8561 | 12.217 13.52

Butcher (4) 1.619681D-1 | 4.448444D-3} 2.8561 [ 12.217 80.53

Butcher (5) 1.513051D-2 | 2.444330D-5 | 2.8561 | 12.217 15.38

Lawson 1.966941D-2 | 1.936299D-4 | 6. 4628 | 28.033 | 208.13
Shanks 1.804269D-4 | 2.108041D-8 | 2.7732 | 11.783 | 2355.30
IM9 3.471552D-3 | 6.537026D-7 | 6.4367 | 28.192 22.25
M5 3.393962D-3 | 6.262851D-7| 6.0611 | 29.553 22.38
m1 3.079618D-3 | 4.891644D-7 | 5.2736 | 29.359 50. 00

ARDOFEMBELLFTFbhizc e, BEMEICHI SRV L RNETE DI, BAAXE
FAREZAWWT, B—HMoHAREAL Of, BN HBER4AFRUStiHEL AlesRs, B1
A7e7 LR ATY) OBERUVBAKBEELFAE L=, 20OEE, AHHEEICHZE A% > ShanksD
ARERL ETOBHMAR L HEART, K¥EOBEILBOWTH OHAROFPERETHI L
BRIz, COBEFOBELE2»S, FIARRBOARICEARTEERCBNTELL
FTED, FRLTLPYIBEELRVWOT, BHAAKXORLDICHWTENTH . ERXTIR, 7
BE6XREIIBNT, KELAIRTANTA - v BEDEREZBEOEBLLOAIZONT
ERL-. FOEHBE, v BAOBARIOHEBIC/NE WEERBIMBES 545, ZOHEhLL
0DERDEEREB/hE L IR ARV, TERE6KEC>VWTIFICEE BICX3RELD
B H Y, LavsonDAREREREEX TIITHY Y MEOB AL SRB{EL 2AKP, TS
PO HESBROARBBONTVWA I L AFHELTHEL.
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