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Improved Committed AND Protocol Using Only Random Cut and
Impossibility of Reducing the Number of Cards
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Abstract: In card-based cryptography, designing AND protocols in committed format is a major topic. In
this study, we focus on committed AND protocols using only random cuts as shuffles. In our previous study,
we proposed a protocol that can be executed with six cards. This protocol needs eight shuffles on average.
To improve this, we propose a new protocol that uses exactly two shuffles. In addition, regarding the number
of cards, it was proved that a committed AND protocol using only random cuts with four cards does not
exist. However, it is an open problem whether there is a protocol with five cards. We solve this problem by
proving the impossibility of designing a five-card protocol.
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a5 ={{(a, (Yo + Y1)/4), (B, Y2/4), (v, (Yo + Y1)/4),
(8,¥3/2), (e, (Yo + Y1)/4), (¢, Y2/4), (n, Y2 /4),
(6, (Yo + Y1)/4), (v, Y3/2), (k, Y2 /4)}}
a6 ={{(a,Yp/5), (B, (Y1 + Y2 + Y3)/5), (v, Y0/5),
(8, (Y1 + Y2 + ¥3)/5), (e, (Y1 + Y2 + ¥3)/5),
(¢, Yp/5), (n, Yg/5), (6, (Y1 + Y2 + Y3)/5),
(¢, (Y1 + Yo 4+ Y3)/5), (K, Yo /5)}}
a7 ={{(a,Yp/4), (B, Y1/2), (v, Y0/2), (8, Y2/4), (¢, Y3),
(¢, Y2/2),(0,Yp/4), (v, Y1/2), (5, Y2 /4)}}
ag ={{(v, (Yo + Y1)/4), (¢, Y2), ({, (Yo + Y1)/4),
(0, (Yo + Y1)/4), (v, Y3), (r, (Yo + Y1)/4)}}
a9 ={{(a,Yp/2), (B, Y1/4), (v, Y2/2), (¢, Y0 /2),
(€, Y1/4), (n, Y1/4), (6, Y2/2), (¢, Y3), (K, Y1/4)}}
q10 ={{(a, Yp/3), (B, Y1/3), (v, Y0/3), (5, Y2/3), (¢, Y3),
(¢, Y2/3), (n,Y1/3),(0,Y0/3), (v, Y1/3), (r, Y2/3)}}
a11 ={{(a, Yp/3), (B, (Y1 + Y2)/6), (v, (Y1 + Y2)/6),
(8,¥0/3), (e, Yn/3), (¢, (Y1 + ¥2)/6), (n, (Y1 + Y2)/6),
(6, (Y1 + Y2)/6), (¢, Y3), (k, (Y1 + Y2)/6)}}
q12 ={{(a, (Yo + Y1)/4), (B, Y2/4), (v, (Yo + Y1)/4),
(8,Y3/2), (e, (Yo + Y1)/4), (¢, Y2 /4), (n, Y2 /4),
(6, (Yo + Y1)/4), (v, Y3/2), (K, Y2 /4)}}
a13 ={{(a, (Yo + ¥1)/8), (B, (Yo + Y1 +2Y2)/8),
(v, (Yo + Y1 + 2Y2)/8), (5, (Yo + ¥1)/8), (¢, Y3/2),
(¢, (Yo + Y1 +2Y2)/8), (n, ¥3/2), (8, (Yo + Y1)/8),
(¢, (Yo + Yy +2Y2)/8), (K, (Yo + Y1)/8)}}
q14 ={{(, Y0/2), (B, Y1/4), (v, Y0/4), (e, Y2), (¢, Y53/2),
(n,Y1/4),(0,Y0/4), (v, Y1/2), (r, Y3/2)}}
a15 ={{(n,¥p/2), (6, (Y1 + Yo + Y3)/2),
(¢, (Y1 + Y2 +Y3)/2), (8, Yg/2)}}
a16 ={{(a, Yy /3), (B, (Y1 + Y2 + Y3)/3), (v, Yp/3),
(8, (Y1 + Y2 +Y3)/3), (e, (Y1 + Y2 + Y3)/3), (¢, Yp/3)}}
a17 ={{((e, (Yo + Y1)/8), (B, Y2/2), (v, (Yo + Y1)/4),
(8, (Yo + Y1)/8), (¢, Y3), (¢, (Yp + Y1)/4),
(0, (Yo +Y1)/8), (¢, ¥2/2), (r, (Yo + Y1)/8)}}
a18 ={{(a, Yp/4), (B, Y1/4), (v, (Y1 + 2Y2)/8), (8, Yp/4),
(e, Yp/2), (¢, (Y1 +2Y2)/8), (n, Y1/4),
(6, (Y1 +2Y2)/8), (v, Y3), (K, (Y1 + 2Y2)/8)}}
q19 ={a(i, 4, k)i, 4, k 20,
q(0,0,0) = {(a, Yp/4), (B, Y1/4), (v, 3Y(/8), (8, Y2 /4), (¢, Y3),
(¢,3Y2/8), (n,Y1/4),(0,3Y0/8), (v, Y1/2), (k,3Y2/8)},
q(i, j, k) = RC(y 3y(a(i — 1,5, k)),
a(i, g, k) = RC(1 5y(a(i, 5 = 1, k),
q(i,j, k) = RC(35)(a(i, 4, k — 1))}
a20 ={{(a, Yp/2), (B, (Yo + Y1)/8), (v, (Yo + ¥1)/8), (5, ¥Y2/2),
(€,Y2/2), (¢, Y3/2), (n, (Yo + Y1)/8),
(0, (Yo +Y1)/8), (v, ¥1/2), (r, Y3/2)}}
a21 ={a(i, 4, k)i, 4. k 20,
q(0,0,0) = {(,3Yy/8), (B,3Y1/8), (v, Yp/4), (8, Y2 /4), (¢, Y3),
(¢, Y2/2),(n,Y1/4),(0,3Yy/8), (¢,3Y1/8), (r, Yo /4)},
a(i, j, k) = RC(y 3y (a(i — 1,5, k)),
a(i, g, k) = RC(y 5y(a(i, 3 = 1,k)),
a(i, j, k) = RC(35y(a(i,j, k — 1))}
a22 ={{(3,Yp/4), (e, (Y1 + Y2 + Y3)/4), (¢, (Y1 + Y2 + ¥3)/4),
(n, Y0/4), (6, (Y1 + Y2 4+ Y3)/4), (v, (Y1 + Y2 + Y3)/4),
(r,Y0/2)}}
q23 ={{(B, Yp/4), (v, (Y1 + Y2 + Y3)/4), ({, Y0 /4), (n, Yo /4),
(0, (Y1 + Yo + ¥3)/4), (v, (Y1 + Y2 + Y3)/2), (5, Yo /4 }}
q24 ={{(a, (Yo + Y1 + Y2)/6), (B, (Yo + Y1 + Y2)/6), (8, Y3/3),
(e, (Yo + Y1 + ¥2)/6), (¢, (Yo + Y1 + Y2)/6), (n, Y3/3),
(0, (Yo + Y1 + ¥2)/6), (v, (Yo + Y1 + Y2)/6), (5, Y3/3)}}
q25 ={{(a, Y0/6), (B, Yo/6), (v, (Y1 + Y2 + ¥3)/3), (¢, Y0 /6),
(¢, Yp/6),(n, Y0/6), (6, (Y1 + Yo + ¥3)/3),
(e, (Y1 + Yo + Y3)/3), (K, Yp/6)}}
a26 ={{(a, (Yo + Y1 + Y2)/8),(B,Y3/4), (v, (Yo + Y1 + Y2)/8),
(8, (Yo + Y1 + Y2)/4), (e, (Yp + Y1 + Y2)/8), (¢, Y3/4),
(n,Y3/4), (0, (Yo + Y1 + Y2)/8), (v, (Yo + Y1 + Y2)/4),
(r,Y3/4)}}
a27 ={{(a, Y /8), (B, Y0/8), (v, Yp/4), (8, Y/8),
(e, (Y1 + Y2 + Y3)/4), (¢, (Y1 + Y2 + Y3)/4), (n, Y0 /8),
(6, (Y1 + Y2 + Y3)/4), (v, (Y1 + Yo + Y3)/4), (k, Yo /4)}}
a28 ={{(a,Yp/3), (B, (Y1 + Y2 + Y3)/3), (v, Yp/3),
(8, (Y1 + Y2 + ¥3)/6), (¢, (Y1 + Y2 + Y3)/6), (¢, Y0 /6),
(n, (Y1 + Y2 + Y3)/6), (6, (Y1 + Y2 + Y3)/6), (v, Y0 /6)}}
a29 ={{(a,Yp/3), (B, (Y1 + Yo + Y3)/6), (v, Yp/6),
(8, (Y1 + Y2 +Y3)/3), (e, (Y1 + Y2 + ¥3)/3), (¢, Yp/6),
(n, (Y1 + Y2 + Y3)/6), (0, Yp/6), (r, Yo /6)}}

q30 ={a(i, 4, k, )i, 4, k,1 20,

9(0,0,0,0) = {(a, (Yg + Y1)/8), (B, Y2/4), (v, (3Yp + 3Y7)/16),
(8, (Yo + Y1)/8), (¢, Y3), (¢, (3Yp + 3Y1)/16),

(n, Y2/4), (6, (3Yp + 3Y1)/16), (v, Y2/2),

(r, (3Yp +3Y1)/16)},

a(i, 4, k1) = RC(y 3y(a(i — 1,5, k, 1)),

a(i, 4k, 1) = RC(y 5y (a(i, i — 1, k, 1)),

a(i,j, by 1) = RC(3 4y (a(i, 4,k = 1,1),

a(i, 3,k 1) = RC(3 5 (a(i d, k. — 1))}

q31 ={a(i, 4, k, i, 4, k,1 20,

q(0,0,0,0) = {(«,3Yp/8), (B, (3Y] + 2Yp)/16),
(v, (Y1 +2Y2)/8), (8, Yp/4), (¢,3Yp/8),

(¢, (3Y1 +2Y3)/16), (n, (3Y1 + 2Y2)/16),

(60, (Y] +2Y3)/8), (¢, Y3), (r, (3Y] +2Y5)/16)},
a(i, 4, k1) = RC(qy 3y(a(i — 1,5, k, 1)),

a(i, 4k, 1) = RC(5 4y (aliy i — 1, %, 1)),

a(i,j, k1) = RC(35)(a(i, 4,k = 1,1),

a(i, 3, b, 1) = RC(y 5y (a(i d, k. — 1))}

q32 ={a(i, 4, k, )i, 4, k,1 20,

9(0,0,0,0) = {(a, (Yg + Y1 + ¥2)/8), (8, (Yo + Y1 + Y2)/8),
(6,3Y3/8), (e, (Yo + Y1 + Y2)/4),

(¢, (Yo + Y1 + Y2)/4), (n, Y3/4),

(6, (Yo + Y1 + Y2)/8), (v, (Yo + Y1 + ¥2)/8),

(r,3Y3/8)},

a(s. 4,k 1) = RC(y ) (ali = 1,5, K, 1)),

a(i, 4,k 1) = RC(y 5 (a(i, 5 — 1,k, 1)),

a(i, g, k, 1) = RC(g 5y(a(i, 4, k — 1, 1)),

a(i, g, k1) = RC(3 4y (a(é, g, k.l — 1))}

a33 ={q(i, 4, k, Dli, 5, k, 120,

q(0,0,0,0) = {(a, Y/8), (B, Yo /4), (v, (3Y1 + 3Ya + 3Y3)/8),
(e,Y0/8), (¢, Yo/4), (n, Yo /8),

(0, (Y1 + Yz + Y3)/4), (v, (3Y1 + 3Y3 + 3Y3)/8),

(r, Y0 /8)},

ali, g B, 1) = RC(y gy (ali = 1,5, K, 1)),

ali, 3, by 1) = RC(y 4y (a(iy i — 1,1k, ),

ali, g, k, 1) = RC(g 5y (a(i, 4, k — 1, 1)),

a(i, g, k1) = RC(3 4y (a(é, 5, k-l — 1))}

Y¥3. RC,(q) IZMRIE ¢ 1T RC, %ML TTE 2 kR KT,

q € ¢ WERTRETRTNIE, Qi DWTNDEHKD UK TIK

BTRWI LIZHEET S, quo,q21,930, 931, 932, g33 &, TNTHD
q(0,0,0) £721% ¢(0,0,0,0) DFEAEMHRDOEMORIBMNZEL L 72 IREE
DEFITIRD 72, ¢(0,0,0) 721 q(0,0,0,0) HHEK TAIRFETHR T
TuE, MOEHRE UL TIREETHR.
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import itertools

def make_sigma_list():

sigma_list = []
for i in range(2,6):
Ist = [list(Ist) for lst in

list (itertools.permutations(range(1,6),i))]

for j in range(len(lst)):

idx = Ist[j].index(min(lst[j]))
Ist[j] = Ist[j][idx:] + lIst[j][:idx]

seen = []
Ist = [n for n in Ist if n not in seen and not seen.append(n)]
sigma_list += Ist

return sigma_list
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