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WREE UT, —FRAOEMNITEZEEBD /) — R SHET 2 EEAIH A RCM & (MIP-RCM &%) %2
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MIP-RCM ¥#1d 12threads TH 2.93 £5ORHIMMEAER S 1, REFEOGEITHER TE 7.
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An improved reverse Cuthill-McKee method for parallel linear solvers

KENTARO HYOTANT! MITSUO YOKOKAWA!+?)

Abstract: A large-scale linear system of equations often appears in solving partial differential equations by
discretizing with finite difference method, etc. Since computation time for solvers of the system occupies
the most of the whole calculation time, preconditioned iterative linear solvers are often used to reduce the
calculation time. As for preconditioning methods, various multi-color ordering methods have been proposed
to vanish data dependencies in the preconditioning procedure.

In this paper, we proposed a multiple initial-points reverse Cuthill-McKee (MIP-RCM) method as an im-
provement of the RCM method to reduce the overhead of parallelization. Numerical experiments showed that
the computation times of the MIP-RCM method was shorter than those of the RCM method for eight linear
systems with different matrices. In particular, the computation time of the solver with MIP-RCM method
was shorter than that with RCM method. We confirmed that MIP-RCM method is efficient compared to
RCM method.

Keywords: Parallel computation, Multicolor method, Reverse Cuthill-McKee ordering, Multiple initial
points for coloring.
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MLV, BT E LT, I A - 1 7k (SGS
ERARGER TV AF =ik (IC 2IE) WE/AZH, @
HOEBDA—K) v 7 TlE, RILET L T) X LDFHA
THN D ZHIT EORIFRERNH 2728, BUULEZE U 73
FHEms 3, 20 OB TRWSIEIEI RV, Z
DI, BEDOF =KD Vv TREZDILITED ZDUKAF
BIRZHER L, WAGEI RS X504 —XY
VIFEPREINTE ., HlZIX, red-black ordering,
hyperplane ordering, reverse Cuthill-McKee (RCM) 7%,
cyclic multicoloring-RCM 3%, ¥ 70 v 7 (L& tlEfT {7+
HEREWH B (1], 2], [3], [4]. ZThoDHT, RCM i
IWHRANDEEII DR ND, WHULD A —/N—~y RAKE
WEEbNTWS [1], [2].

AT, RCMZEDNFULD A —/N—~y R 2RI
LZWBERL LT, ~BRUOAOMITE2ERD ) — R» 50
e 58 RCM & (B RCM %, MIP-RCM(p)
®) 2EFET S [5. 7z, MPLRCM EIZD2WT, BFD
RCM ¥ & DI %47\, ZOMEREZ G 5.

2. ™ E Reverse CutHill-McKee ;%

2.1 Reverse Cuthill-Mckee ;%

Cuthill-McKee (CM) ik, Ak, BifT51% REALT5]
RO EN R AR U, [THIOFIEEKS T-d0D
A=R) Y TT7NITVALELTHERLNT [6]. ZDT
N3 X% Algorithm 112733 . CMETIE, EHED
BTEROMEE- 721, TOBROMTA KXV V7T 5
JiETH L. —DDOBDFMANTDIHEIZTDOLBDNEE T
H\W. Algorithm 1128\ T, ¥k, HDHiMICE
fot U CHim DB TH 5.

Algorithm 1: Cuthill-Mckee 7%
1 k=1
2 WHBHPBNDOKT % Kk BHTRET 5.
while REBDRFRINEET 2 do
4 k=k+1

5 kE—1EBHTRE LB FRICERT SREEDKTNE k
HHTENT 5.

)

6 end

7 FEOMICET M FREIHFICHESNT 27 5.

Reverse Cuthill-McKee ordering (RCM) iki%, CM %
THA=RV VI Ut TDA =K ¥ 7 B0
ZBTNVITYVALTHS. AVAF—HRIZ K DIRER Y
T, CMEIZ LB A—XY V7 DL D H RCM LD Fi
A, fill-in 23D RB 2 ERHSNTWS [6].

2.2 {8IE Reverse Cuthill-McKee i%
CM EDEAFZHWT, MU anE# M (i=1,...,n)
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Algorithm 2: f&1F Cuthill-McKee %
1 k=1
2 WHHPBNDOM T % kK BHTHET 5.
while REBDBFRHFET % do
4 k=k+1

5 k—1BEHTEALZK T RICERT 5 RKREEDR 7RO S
B, WL BFRDAE kEBHTREY 5.

w

6 end

7 ZEOMHIZIET B FNZIHFICHESN T2 5.

EHWIEGFELRWE S BESGIZAFITTENE, &S5
DA DONMAFRIRH R D, FUADIEFEDHEHUL
HUZAFCETTE S, ZOHHICED L WH LRI IZE
EZMAZ CMIEDO TV TY X L% Algorithm 2 127K,

ARG T, BIECMIEIIHL, 512204 —KY v
7% WIEIZ U 72 & 1F reverse Cuthill-McKee 75 (RCM % &
IES) Z R e s 5.

WHFHEIZBNT, FIEREICEE 25X HHEL LT,
incompatible node (ICN) »&# 4% 5. ICN &%, K&
EOEHUHOBERETHO R S EEZITRVWRDO I &
TH5. BIECMIEDOLEF, 1EHOME 22 B0 1
HOADNICN THD. T/, LTIz X M0
BOWTHMRIIKREE 78 (M) TH5. BDESD
FIZET 2 AT — 2 0TFEERVEH DT, B
BhL\ e, FRHZERTEZE803D0LRD, G
FLZh R A2/ L Z L IINHETH B, Lz - T, Wil
MEGD72DIZIE, HRDZIFEBUIDR VAN L.

BIECMEIZ 1 DA% 1 BHTEAL, ZHICERT
BN SIEIZEB D JRIF WL 728, D% X I3RS T
DRIZKELEIET B, 2IRTTERETTIE, 220K
MO TFEAR UGS, KT 1LY 1 X2 NET5L
BT 2N -1 45, BIECMED LS IL, BHN£LL<,
ICN O34 72 0 multicolor IR ¥ DA — X v 7Tl
FIME IR W DY, red-black ordering iE®D & 5 7o A7
W multicolor #E & O HENZNERMEZ FOMEMICHE L F
bhTwa [1).

2.3 #E#HHEA = Reverse Cuthill-McKee j%&

RCM ETHE L 2508 (TbbisE) 12D\ T
AHEZR R D ICN DM EZ 2 22, MBI R s &
SR FIEEHEZT-.

CM L, RBOEBREDBRWEFRPOROaNIBED,
ZOKF RO Y OKFRANEHATE-0, RIDOKF
RS QBRI T RDBFET DL, TORTRER
BT B ETIZZ S DOV EL DL, LW -T, &
DIET- RS DFHENEVE T REFACATEAL, Th
SOEMSHEMBIZEAETEI LT, BRNIIKEL R0
BERST N TES.
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RYIDBETHET IR TROEEZp L L, ZOHRETE
L7z B2 X SIZEDIEZHENEIZ U725 D % R R
RCM(p) ¥ (multiple initial-points RCM %, MIP-RCM(p)
#) CIERZ 212 U7z, MIP-RCM(p) DO 7L TV XL
Algorithm 3 2”7

ZOT7NVITVALIIBWT, 1 BHTRAT KT (1]
WM BMEp=12 L7841 RCMZEOTLIY
ALEEEERD.

R R n = 5% OERME % MIP-RCM(1) i%, 9 74&b
H RCM IETEO LM T%2K 112, MIP-RCM(5) I T
LN 2R 212RT. 2Thofs, Thventaig
Zofh, 3MERDBIENNND.

Rz, 2 DD HAROKFENRELES5H N =2F"14+1(k=
1,2,...) THB LR 2MAERKTDEE, EIXh D]
HIM 7 i DRLE X Z DB DO E A DNEF A 25 Z &
BB, ORI LER S ML EE THS Z e
TE, T5IZTDOHMMTREB p (TG0 TEE cld,

N-1

oz W

CcC =

kb, ZZIT,

Algorithm 3: MIP-RCM(p) ¥

1 [E&
2 n: TR (node DD, n D node & FDIEFAHT SNT
W3 e95,
s N={i|i=1,...,n}: IR FROBHDOEELTS.
1 & joERLTWSI
4 Q5 =
0 otherwise
5 deg(i), (i € N) : HIRFROWEE LT 5.
6 dis(,7), (4,7 € N) : 2 s 4,7 HOREREIZB 208 L T 5.
7 A@) =n (i €N) : A@) BHIHRD SMHF 51 £ TOHREDOR/N
Iz AHY

o WHIKFIEEB p 2N A-RLLTEX3.

10 k=1

11 while (¢ > 0) A (N # 0) do

12 t=t—1

13 max;en{nA(i) — deg(i)} L7225 kS TR 2 k aHT
.

14 | ZFOiiZoWT, N=N\{i,j|ai; #0,j € N},

15 A(j) = min{A(j),dis(z,5)} (j € N).

16 end

17 while REBDORFRIHNEFELET 3. do

18 k=k+1

19 E—1EBEHTEAELZRICERT 2REEDRKRTFRDS b,
HWZER LW TR DA E kE BHTRBT 5.

20 end

21 ZEOMIZET 5 F Rz IHFICHRTMNIT 2 Lk, $TD
JEL T 2 SN WA B
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TH5.

WIS T 2 kD p = AL 1> 7= 54, B0 2
L5, TN red-black ordering IJETHEL7ZH D &
H%TH5. M20BE1E, 2 OOHMOKTED N =5,
bbb 2P 141k =3) YT 20T, ¥Rz p=>5
DEHBEDEE ¢ IF

I=[logy (V2 5-T-1)| +2=3  (3)

N -1

ERDOND.

2 Orthogonal grid colored by MIP-RCM(5)

3. HIERR

3.1 EITRIE

787 Ll Fortran THEEL, #iF KD r-VizStudio
(SGI UV 300) T OpenMP (Z &% thread i 511 #E % FFAMi
U 7z. w-VizStudio D FHHE Y — N vizcore DVEREZ R 11T
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% 1 Specification of 7-VizStudio (SGI UV300)

CPU Intel Xeon E7-8857 v2 * 32
Cores 12
Clock 3.0 GHz

Memory 16 TiB (DDR3 32 GiB * 512)

Compiler Intel Parallel Studio XE Cluster Edition
(ifort version 15.0.3)
Numerical Intel Math Kernel Library(2015.3.187)
Library
% 2 Properties of matrices
Name Size Nonzeros  Bandwidth
poisson 1,050,625 5,249,025 1,025
seismic 89,014 3,026,354 88,785
s3rmt3m3 5,357 207,123 5,302
s3dkt3m2 90,449 3,686,223 614
bmwT7st_1 141,347 7,318,399 121,856
hood 220,542 9,895,422 219,759
cfd2 123,440 3,085,406 4,332
thermal2 1,228,045 8,580,313 1,226,000

RY. U N1 Tk ifort, miifb, W b, K
Vo4 TI7V% VY 795-dDA4 7Y a ik xAVX
-03 -ipo -no-prec-div -qopenmp -parallel -lmkl_intel 1p64
-Imkl_intel_thread -lmkl_core -liomp5 -free -Tf & U 7=.

3.2 ERICAWEITH

BEL - HEOFMMCI, SHEOTHIEMAVE. Th
S DITFIDY A X, FEBRS O, WHiIEER 2 1R
175 poisson 1%, X5 DKRT YV vV AEAZ, BRENE
& D ERKF ETHBL L 2RI E SN 578 TH S.
JAIPHBE R % bR < BSOS 7558 n = 10252 TH 5.

—Ugg — Uyy = 2(1 — 6352)3/2(1 - 3/2)
+2(1 - 6yH)2*(1—2*) inQ, (5)
u =0 on Jf.

1751 seismic 1&, REEHEY) OMEIGEEITIZENT,
W2 HHIROEREZET AN SE/LNETHTHS., 2
N5 YA DITFHIIE, University of Florida Sparse Matrix
Collection 75 AF: U7z [7], [8]. TN b EE M FR72Bf
15 Th 5.

7% poisson, seismic, thermal2 BAADIFFNIH LTI,
FWNL—IRARRE UTOAEART PV b HRT—RELTE
ZH6NTWRWZD, BRI Mlxd(1,...,1)T LT,
HARTZ MVEZREL -,

3.3 REME

2 DT & RBUTH & 28—k GREA %, AT
P E KEERTHRWZ, a2y I LNTIE, 78l7—42%
compressed row storage (CRS) AR THKML TW5B. #T
e UT, WAEAT =Y 7k (S), WA TR - A
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* 3 CG and CR

Iterations Solve time(sec.)

SGSCG SGSCR | SGSCG SGSCR
poisson 1143 1074 63.509 64.941
seismic 4967 3977 58.423 47.915
s3rmt3m3 3593 3393 1.625 1.552
s3dkt3m2 14655 8492 | 202.492  120.737
bmw7st_1 1111 1394 32.798 42.083
hood 1512 1445 61.824 60.408
cfd2 760 440 9.381 5.680
thermal2 2022 1845 | 175.638  170.396

Fk (SGS), R5eea L A% -k (IC) &V, K
BIAIZ B ARIE (CG 1K), SEI4E (CR ) £V
7-. £7z, RCM £ MIP-RCM(p) DA =X v iz &
% thread WiflGtH %47 o7z, KEEOYIMHE 2 =0,
SBTHE OIS % AT Ly /o L=ge 2l < 1078
U7z, KEEEO B4 20,001 [F& L, ZHhETICMHE
PEENRVEHAR, WL ED 7" 2 U,

4. BIERBRIER

4.1 CG&k& CRZEDHE

9, ATLELZ SGS Z#MH L7z CG ke CRIEZHERL
7z. 8 DOME AT T 5 KGR E & AR % & 3
RS, WINE BRI X BHRTH 5.
KEREIL, bmwTst 1 MAD 7 7 — AT SGSCR #ED
FHWA <, EEREMIL, poisson ¥ bmwT7st_1 BASLD 6
1 — AT SGSCR ED HHE . 475133 R TIEEERHR
ThHO, | KEH-0 OFIHREIZFLIEL & CRIENPKE
WA, S EFEEIZAWZ4FFNII LT, SGSCR DG
BREAE D - 72. Tk, EFERICNT 2 MESE
REDHERIZEBBDEE LIS, ATOBEEERTIE,
CR %% W=,

4.2 BILIEDHE

CREIZX L, S, SGS, IC ORI Z#EH L 7R Dl
HRH 2 U 7z, SGS Bl & 1C Brsize L T,
RCM EIZ & B4 —&) v 7% B X 72356 O EREH £ 3
U7z, —Hl& LT, 175 thermal2 1253 5 K G A# &
HARMEZR 4 10RT. WINDHRRUHIZ L BERTH
5., RIZBWT, S, IC A, KU RCM ETIE, WA
TP DS, 1THIDNME, B ZDHOWTEXRED
WEDI N FE 7=, T o DR % Setup K& LT, K
AL DFT R (Solve) & IFANZEHAIZIT > 7=,

KAIWRT LI, TRTOTF—ATIRLTEY, &
HENDIE ICCR(RCM) THo72. 8 75— ZH LT, IC
BT Z B U 72 5k, DORT 23546 1013 5HRRH
MR 720%, 37 —AUPPNR LD 272, ZHXIC D
EEUEDI AR zdeFEZ5N5. 2FKIZIE, SGS il
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% 4 Effect of preconditioning (thermal2)

Method Iterations  Setup Solve Total
(sec.) (sec.) (sec.)
SCR 3958 0.011  206.815  206.826
SGSCR 1845 0.000 170.396 170.396
SGSCR(RCM) 1811 2.672 147.121 149.793
ICCR 1675 0.373 150.241 150.614
ICCR(RCM) 1599 2.949 130.099 133.048

JPRLAF & CR EDVLEIZENRRD SN TED, RCM e
MIP-RCM(p) IED BT IZ Z D S5k % AWz,

4.3 MIP-RCM(p) ‘ZDHHRBOHE

MIP-RCM(p) EIZHWT, MO p 2EZ L &
DRI FAR B 72012, SGS AiLIR % i fH L 7z CR kI,
HIRHAEE 1205 1001 £ TE X BB A RCM i
EBA—KV VI DOEEENL 2L EDETHEMEZFIL
7-. AIEHSECE, 1751 poisson IZDWTIE 1 %A, ZFLA
HADITFFINDONTIE 5 XA TELEE, 12 ALy ROAEF]
AHAEETo 7.

—fl& LT, 3, 4, 512, 474 thermal2 (ZX}9
% MIP-RCM(p) D tE, *—XY ¥ 7 DMK, K
HIZET B 2R T,

TUTYVZLOMEY, Y 2NMEEsE, TR
TOTr —ATOUEPEA Uz, 72770, BaD-d DR

3000
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B 3 Number of colors for each number of initial points (ther-
mal2)

Setup time(s)
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Solve time(s)
AV
[e:] o nN
S & o

[o2]
o

N A
o o
T T

o

5 Solving time for each number of initial points (thermal2)

= 1thread ® 2threads 4threads 8threads B 12threads

20

EC)

o .

ful
0.5 ‘ |
.o 0L

1=3
E
o

2
]

= = = = = = = = = = = = = =
O O O O O O O O O O O O O [&]
EEEFEEEfEEEEEECE
Q o 3 Q o 3 Q o
= = = = = = = =
Casel Case2 Case3 Case4 Cased Case6 Case7 Case8

6 Calculation time of RCM and MIP-RCM

I 5. PR E T KB L B AR O M IXHER
BRI SN h o7z, X 512K 9 & 512, 17451 thermal2
XL TE, BB 50 FEEE £ CRMAE R A SIS L
TW5.

SE D —ATIE, 67 —AIZDWTEHERM D&
RO oMz, BB KERBAFIERHIZEEL TV
LEZONDD, TOMERIZIZOVWTIESHE, X 5ITHRE
TEMRENDD.

4.4 MIP-RCM (p) i5& RCM ED B

MIP-RCM (p) k& RCM iED thread 5L % L3
572007, R2ITRULZTRTOITHINIH L, SGS FijLi
ZMA L7 CRIEZHWT, thread 8% 1, 2, 4, 8, 12
LB Z W DETRERFM 2 WE L 7z, MIP-RCM (p) T
TAHHE T, KEFHEREPRSE» > 2 %
Az,

TNZENDIFFNINT 5 Total BERIK, 17501 1 X1
U TRINRRSE DT, RCM % F\W 72D 1thread ©
Total Fft] (=setup time+solve time) % FHEIZ LT, FEfT
iR 2 i U 7. 612, TRTOFFNIT S RCM ¥
& MIP-RCM (p) EDFE TR Z RS, HOKHD Case
H5E, ENENOTFNCIEIZHIG L TWb. Cased %[k
CTRTOT —AIZDWT, MIP-RCM (p) D 12threads
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% 5 Calculation time of RCM and MIP-RCM for thermal2

Method Number of | Setup Solve Total
Threads (sec.) (sec.) (sec.)
RCM 1 2.672 147.121  149.793
2 2.676 114.548 117.224
4 2.675 115.104 117.779
8 2.674 125.497 128.171
12 2.679 151.862 154.541
MIP-RCM 1 5.496 155.323  160.819
(p=951) 2 5.497 96.170 101.667
4 5.464 59.945 65.409
5.489 42.670 48.159
12 5.480 39.086 44.566
200 H Setup Time ® Solve Time

150

=
(&)
14

1 2 4 8 12
Thread#}

7 Calculation time of RCM and MIP-RCM for thermal2

RCM
RCM

B fE (sec.)
—
o g 8
we-rov

RCM

viP-rem [

RCM

viP-reM [
viP-rem [N

MIP-RCM

OFAERFEPREENZ LD P o7z,

% 5, 712, 174 thermal2 O 7 — ZIZX9 % setup
time, solve time, total time Z/83. MIP-RCM k& RCM
HOREFEIE, TNEh 1783, 1811 THo 7«

M HiED setup 12 E S AR IE, thread 2l2Z X THIF
ERUTHS. RCM L0 KEEOFRFMIL, 2threads
WHD & EH R EHARMLPE <, thread HZ 2T L DK
LT LEREIEEBEML 2. —F, MIP-RCM(p) i&
Tld, 12threads %] £ TEARMAEEHNE S 4, 12threads
51 IR D AR 1 39.086 sec. &, RCM HED &S BV K
EEIER & iR U T 2.93 5 D3 < 72 o 7=,

5., ¥&H

ARTIE, ENL—RABRROMHBEIZH NS A=K
YT D—DThHDRCMEERIY L, WFHLDL—N—
A~y NEERIEE2WEEL LT, MIP-RCM(p) % 2%
U, ZOMWREFEiZ1T - 7.

BUEFERRIC L D, SRINGRE Uz 8 75— ADFTFNTX L,
MIP-RCM(p) #i% RCM % & b & FI B[ 0 ki 23 L 5
0, POWFULH ERE X WZ EBHS e oz, KT,
175 thermal2 (25 U Tl&, MIP-RCM(p) LD ETIRH A
12 threads Wi £ TR X 1, RCM £ Od MW KE
FEIFRFE & IR LT, #92.93 50 E#EbANER S vz,
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MIP-RCM D45 #OFREE LT, S I ko
WA, WHEROMEREA T RERHIFS5NnE. RCM ED
BB, M TOY 1 X (BTEB) LBk (2551,
H DB B T 23U B2 PR dis(i,7) L LT E DK
KiE) TR 7 7 LTonE»KkE SBERL
TWb. MIP-RCM(p) LT, BEENPKEWGHITEED
MFHERIOOET5ZETHAREIIZ S Z LAtk
TEY, THOBRESS 7 OBBRORENPBETH 5.
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