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Fast Evaluation of Elementary Functions
W.F. Wong,t 1t Encar Goroh 11t and Nosuaxr Yosumat

The computation of the elementary functions, despite its importance, is a relatively
neglected area of high speed numerical computing. One of the most important early break-
through in this area is the discovery of the CORDIC algorithm. However, even when
realized in hardware, the CORDIC algorithm is still unable to deliver the necessary speed.
This is due mainly to its linear convergence. In the area of supercomputing, power series
or other polynomial approximations are commonly used. To speed up the computations,
tables are often used. With the tremendous gain in memory technology, it is now possible
to put much larger tables into memory. It is the purpose of this paper to consider how
increased table storage will improve the computations of reciprocal, square rooting, loga-
rithm, exponential, arc tangent, sine and cosine. We will introduce the ATA (Add-Table
lookup-Add) method for computing these functions in single precision. We will then ex-
tend the result for double precision. The timing and accuracy issues will also be addressed.
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polynomial of 60 bit normalized mantissa.
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LOMBSIRCZDTHS. X BLIGENS X>1 T
HBEE, e B0 LBBIDADOIEORET SISO

FEOMBEAERYT BDici, XoktrE T
=v 7L, ThEFEEHRILLT X'=22'L-F) &L,
0.5<1-f'<2 BIUZ DI, X 81 1K HENEIT,
1 KBBXHARTBCETHB. 25 LTHDS(18)
RECOFLOEKICHTRIDIDTH 5. BEERFICH
LT 0.5<X<2 2T log(X) OFHE M
U, BEINSNT ELER L.

HEOETIE, (18R TERX N 2L, ATA
BRBEOME LERICETTE3bDEEL 0N
5. LIcB->T, o7 ) a3 ERRHEes
LTORIUKE, 2% D BEEEOEAIC 140 £5&D
TEHEINS. EREOCEAI 257 Th3

XBLIGENE S ICHREEN RSN B, o
MEE, E &R TERENOERUFETRRET
X3,

4.6 ¥ F &

B EEOHEA - DORIMEIC S I THS. UED
i1 0<X<1 OB X OWEELHET 22 ETH
5. $HVEDIE X>1 OBO X OB TEELHES
52ETHP. BBEITHROBRICK - THIZBIcEE
¥ 3.

X

HEEDETIR, 0SX<1 OME ATA Bfeh—k
WETH B, —lHIE X @20 Tid, ATA #E
NIE, DF HEEEOHAI 28, SEEDEAIK
50C LETH 3.

XA EHICHARENKRELB 3. o
HIfRIY, ERERKRBTHBRNIO EFUFTETHERRT
x3.

4.7 BlEH2 @AY

XY, ATAN2 (Y, X), X/Y OFHEIIEYR W,
BEBEOHBECREZMAEDLETITON S, HicE
W ATA BREShSEho 7.

arctan(X):g—arctan(—l—) (19)

5. = a—brREE

VDL HBEHBET 2hDIC L Fbh 2 H ik
K, =a—bY/REENDE. COFERIZRTIE
3. Ldl, 2EEROHEI LEORE & &5
B2EOREANELTIOT (EHROBEAIRSE
DRE), fEEEHEITIE ATA & ATAM EOD
HHN LR T B,
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6. & b IC

CORXTI, WAIEE, FHR, EEEH &
W, &%, AMEPEREAL IEEE B - EHEERE
N EERTHEAT I DO T T Y XA%EERL
fo. COTT Y RARZTFAD ATA BicE S RkE
RNEOHHAAFHEE LTV A, ATA OE#IZ, ik
BB XURB EBATIITONECETHS. 851,
B2 DEMOBROBENLEHIRREITCREIN
B30T, REHERBPERNASELONS. 0O
TOOEHIZY 7 Y 2 T TRESIGER TS,

F2iCZNSOT NI ) RADRR— BB L
HEWTEAT LD, HBRACRTHEREEF VIC
HONT, FaiL, chso7a ) XARIERICE
HETHBERRTE. ~N— Py TEFEAETEL
Y, #£2i, Ns 2@ THRESLEREAEy B
Rreid. 2hs Ns=28x664212x38=696, 320
Ey bAEEL M3TRE, FHEINIEL 2EHICS
FACEMTEL. DEDRINTOBERICIHET S
HDT, $IHIVEDRFEAOBEBEEFEOSDTH .
Nura & Nor 2FNEFNHBEBRBOREXELK
5. K85, Nara=491,520 vy b BX Npr=
184,820 £y + 2B L. AXTRNCX S, BEE
SEAEE T 2D LI LIRS Ns ® Nor
BB OEBNEICES. T, EX KE X
¥ I OBEET, REREN, EHBLREOED4
REREODR, HEEECNTIBEOERNL KT
WA EERIN L. dEETIohl, &2l

F 2 ATA & ATAM BEDOT7TAVTY X LADAEY — &
EREE
Table 2 Table sizes and speeds of ATA and ATA-M.

B ® OBE FHAX (Evb) SHEE (rruLL)
puzs % B 1X Ns 0.88
SE OB OB 1x'Ns 0.88
WECESAR OB 1xNs 0.88
R EY B 1% Ns--30x2'° 2.00
E M OH 4X Ns 2.00
& 7 4X Ns 2.00
¢ ¥ 4X Ns+30x 28 0.88
FUNI SR - 4X Ns 1.75
W ¥ & 1X Npr 1.63
% | {E IxNor 1.63
HEHE  fE 1% Nos .63
e 1x Npr+60x212 2.75
iE A & 4X Npr 2.07
& B 4x Npr 2.07
% ¥ fE AXNor+60x2* 1.63
woOIE i 4% Npr 3.26

HE 18,634,240 vy b
(3 3532 DA 8,066,560 &y b)

)% B O R E R 1577

FRFEOTCENTES. ZNHHREO TIIERTR
INTH3.

A=AV a2 — DB, M FSA VBTN
KESCETHD. KRR Lic ATA & ATA-
MoOREIR, TNTREK 1 P54/ {LENTND
DT, #OFFR—NAV/E2—2CHATES. 2
B, 7 v FENBEBIZEALERN YY) —XERY A
FRATNE, BEOX—avEa—2L0 475
Avyay 7 EHEEET A EBTHTH S D.

CCTIRD ATA AREEZ 3.

4(32%y)= (22 +y)*—(2z —y)*—2¢° (20)

T (2) ERURERAHTY, (2)3 2+l By
FOT FLADETELODIC, (2003 n+2 v bO
T FVRAOENKETHS. KRR LI ATA L
ROEBEOEDTR O E LNZ. ATA ARDH
B & 2EMERA OIEO RIS RICEI R
HThH 2.
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F8A HEBMEFL

CORGETIR, BADTNVT Y ZLRDNTIT-7
HAHEHOBEO S L L - EFVESHT 5. &
AHREL, EHH OR/NOR ® 4 AHdH 303 XOR
D2ANDY — MBREE ¢ TH3

Al: ROM (i LERXEY —)

n-Ey bTFLRDAEY —, DF D 44 XHs 2¢
DAEY —RKDNT, T2 &RBER trom 3 TFERD &
BOTHA.

cxon= 2
2

A2: KT EIFERY &

ECL ® TTL v 7 #AV 5 EFERMEOE
BHEREBOT, #ETbUTELFETRIZ>04
Ly — + DBBEEE S, ENDBKREHE 4T OBED
BFREE T, Chid@sl, Er0iE oy
7 DEERS THELSELDOTHAS. L,
Fxiz, avs42 AND R vx 7407 28HE
FICERT2CEICE-T, 64 €y P ETOARS
YR UTRIF LT RRINED 2 TERTE S &

(Al1.1)

EZ5H Tisbb
TeLa=27 (A2.1)
A3: 9ALR MY —ERNETLF - FRSVE
OmE

TNF ARG FOMESMEEDO A LR b
)= HOTHRNCTS T EBTESEY. Nw(d) %,
BRIOVF VAN —DRTMEINBIANKTS
5EL&D. M-/ —FIZ3MEEMEL 2HA
729 (3,2) MEBTEHELPS, K LTFBXUEHIZ
Tk wcis 3.

Amu4d)=LAWGb«%J (A3.1)
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R AL RV FHICHT B394 VR M) —FE
Table Al Heights of the Wallace Tree for various
operand sizes.

i 012345 6 7 8 9 10
Ny 2 3 46 9 13 19 28 42 63 94
RA2 HEHME
Table A2 Multiplication times.

B OmR 8x8 16x16 56X 56
TRECODE 2t 2r 2c
TWALLACE 2c 4r 8
TCLA 2r 2r 2

& & 67 8¢ 12r

Nw(0)=2 0L %3 RALEES.

ZCOMEBIHEC 157 - ' BEAET 35,
A VA MY =% HWT Nw(i) £ 5 FOME%
TODORETIEMRI LA -TTROLS 1L 3.

TWALLACE=1{ (A3.2)

Ad: F -

SROFERIIEE SBETITONS. #whno¥%
BoTDdDO) a—FEE, vA VI —ckd<
NFF RSV FIE, 2 UTRRICH EFERD I
BEACKHESOEETH L. 4y 2 — FREL
To5&, MEINAWNKOK SEDZIKE B, X
T, mXm FEICDONTI, m kT, Vya—
T a4 VT & > TR OKAE Tm/21+1 g b, @
AVA MY —DHED [m/214+1 D= F4 25 K%
BT AHERMI ETCHE L. & Al 3R~
DOHEHMEFMICL > TEL SN 3 RERBHOM%
RLTH5E. UL, BHolEFERD N>
T}, RSV FEmEy rTHORTONBEHDE
LT3 ERERTNETH 3.

TEVEBERESLEL L&, 112 €y pPE
DTLIHT W FME (complete carry assimilation) A3
bbbk Hic, 56X56 OFHED tca 1T 47 iCL
TBIRETH 5. ¥/, (1Ey ) OEBIHT v
7 b (normalization shifting) iciz 17 #iN& L, 60
Ey FOMEICIBISIC 20 MELT, BH#HEy be
DOTIHDBELIICTE. 20 & XEERERIT 16¢
&85,

7B, TR 2HERERERAVCINELESEFRELX
NTHEY. ZoFikic XNTERESR AN T
B0, FHEEEIZENGELNS.

(FEk 4411 § 2 HZAM)
(ERK 54 5 B 12 H#ReR)
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