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Optimality and Integer Programming Formulations of Triangulations

AKIRA TajiMAttt and HIROSHI IMATt

The properties of triangulations, and their differences between two and three dimensions,
are computationally investigated by using integer programming (IP). Two IP formulations of
triangulations are compared, one based on the stable set problem, and the other based on the
set partitioning problem. Some properties that are interesting from a theoretical or practical
point of view are considered as objective functions for IP. Finally, some computational results
are given. By this approach, three-dimensional triangulations can now be treated in a flexible
and efficient way, and interesting properties of three-dimensional triangulations have been

newly found.

1. @ LI

Delaunay =58 & 2O B TH 5 Voronoi
Lo E LT, HERTEO—FFELL T=AHT
I OoWTRELDFES R SN TwE. LAL, £
DELFZRTETOIDTH Y, BRITICOWTIIHRE
TR EER ST WD o7z, —F, EEOF
BRMEOEERE EVICEXRTTOILHE (T4bb,
SRTEVARD MERIC X B 5E) PPHXTETVAS.
BHREZE (LT, FEM) TiX, ZXEOHMDOR
B O7-0I2, FMOZRTEEER Ay ¥ 2250
G+ BUEFDHL. TOAy Y23 LTLIEZART
HHLEEREL, LA, BHELAVTRIEAT] (X
HK) BT Fh aBEmEsHAY. LL, HAKAY
Vo ERIREMNCRETH Y, ERNEYATLT

t HAT 4 - ¥ - T ABRKAHEGERRT AT
Tokyo Research Laboratory, IBM Research
T R KRR HRA R
Department of Information Science,
Tokyo

University of

2861

BB B R A DD EAFAY Y a RRAL
TWa, Ay a EREICE, BoERSE, KB
HZeSEE, BRI A%, Advancing Front ¥,
) - FEEBREBARTENSH VY, HEED=A
BoE, SO0I3b012oTHs ./ —FEBENEE
i LCHEBESIIORS. /- FEAERITHE
PER B A O 5, RICFDOBEEE-o=ARSE
2ROBEV)FETHS., EXHOEME, TR,
ZRITCHERTOFH— 80 5 EE S HAHEES
nTwnz2,

4%, ML REWEL LDOOERL, FEM OFRD
AL T 2 5 Volume Rendering $ =RILO =
Bk LEE T 59D, WMEOKED Hh% FRT 5
HWED CG LRy, THIbOR L % 5 EZHERE
SET 57-0TH B, FEM DAL R%Y, Volume
Rendering TREAHO 2 v vadifihn b, Zhid,
NEATIEAROEED A TORBHTF —RICEE
h, ¥/, CGH®D API, N—F I o7 REPZATR
CEEL TV & WA BEIC X 590,

CHOEICEBRIEIOOHHHBOD, ZRILTOD



2862 TEELIE R FR IR

SHARTEOBEIICHEORTWER W, 72k %
I¥, Delaunay =AESENE, ZRILTIE “B/MAEK
KL 2B OBA LR BRBELE RTI L THALR TS

h, FEM O7:®® 2 v ¥ ¥ 7 Ti Delaunay %% 1%
L0020y VakERL T FEELRONLD, L
ML, 2 BTRT LI Delaunay =58, =
RECTEZRTDHFED & I ICTHETIE RV,

7z, B bEELENL LT, EXTULETRE
HESEDEREII—E T2V (2.1 HIBH) L
IMBHD. BRTOSHERORKEETED 2L 0HW
P, THLLZEEHOLE, TRIERSATEDY,
T2l ZIECH 9) TRAEEEFRVWERTOMNEE
KD — ZZDOWTETL T 5.,

AL T, BRICEIL 2ZARSE, $4hbb,
5 P ORECRENEL ™S ZAETEE RO 5 FHik
ELTEEETEEZRD LT 5, SAaTSwh BT
& DORFETE b2 2BFOMFEL LTk, =AkS
FOFIBICREEATIEL @A L 7230 10), k7T
TOARNBN=ATESENIFLL TRELE T 7
SCHK 11), BASEMEL L CERLL 2230 12),
A~ b oA R 2 BECREICHTL 72300 13) 253
05, B oBEPOHMICEINTWE, £2°T,
[BHETEICL2REL] EWIBAPLINLDE
AL BHEL, 1) RELAME, 2) £45HREI
TNENFE SN D 2FHE L TEL 25, S5I1TH
FIZOWTRE, ERRTOBMKICED L —BRILLEES
FIRENEHRT 22 L XD UEREZIVBRE, %
DRVERILE 5 X 5.

K LRUTO L) RSN TS, 2ETIR=E
R % B ET, ZAESTENC_KTOHELIZE
RBEDL ) LUENBNIPERBAT S, 3 BT,
—ERTCDZATDENDWTD, BEESHE, £
BHEMEIC RS CERILERL, Ihs DRBRE
179, 4 BT, B L/ERLEREV N DD
DRBEICHEL C, ZBEtOEWEEEEL 5. 5 &
T, —HOERICED XETERERZ TV, RE
BEIZOWTEET L. KEIC, 6 BTTLDLEBIC
SHOBIED FIAEIC OV TRR S,

BEELT, WCOPDABLERL TBL. d-H#
ek, 7740 % d+1 EONETH S d K
LEDMBEETH Y, & ZITEHST -8k, =4
Hid 2-Hfk, WEEL 3-BETH S, F72, d-HED
mEiZ, d-BEEOmROBFIEEOMBTHREN S
FHAR (G <d) RIET. B, i=d-10EXIET Y
oy b LS. dBARTORELZ, EEESIHE
ZTHY, o, Pl b—FD d-BEKIZL >CTH

July 1999

<

Not intersections Intersections
X1 BAER+LORE

Fig.1 Intersections between simplices.
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Fig.2 Bistellar flips in 2 and 3 dimensions.
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Fig.3 An example where a dissection differs from

a triangulation.
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Table 1 Size of each formulation.

#variables #constraints #v/c
Formulation-0 | O(n%+1) O(n2(@+1) o(1)
Formulation-1 | O(n¢+t?) O(n?+?) o(1)
Formulation-2 | O(n¢+1) O(n%) O(n)

#variables: total number of variables
Fconstraints: total number of constraints
#v/c: number of variables in a constraint
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Table 2 Size and CPU time of the minimum weight triangulation in 2D.

# of points 10 20 30 40 80 120 160 180
# of rows 84 372 862 1551 6310 14270 25430 32210
# of columns | 116 672 1655 3108 14369 33498 60557 77416
IP (sec.) 0.27 103 314  8.05 12204 619.03 2050.77 3420.41
Others (sec.) | 0.33 1.88  6.21 13.73 121.43 475.71 1234.74 1828.59

IP: CPU time for solving the integer programming problem
Others: CPU time for the rest

® 3 WHARMURE (SX58) OB L EHERH
Table 3 Size and CPU time of the minimum weight triangulation in 3D.

# of points 10 20 30 40
# of rows 226 2258 8092 19726
# of columns 314 4911 23698 67615
IP (sec.) 0.63 17.89 377.25 11572.23
Others (sec.) 0.84 6.26 18.99 158.29

® 4 ZABSANOBEYE (R/ME) Dl

Table 4 Comparison of the optimality of triangulations.
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Input Delaunay IP(A.R.) IP(Card.) IP (Weight)

10 points A.R. 3112.8 79.8 1617.7 452.7
inside a cube Card. 19 15 9 12
Weight 7.894 7.630 6.833 6.503

20 points A.R. 29346.6 488.2 1617.7 3070.3
inside a cube Card. 66 56 33 43
Weight 17.563 18.960 17.500 13.875

20 points A.R. 10508.7 — 2325.8 7892.3
on a cylinder Card. 60 e 22 23
Weight 10.470 — 6.488 6.316

A.R.: maximum Aspect Ratio
Card.: Cardinality

Weight: Sum of the surface area of all the tetrahedra
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