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The Computation of the Approximate Inverse by
Parallelizing the Sherman-Morrison Formula

KENTARO MORIYA," LINGIE ZHANG! and TAKASHI NODERA'tt

The Sherman-Morrison formula is one of schemes that compute the approximate inverse
preconditioner for the large linear systems of equations. This formula is proposed by Bru, et
al. [SIAM J. Sci. Comput., 25(2003), pp.701-715]. It is also reported that the preconditioner
computed by this formula performs fairly well. However, it is not so easy to parallelize this
formula and improve its computation time since the column vectors are dependent of each
other. In this paper, we improve the performance of the Sherman-Morrison preconditioner by
parallelizing the matrix factorization based on Naik [IBM System J., 34(1995), pp.273-291]
implementation. The proposed technique makes the speedup of more than 3 times on the
PC cluster system with 6 processors. It is also verified that this preconditioner often enables
the residual norm of GMRES(m) method to converge more rapidly than the MR or ILU

preconditioner.
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Fig.2 The aspect of 1D partitioning.

Sherman-Morrison formula

1: for k=1tondo

2 P = €k, q; = (ak - Sek)T

3 Uk = Pg, Vk = 4y,

4: fori=1tok—1do

5: ur = ur — {(vi)r / (s73)u;

6 vr = vi — {(qy, wi) / (sri)}vi

7 endfor

8 for i =1 to n do

9: if |(ux)i| < tolU dropoff |(uk)|
10: if |(vk)i| < tolV  dropoff |(vk);
11: endfor
12: Tk:1+(71k)k/5
13: endfor

0 1 Sherman-Morrison 0000
Fig.1 The implementation of the Sherman-Morrison
formula.
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The parallel implementation

Vol. 48 No. 3
1: fork=Im+1to (l+1)mdo
2 Pr =¢€kr, gy = (ak - sek)T: Uk = Pp>
3: endfor
4: fori=0tol—1do
5: for k=mi+1tom(i+1) do
6: if mod(k, m) = 1 then
7
8: endif
9: ur = ur — {(vi)r / (s7i) fus,
10: endfor
11:  endfor
12: fork=Im+1to (I4+1)m do
13: fori=Im+1tok—1do
14: ur = ur — {(vi)k / (s73) }us,
15: endfor
16: fori=1toi=ndo
17: if |(uk)i| < tolU dropoff |(uk)|
18: if |(vk)i| < tolV  dropoff |(vk)|
19: endfor
20: re =14+ (vk)r/s
21: if mod(k, m) = 0 then
22:
23: endif
24:  endfor

Receive uj, vj, rj, (j=k,...,k+m—1) from PE;

vi = vk — {(qy, wi) / (s73)}vi

v = vk — {(qy, wi) / (s73)}vs

Send w;, v, ri(i=k—m+1,...,k) to PE;41,...,PEq_4

Vg = (qy

0 4 Sherman-Morrison JO000000! 000 PEOODDODOOOOOOOODO
Fig.4 The parallel implementation of the Sherman-Morrison formula (in case of

I-th PE or process).
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0 1 000 10 Sherman-Morrison 000000000000 OOO
Table 1 Example 1: The relation between the number of blocks and the
computation time in the Sherman-Morrison formula.
(a) tolUOtolV =0.1
oooo 1 2 4 8 16 32 64 128
m 6,144 | 3,072 1,536 768 384 192 96 48
goooooo 84.0 63.0 59.0 58.0 57.0 57.0 57.0 56.0
(b) tolUO tolV = 0.01
oooo 1 2 4 8 16 32 64 128
m 6,144 | 3,072 1,536 768 384 192 96 48
goooooo 591.0 | 460.0 | 405.0 | 392.0 | 390.0 | 389.0 | 389.0 | 384.0
02 000 10ILU(2)0000000000O00OODOD
Table 2 Example 1: The relation between the number of blocks and the
computation time in the ILU(2) method.
oooo 1 2 4 8 16 32 64 128
m 6,144 | 3,072 1,536 768 384 192 96 48
goooooo 0.42 0.41 0.41 0.42 | 0.42 | 0.44 | 0.46 | 0.52
0 3 000 10 Sherman-Morrison 000000000000 OOO
Table 3 Examplel: Nonzero entries of the Sherman-Morrison preconditioner.
1U d
to
10° 10! 10% 10%
tolV U % U % U % U %
0.1 138,004 155,308 138,004 943,205 138,004 3,171,837 138,004 7,027,265
0.01 1,051,329 13,164,320 1,051,329 | 35,531,595 1,051,329 | 66,748,783 1,051,329 | 103,157,063

00 L0 UDO00000000000 PEODOD
00000000000

000010 0000 e=[o, 1]?0000000
0000000000000000000%0

— - Hexp (—a) ] = 2 [exp (o9)us)

+ 10.0(uz + uy) — 60.0u = f(x,y)
u(z, y)loe =1+ zy

0o0o000o0ooOo s0o00bobooobobooo
192x1920000000036,86400000 1000
000000000f(z,y) 00000 u(z,y) = 1+ay
0o0oo0Do00o0O0o0bOboOoOobOoOoooobooo
AO50000000000000000DO0O00O0O0
gobobooOobOobDOobDOoDOobO0obD mbOODO
OO0 Sherman-Morrison 0000000000000
0000b000O0obO0oOoo0o0100000 tolUd
tolV=0.1 0 tolUOtolV =001 00000000
00000 12800000000 m=480000
M 'O00OO0DO0DO0DO0DO0OO0OO0OO0OO0OO0OO0OO0OO0O0OOOILU
0000 (5)00 (6)000000000000000
0000d0D 20000000000 400000
m=15360000000000000000000

0000000D000D000D00000000000
0000 Sherman-Morrison 00 ILU(2) 00000
000000000 w=4801,53600000000
O000sO000000O00O Sherman-Morrison O O
000000000000 UydvV 0ooooooo
000000000 300000V 000000 s
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000000000000 100000000000
00000UO0vVO000000000000 sO0
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0000000000 000000000D0O0000
5=10°010' 0000 Sherman-Morrison 00 0O
M~'O00000O0PEOOD 1000600000
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00000 12800000000000000000
00000 040000000000PED 600
000000000 400000000000000
0000005.60000000000000 90% O
000000000000000000035=10.00
000 §=1.000000000PEOO 400 60
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00000000000 000D000D00D0000n
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Table 5 Example 1: The computation time and iteration count (time:
Computation time (s), iter: Iteration count).
goooo oooooo

gooooo oo GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter
oo 0.0 - — - — - -
SM 0 0tolU = tolV = 0.10 § = 10°0 56.0 - — 514.0 12,125 289.0 5,839
SM 00 tolUd tolV = 0.10 § = 100 142.0 158.0 338 164.0 453 165.0 473
SM OO tolUD tolV = 0.010 § = 10°0 384.0 452.0 1,160 420.0 565 409.0 382
SM 00 tolUd tolV = 0.010 § = 100 1,461.0 1,470.0 57 1,468.0 39 1,467.0 33
ILU(0) O 0.21 - — - — 171.0 3,066
ILU(1) O 0.31 63.0 1,044 78.0 1,313
ILU(2) O 0.41 - - 38.0 625 41.0 588
MR O0Otol = 0.10 imax = 30 173.0 — - — - — -
MR O0Otol = 0.10 imax = 20 100.0 - — - - - -
MR O Otol = 0.10 imax = 10 45.0
MR 00O tol = 0.010 imax = 30 189.0 — — — — — —
MR 00O tol = 0.010 imax = 20 103.0 - — - - - -
MR O Otol = 0.010 imax = 10 45.0 214.0 6,021

020000000000000D0000O0DOO
SM O O Sherman-Morrison 00O

04 000 10Sherman-Morrison 000000000000
0o0o0O000tolUd tolV = 0.010
Table 4 Example 1:

Sherman-Morrison preconditioner (tolU, tolV =

Speedup of computation of the

0.01).
PE D i

10° | 10!
1 1.0 | 1.0
2 1.9 | 1.9
4 3.8 | 3.9
6 5.6 | 5.8

oooo

0003000000000o0oo0 GMRES(m)
O00oU0oooUoooUooooooooooodg
OO0 1000000000 ooogoo 500
GMRES(m)000000O000O (2990000000
O00D0O000o0oooOooooooooooood
0000000000000 GMRES(m)OOOOO
0000000000000 0g0oooooooog
000000020 0000000000000000
ooooMROOOOOOOOOOODOOOOOOOO
O0000o0O00o0O00ooOoooOdtel=0.100
imax=10000 GMRES(40)00000O0O00OO
00000000000 0max00000O0OOOO
O0o0oooooOooooouooooOooooooodg
0ooooboooooILvoooooooooooo
0000 Sherman-Morrison 000000000 0OO
00000000000000ooooooooooog
00 0OSherman-Morrison 0000000000 ILU

imaxOMR OOOOOO

go0o0oooOoooooooooooOoooooal-
n000000000D000 GMRES(m)OQOQoQO
00odo0ooooooooopoooooooooooo
000000000000 000OSherman-Morrison
0000000000000 000U0GMRES(20) O
01000000000000ooooooooon
Jo000o0ooooooooooooooILubooog
0 Sherman-Morrison 00000000000 0O0O
Joo0o0oooooooooooooooooooo
gooooopooOoOooooooooooooooo
goooooOoOooooooooooooooooo
000o0ooo0o0oooooooooooooooo
Sherman-Morrison 00 0000000000000
0o00o0o0o0ooooooooouooooooo 400
00 PEOOOOOODODOQOSherman-Morrison O O
0000000000000 0 GMRES(40) 00O
0000000o0o000oooooooooooooo
tolUdtolV =0.01 00 §=10°000000000
00000000040 §=10°00000000
0000oO0oU0oO0ooooooo0 GMRES(40) 0O
gooo409000000000000000O0O 384
0000o0oooooooooooo99w%ooooo
00o0ooooooooooooooooooo
00002300000 p(A) <sOOOOOO
O0000O0D0OUD0O0OOD0OOGMRES(m)0O0OOO
100000 Hessenberg 0O0OOODOODOOOOOO
0000000 A0DO0OO0OO0OOOOoOOOoOooooon
p(A)=1.9947 00 s=3.0006000000000
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Table 6 Example 2: The relation between the number of blocks and the

computation time in the Sherman-Morrison formula.

(a-1) ecl320 tolUD tolV = 0.1

8 16 32 64 128

0oooo 1 2 4
™ 8,666 4,333 2,167
Ooooooo| 3100 230.0 216.0

1,084 542 271 136 68
210.0 207.0 206.0 209.0 209.0

(a-2) ecl320 tolUD tolV = 0.01

8 16 32 64 128

oooo 1 2 4
™ 8,666 4,333 2,167

1,084 542 271 136 68

goooooo | 1,606.0 1,287.0 1,144.0 1,075.0 1,047.0 1,038.0 1,042.0 1,049.0

(b-1)  af235600 tolUD tolV = 0.1

8 16 32 64 128

0oooo 1 2 4
" 3,927 1,964 982

491 246 123 62 31

0OooO00O0O0 | 1,835.0 | 1,465.0 | 1,284.0 | 1,185.0 | 1,175.0 | 1,223.0 | 1,228.0 | 1,234.0

07 000 20ILU(2) 000000000000 00O0O0O
Table 7 Example 2: The relation between the number of blocks and the
computation time in the ILU(2) method.

(a) ecl32
oooo 1 2 4 8 16 32 64 128
m 8,666 | 4,333 | 2,167 1,084 542 271 136 68

goooooo 2.17 2.14 2.14

2.13 2.14 2.17 | 2.23 2.34

(b)  af23560

0ooo 1 2 4
m 3,927 | 1,964 | 982
ooooooo| 212 | 212 | 211

491 246 123 62 31
2.10 2.10 | 2.10 | 2.12 | 2.20

0d0DoOo0oO0ooobOoOoooooono

000D 20 Florida Sparse Matrix Collection **)
gobobooooobobbooboboboob11oo0oo
goooooooooooboboobooooooooo
“ecl32”70“af23560” 0 20 000000000000
000ooooooDoooOoOogg “ecl32” 0 51,9930
347,097 0 0 00O “af23560” O 23,5600 460,456 O O
goob0o0obOooDoobOooboooo10ooo
00o0D00b00o0bOOoobOoooooobooo
goooooooo 1000000000 1000
00000000 pO0D0OO0D0ODOO 20000
000b0o0O000ODO0 n0O PEOO d=6000
000000000DooooOooooon “af23560”
000000 23,560 0000 integer(n/d) = 3,9260
mod(n, d)=40000000000PE0OUDO PE3
0000ooooobooooog m=3,92r000d
PE40D O PESO0O0O m=3926 00000000
ood200 00000 mOODOOOOOOOO
00Doo0oooOoooooooo33noooonoo
gooooo nO0 mOO0D0OO0O0OOOOOODOOO

0000000000 00D0D0000D00Od Sherman-
Morrison 00 ILU(2) 0000000000 mOO
000000000 eOOd 7TOOODODO“cl32700
0 0O 0 OSherman-Morrison 00 0O tolUOtolV = 0.1
O tolUOtolV =0.01 O0O00OCODOOOOOCOO
3200000 x»=2710000000000000
O0ILU(RQ)0D00 m=80000000000O
0 0 “af23560” 0 0 O O O O Sherman-Morrison 00 O
O tolUODtolV = 0.01 OO0 200000000
00000000000 00tolUdtolV =0.1 00
m=2460000000000000000000
OooOooILu()Uoooooooooooooon
m=32000000000000000000000O
0000000 Sherman-Morrison OO0 0O00O0O
O000OQ0OO0OO0OO0OD“cl32?00 m=27100000
“af23560”" 00 m=246 0000000000000
ILUDOO0O0OOO0 ILU(2)0000ououooo
000 “ecl32” 0 “af23560” OO0 OOOOO m =8
Om=3200000

000000 2000000000000 1000
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Table 8 Example2: Nonzero entries of the Sherman-Morrison preconditioner.
(a) ecl32
s
EOIU 10° 10! 10% 10%
otV U % U % U % U %
0.1 204,069 2,255,976 204,069 3,762,618 204,069 5,604,401 204,069 7,775,226
0.01 1,535,930 | 11,331,526 | 1,535,930 | 17,858,501 1,535,930 | 25,564,994 | 1,535,930 33,866,053
(b) af23560
s
EOIU 10° 10! 10% 10%
otV U % U % U % U %
0.1 551,740 32,207,303 551,740 61,057,101 551,740 93,002,049 551,740 124,318,919

0 9 000 20Sherman-Morrison 000000000000
000000af23560 00 tolUO tolV = 0.10
Table 9 Example 2:
Sherman-Morrison preconditioner (af23560 and
tolU, tolV =0.1).

Speedup of computation of the

S
PED 10° | 10t
1 1.0 | 1.0
2 1.7 | 1.9
4 2.8 | 3.0
6 3.8 | 4.0

s000000 U0V 0000000000000
000 “af23560” O tolUOtolV =0.01 000000
000000000000000000 80000
000000000 sO0000D0 VODODOoooo
0000000000000 00DO000 “af23560”
00 5=10°000 5=10°00000 40000
000000D0000D00000000 100 80
000000000000000000000000
00008 x 124,318,919 = 994,551,352 00 00OV
0000000000 994MBOOOOOOO0OOOO
0030000000000000000 1000
000 VOoOoOoOoDOO 331MBOODOOOOOD
00000000000 0000000000 s0O
0000000000D0000D0000000s00

000 10010 00000000009 nOonon

goobooboob1boboobobooboooboon
ocobe0O0000000O040000000000
000U0oUoooOo 2/30ooooooooooo
UOsO0oooooooobooooooooooo
oooodoobooobooooooboooboooont 10
OO0 “ecl32” O “af23560” OO0 O0O0O00O0ODODOO
glooooooooooobooooooooooon
000 GMRES(m)O0O0O0ODO0O0O0O0O0O0OO0OO0OODO
ooMROODOOOOOOOODOOOOOOODO

O0000ILUd00o0oUooooUILu(o)oo
0000 GMRES(40) DO DOOUOOOODOOODO
0000O000O00O0oO0ooooooooooood
0000000000000 0000oooooog
Sherman-Morrison 00 0000000000000
000000000 Sherman-Morrison 000000
oo00oOogoooooooIiLvuoogooooood
000 l1ooooooOoOoooooooocoooog
00 tolUOtolVOOO 0O010000O0OOODDDOO
GMRES(m)O00O0U0OO0OO0OOOOUOOOOODOO
0O00OO00ooO0bOOoOoDOOo MROOODO 3000
goooooooooOooooooooooMROO
0000000o0ooooooooooooooog
0000000000000 0000000000d
00000 Sherman-Morrison 0000000000
OD000O0“f23560” 0000000 00100000
20000000000000 GMRES(m)OO0OO
gooboooooooooooOodolboOoonbo
000 GMRES(m)OOUODOOOOOOOOOODO
O000O0o0oooooooOoooooooooood
0000000000ooooooooooooood
0000000000000 0ooooooooog
000ooooooILuooooooooooooo
Sherman-Morrison 00 0000000000000
00o0ooooooogg
o000 30 n=240,000 00000000000
ooooooogd

A = diag[A1, Ao, ..., Az] € R™*" (30)
00000000 100000000%00000

)\'re,j )\im,j

Aj _ c }%2><27

_)\im,j )\re,j

j=0,1,...,i
00 #=120000000000000000000
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Table 10 Example 2: The computation time and iteration count (time:

Computation time (s), iter: Iteration count).

(a) ecl32
ooooo oooooo

gopoooo ooo GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter
oo 0.0 — — — - — -
SM OO0 tolUO tolV = 0.10 5§ = 10°0 208.0 - - - - - -
SM 00 tolUD tolV = 0.10 § = 100 290.0 - - - - - -
SM 00 tolUd tolV = 0.010 5 = 10°0 1,038.0 1,128.0 790 1,090.0 | 408 1,065.0 231
SM OOtolUdtolV = 0.0105 = 10'0 | 1,455.0 1,570.0 | 819 | 1,519.0 | 415 | 1,485.0 221
ILU(0) O 0.48 — — — - 1,188.0 | 22,553
ILU(1) O 1.14 - - - - - -
ILU(2) O 2.13 - - - - - -
MR OO tol = 0.10 imax = 30 402.0 - — — — — —
MR O0Otol = 0.10 imax = 20 238.0 - - — — — —
MR O0Otol = 0.10 imax = 10 99.0 - - - - - -
MR OO tol = 0.010 imax = 30 544.0 - - — — — —
MR O 0Otol = 0.010 imax = 20 277.0 - - — — — —
MR O 0O tol = 0.010 imax = 10 99.0 - - - - - -
(b) af23560

goooao gooogoo

gooooo ooo GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter
oo 0.0
SM 00 tolUD tolV = 0.10 5 = 10°0 1,175.0 1,344.0 759 1,328.0 | 621 1,302.0 549
SM O OtolUOtolV = 0.10 5 = 10'0 2,304.0 2,562.0 740 2,526 649 2,478.0 544
ILU(0) O 0.62 - — — - - -
ILU(1) O 1.31 - - - - - -
ILU(2) O 2.10
MR OO tol = 0.10 imax = 30 180.0
MR O Otol = 0.10 imax = 20 111.0 — — — — — —
MR O 0Otol = 0.10 imax = 10 48.0 - - - - - -
MR 00 tol = 0.010 imax = 30 254.0
MR OO tol = 0.010 imax = 20 126.0 - — — — — —
MR 00O tol = 0.010 imax = 10 48.0 - - - - - -

-0200000000000000000
SM [0 O Sherman-Morrison 0 O

[0, 1000000000000 b000000Nm,;
0[-1,1]000000000000000 M., O
[107%, 107 00000000000000000
00000000000000000600 PEO
Sherman-Morrison 00 ILUOOOO00O0O00O0O
000000000000 00000000000
0 1100 12 0000 d Sherman-Morrison O 0 O
Mm=6250000ILUOOCOO /m =20,000000
000000000000000000000000
000000000000000000000000
000000000000 20000000000
0s000000000000000000000
0130000000000000s0000000
vV 0000000000000000000000

imaxOMR O0OO000ODO

00000 1020000000 PEOOODOOOO
O 0OSherman-Morrison 0000000000 OOO
00000000 1400000000 PE60O0O 3
000000000000000000GMRES(m)
Joo0o0o0o0ooooooooooooooooon
gooQoo1s000oooogoggooooIiLuoo
goo0ooooOooooOoooDoooooooooogo
o00oo0dUoooU 1oooooooooooogo
gooooooolLvoobooooooo Lubooo
gooooooOooooooooodooooooo
gLoodooooobooooooooooboooo
JooooooOooooooooooooooooo
0000oooooooooooood
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Table 11 Example 3: The relation between the number of blocks and the

computation time in the Sherman-Morrison formula.

(a) tolUO tolV = 0.1

1475

oooo 1 2 4 8 16 32 64 128
m 40,000 20,000 10,000 5,000 2,500 1,250 625 313
ooooooo | 1,5612.0 | 1,146.0 | 1,055.0 | 1,034.0 | 1,030.0 | 1,027.0 | 1,027.0 | 1,028.0
(b) tolUD tolV = 0.01
gooo 1 2 4 8 16 32 64 128
m 40,000 20,000 10,000 5,000 2,500 1,250 625 313
ooooooo | 1,513.0 | 1,146.0 | 1,056.0 | 1,034.0 | 1,031.0 | 1,027.0 | 1,026.0 | 1,027.0
012 000 30ILU(2) 0000000 0O00O0O0O0OOO
Table 12 Example 3: The relation between the number of blocks and the
computation time in the ILU(2) method.
oooo 1 2 4 8 16 32 64 128
m 40,000 | 20,000 | 10,000 | 5,000 | 2,500 | 1,250 625 313
ooooooo 0.78 0.76 0.77 0.79 0.88 1.07 1.49 | 2.85
0 13 000 30Sherman-Morrison 00 0000000000000
Table 13 Example 3: Nonzero entries of the Sherman-Morrison preconditioner.
1U i
to
10° 10* 10% 108
tolV U % U % U % U %
0.1 359,937 | 479,930 | 359,937 | 479,931 | 359,937 | 479,931 | 359,937 | 479,931
0.01 359,990 | 479,984 | 359,990 | 479,984 | 359,990 | 479,984 | 359,990 | 479,984

0 14 000 30Sherman-Morrison 000000000000
0O00000¢tolUD tolV = 0.010

Table 14 Example 3:

Sherman-Morrison preconditioner (tolU, tolV =

Speedup of computation of the

0.01).
PE O i
10° 10t
1 1.00 1.00
2 1.39 | 1.39
4 2.38 2.39
6 3.12 | 3.14
a1 G1,2
ai,1 75 07 7£ 07
a21 G2,2
a1 a2 O
a1 a2 azs | #0,
0 az2 as3
...... , det(A) #0

000000000000000000000000
000000 fil-in00O0O0000000000 LU
0Oo0O0000oooooooooo™Yooooooo
0000000D000000D0 1000000000
000000000000000Sherman-Morrison

0000000000o0oOooOoooooooooog
000 GMRES(m)OO MRODOODOOOOOO
0000000000000 0000o0oooooog
oopoOoooooooonDolgoolooooood
oo0oOo0oOoodoopoooooooooooood
oobOo0oOobooOoOobDoobooOoobooo 130
gooooooooooooooooooooooo
goo0oodoO0oooOoOoooUOoooosgoogoo
000D000000o0o0ooOoooooooooood
0000000000oooooooooooooog
0000000000000 000000oooo0gd
000000 Sherman-Morrison 000000000
000000oopoooOO0 o0ODODDODDODDOOOOO
gooMROOOOOOODOOOOOOOODOOOOO
ooo0O0oOo0o0oOooooooooooopooood
000000000 0Sherman-Morrison 00000
oobOOo0o0obOoOobOo0oOoDboOobboOoo 2000
O0o0O0OU0ooooooooooooooooood
000000000 00oooooooooooood
0000000o0ooooOooooooooooog
0000000000000 000ooooooooa
0000000 s0000oooooooooooo
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Table 15 Example 3: The computation time and iteration count (time:
Computation time (s), iter: Iteration count).
goooo gooood
oooooo ooo GMRES(20) GMRES(30) GMRES(40)
time time iter time iter time iter
0o 0.0 1,891.0 | 24,083 | 2,065.0 | 23,455 | 2,216.0 | 23,131
SM OO tolUO tolV = 0.10 5 = 10°0 1,027.0 1,035.0 24 1,034.0 24 1,034.0 24
SM 00 tolUD tolV = 0.10 5 = 100 1,026.0 1,027.0 9 1,027.0 9 1,027.0 9
SM 00 tolUD tolV = 0.010 § = 10°0 1,026.0 1,034.0 24 1,034.0 24 1,035.0 24
SM 00 tolUD tolV = 0.010 5 = 10'0 1,027.0 1,028.0 9 1,028.0 9 1,028.0 9
ILU(0) O 0.76 1.0 1 1.0 1 1.0 1
ILU(1) O 0.76 1.0 1 1.0 1 1.0 1
ILU(2) O 0.76 1.0 1 1.0 1 1.0 1
MR O 0Otol = 0.10 imax = 10 636.0 - - - - - -
MR 00O tol = 0.010 imax = 10 636.0 - - - - - -
MR O0Otol = 0.10 imax = 20 1,271.0 — - - — - -
MR 0O 0Otol = 0.010 imax = 20 1,274.0 - - - - - -
-0200000000000000000
SM 0O 0O Sherman-Morrison 00 imaxOMR 000000
1e+02 T T T T 1e+02 T T
1e+00 [—---—---—--=~ E 1e-00 B
£ 1e02 4 £ 1e02} A
2 e S te0d4} B
T 1e06 T 1e06 f 1
2 te08 2 1e08 T
g fed0 e 1et0}C ;
Te-12 1e-12 | .
Te-14 1e-14 ! :
500 1000 1500 2000 2500 0 500 1000 1500
Computation Time (s) lterations

(a) 00000 vs. 0000

(b)) 0DOD0O vs. 000D

05 000 3DGMRES(40) 000000000000 DOO00DADDOOOOOBOMR

O0tol =
§=1.00

0.01, imax = 100 CO Sherman-Morrison 0 0 tolUO tolV = 0.010

Fig.5 Example 2: The behavior of convergence of the residual norm in GM-
RES(40) algorithm, A: no preconditioning, B: The MR method (tol =
0.01, imax = 1), C: The Sherman-Morrison formula (tolU, tolV = 0.01,

§=1.0).

000000D000000000000000000
00D0000000D000000 50 GMRES(40)
000000000000000000000000
0000000000000 00000000000
000000000 dSherman-Morrison 0O 000
O000000 GMRES(40) D00DO0DO0OOO
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000000000 1,000000000000000
000000000024 000000000000
00000000000MROOOOOOODOOOD
00000000000000000 9000000
000000000000000D000000000
000000 1,500000000000000000

0000000000
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000000000000000000000000
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“000=0000 /(0000
+000000+00000)

000000000000000000000000
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Table 16 The operating ratio and the number of nonzero entries that each PE covers.

(a) 000 10 tolUD tolV = 0.010 5 = 10°

0oooo 0oooo | ooo
PEOO | jogpg | 0COC a0 a0 0000%0
0 2,125,451 36.0 14.0 334.0 9.0
1 2,433,024 101.0 18.0 265.0 26.0
2 2,452,044 156.0 33.0 195.0 41.0
3 2,363,144 212.0 49.0 123.0 56.0
4 2,445,060 266.0 64.0 54.0 70.0
5 2,396,926 324.0 60.0 0.0 85.0

(b) 00D 20af23560 00 tolUD tolV = 0.10 5 = 10°
oooo 0000 | ooo
PEOO | jogpp | B00C 0o 0o 0000%0
0 2,057,346 40.0 6.0 1,129.0 3.0
1 7,026,059 242.0 15.0 918.0 21.0
2 11,468,891 589.0 77.0 509.0 50.0
3 8,740,500 856.0 210.0 109.0 73.0
4 2,627,566 771.0 401.0 23.0 56.0
5 838,681 752.0 413.0 0.0 66.0
(c) 000 30tolUD tolV = 0.010 5 = 10°
0oooo 0oooo | ooo
PEUO | nogpg | G200 a0 00 0000%0
0 139,996 11.0 78.0 937.0 1.0
1 139,997 180.0 95.0 751.0 17.0
2 139,993 342.0 122.0 562.0 33.0
3 139,999 484.0 167.0 375.0 47.0
4 139,995 628.0 213.0 185.0 62.0
5 139,994 768.0 258.0 0.0 75.0

000=0000 /(OOO0O0+000000400000)

PEODODOOOOOOOD we O v, OOOODODOO
coooooooOOOOOOO0OO0OO0O0O0100 PE
gboobooboo 20b00000000000a0
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