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Consideration on iterative methods with
reduced number of synchronizations

SET Fusino 2 and KOUSUKE TwasaTo Tl

In this article, we apply a technique for reduction of number of synchro-
nization to parallel variants of BiCGSafe and BiCGStar-plus methods. More-
over we summarize characteristics of the conventional Krylov subspace method,
BiCGSafe and BiCGStar-plus methods in view of determination of parameters,
number of sinchronization. Through some numerical experiments, we examine
parallel performance of the proposed iterative methods with single synchroniza-
tion on parallel computers.
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Algorithm 1: 3, 00000000 100 BiCGSafe O

1. Let &g be an initial guess, Compute rg = b — Az,
2. Choose r{;, such that (r§, ro) #0,
3. Compute AT+, y, =0, 8_1 =0,
4. for k=0,1,... do,
5.  Compute Ary,
6. vi=yp+Pr_1Ur_1,
7. P =7k + Br—1(Pr_1 — Uk—1),
8. Apy = Arp + Br_1(Apg_1 — Aug_1),
9. if [lrll/llroll < € stop,
_ (Tavrk)
10. ap = (T‘*O,Apk)y
1. f=— (ATrg,7r) — Oék(ATT(*Jka)7
(r5, Apy)
19. G = (Ysos Yr) ATk, 7)) — (A7, Yi) (Y, Tr)
(Arg, Are) (Y i) — (ATh, Yi) (Ui, Ar)’
13 np = (A7, Arg) (Yg, Tr) — (A, Y ) (ATg, Tk)
(Arp, Are) (Y, i) — (ATk, yg) (Y, ATk)
) (Arg, 1)
(if k =0 then ¢, = 7(Ark,Ark) , M =0)

4. up = GAPL + ik,

15. Compute Auy,

16.  zp = CpTr + MKZR—1 — QR UE,
17 Ypy1 = GATE + Mryr — apAuy,
18. Tpy1 = T + QP + 2k,

19. 7Ty =7 — AP — Ypi1s

20. end do.
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Algorithm 2: o, 00000000 100 BiCGSafe O

1. Let &g be an initial guess, Compute 7o = b — Az,
2. Choose 7 such that (rj, 7o) #0, -1 =0,

3. for k=0,1,... do,

4 Compute Ary,

5. if ||rill/llroll < e stop,

ag_1 (rf,Tr)

0 Pr= Comr (P, mr—1)’
7. ap = (TE‘)’Tk) s
(r5s Ark) + Br(rgs te—1)
s G = (Y i) (Ark, k) — (Ak, Yi) (Yis Tk) i
(Arg, A7) (Yr, i) — (ATk, Yi) (Y, ATk)
0. oy Uk AT W) — (Arey)(Ars, i)
(Arg, A7) Yk, Yi) — (ATk, Yi) (Yg, ATk)
. (7‘6,1’%) (A'rk,'rk)
(if k =0 then o) = W, Br =0, (k:m, nx = 0),

10.  pp =7k + Be(Pr_1 — Ur—1),

11. Ap;, = Ar + Brtr—1,

12wy = G Apy + k(Y + Bruk—1),
13.  Compute Auy,

14. t, = Ap;, — Auy,

15, zp = (kT + MeZrp—1 — UL,

16, ypi1 = ATk + MkyYy — apAug,
17, @41 = 2p + Py + 2k,

18.  Try1 =7k — pADL — Ypi1,

19. end do.
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Algorithm 3: 5, 00000000 100 BiCGStar-plus O

1. Let g be an initial guess, Compute rog = b — Axp, choose 7o,
2. Compute Arg, AT#, Py =710, Apy = Aro, Yy = S0 =to =0,
3. for k=0,1,... do,

4. 3 [Jrell/|Irol| < € stop,

(Fo,7k)
5. ap = (f‘o,APkY
6. Bk _ (AT’F(),’I"]Q)"— Ozk(ATfo, Apk)7
(To, Apy)
7. Cp = (YY) (Ark, Tx) — (Ak, Yi) (Yis Tk) 7
(Arg, Ari) (Yr, i) — (ATk, Yi) (Y, ATk)
8. = (Arg, Ari) (Yo Ti) — (Arg, yio) (ATg, 1) 7
(Ark, Ari) (Yis Yi) — (ATk, Yg) (Y, ATg)
. (Arg, )
(if £ =0 then ¢, = 7(147’1@7147%)7 nr =0),

9. v =Cerr + Mtk
10.  zg = GATE + MY
11, ex = (AP + Mk Sk,
12. Compute Acy,
13. Wy = Pi — Ck,
14. Awy = Ap, — Acy,
15. trpy1 = v — agcy,
16.  ypq1 = 2k — arAcy,
17, @41 =z + v + opwy,
18,  rp41 =7k — 2K — o Awy,
19.  Compute Arjyq,
20.  Sk41=Yr+1 — Brck,
21, Pri1 =Tr41 — Brwy,
22, Apyiq = Arpqr — BrAwg,
23. end do.
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Algorithm 4: o, 00000000 100 BiCGStar-plus O

1. Let &g be an initial guess, Compute rg = b — Axg, choose 7o,

2. for k=0,1,... do

3.
4.

5.

10.
11.
12.
13.
14.
15.
16.
17.
18.

)

Compute Ary,
if ||rell/llroll < € stop,

B = — 21 (To,7k) 7
Ck—1 (T0,Tk—1)
an = (70, 7k) ’
(70, Ary) — Br(f0, Awg_1)
Ch= (Y Y) (Ark, k) — (Ark, Yg) (Yis Tk)
(Arg, Ar) (U, yi) — (ATk, yp) (g, Arg)’
e = CATR ATE) W k) = (AT Y1) (AT, Tk)
(Ary, Ar) (Yr, yi,) — (ATk, yp) (Y, Arg)’
. (70, 7k) (Arg, k)
(if k=0 then o = 7('7'0,147';6)7 Br =0, ¢ = 7(147‘}97147‘1@)7 nk = 0),

Sk =Y — BrCk—1,

P =Tk — Brwi—1,

Apy, = Ary — BrAwy 1,
v = CkTk + Mity,

zp = CRATE + Mk Yy,

¢k = (e APy + Nk Sk,
Compute Acy,

Wy = P — Ck,

Awy, = Ap, — Acy,
tp41 = v — ey,
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19, ypq1 = 2k — i Acy,

20. TRy = @) + VR + Wy,
21. Tk41 =Tk — 2k —akAwk,

22. end do.
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02 0000000000000000000 0000000 (speedup) 0001 00000000000 1000000000000
GPBiCG O BiCGSafe O BiCGStar-plus O . .
00| .00 e 00 |00 | 00 o OO 000000000000000000000000OTRR(True Relative Residual) 00 O
oooo 30 20| 10 10 |20 10 10 00000000000 41 0000 (logyo(J|b—Azrs1||2/||b— Axol|2)) OO DO OO
noo noooo 20000 Rutishauser®0 00 20000 0000000 “PE” 00 PEO (number of Processing Element) 0000000000

“Mvr”000000000000000000 “ot.time” 0000000000 “ave.time”

gdodooooooboooboooooooooooooan Ogo0o0ol1000o0ob000obodoooboooooooooooooooooooo
ooooooo
6. 0 0O0O O
04 300000000000000
00000000U00O0000U00o0oU0o0ooOU0oOoUooOOO CX400 (Intel Xeon (a)matrix: epb3
E5-2690, clock of 2.93GHz, 128GB, OS: Red Hat Linux Enterprise) O O O O Fortran90 method nPE Mv tOt'[time]) ratio a\Ee.tim? speed | TRR
sec. msec. up
0000000000 “Kfast” 0000000000000 [[regall2/|lrollz <1075, O GPBICG 1| 3,852 7.083 | 1.00 1839 | 100 | -80
0000000000000000000000000000000 500000000 16 | 4,056 0.509 | 1.00 0.125 | 14.65 | -8.0
64 | 4,178 0.211 | 1.00 0.051 | 36.41 -8.0
0000000 3000000000000000002,4,8,16,3200000000 256 | 4114 | o174 | 1.00 | 0042 | 4348 | -8.0
00 8O00O0O00O0O0OOO BiCGSafe 1 | 3,764 6.172 | 0.87 1.640 1.00 | -8.0
6.1 00000 16 | 3,770 0.415 | 0.82 0.110 | 14.90 | -8.0
: 64 | 3,956 0.179 | 0.85 0.045 | 36.24 | -8.0
03000000 00000000000 “mz’ 00000000000 “ave_nnz” 256 | 3,684 0.130 | 0.75 0.035 | 46.47 -8.0
010000000000 00000000 BiCGSafe-8 1 3,910 6.632 0.94 1.696 1.00 -8.0
16 | 3,870 0.427 | 0.84 0.110 | 15.37 | -8.0
03 DoOOOOOOOOO 64 | 3,858 0.163 | 0.77 0.042 | 40.15 | -8.0
- - - 256 | 3,844 0.106 | 0.61 0.028 | 61.51 -8.0
matrix dimension nnz ave_nnz -
opb3 81617 263,625 55 BiCGSafe-a 1| 3,716 6.320 | 0.89 1.701 1.00 | -8.0
it unsym 017825  4.584 801 50 16 | 3,708 0.410 | 0.81 0.111 | 15.38 | -8.0
xen;n2 157’464 3’866’688 246 64 | 3,518 0.143 | 0.68 0.041 | 41.84 -8.0
: — : 256 | 3,722 0.101 0.58 0.027 | 62.68 -8.0
6.2 OJOOOO0O 0400000000000 1000 BiCGSafe-g000 BiCGSafe-a 00O OO00O0O
040 30000000000000000000O0000O0O0000O0O04000000 ooooooo
(1) GPBICGO
. 7. 000 0O
(2) BiCGSafe O
(3) BICGSafe-g 0 0000001 000000000000000000 BiCGSafe 0 OO BiCGStar-
(4) BiCGSafe-a O plus 0000000000 10000000000000000 100 BiCGSafed OO
000000000 100 BiCGSafeD OO OO, OO0OO0O0O0ODO BiCGSafe-a O OO BiCGStar-plus 00 000000000000 DOOOOOOOOOOODOO1IDOO0OOO
00 B, 00000000 BiCGSafe-p OO0 OO0OO0O0O Oo00000o000o0o0oo0o0o0ooooooo0ob0o0o0oo0 100000000000 oo
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(b)matrix: tmt_unsym 000000000000 000D 1000 BiCGSafe-g 000 BiCGSafe-a 0O 0 OO
method nPE Mwv tot.time ratio ave.time speed TRR 0000000 oooOoooon
[sec.] [msec.] up
GPBiCG 1| 8900 | 207.092 | 1.00 23.269 1.00 | -6.7 00 0 O
16 8,866 25.308 1.00 2.855 8.15 -5.8
64 9,146 3.421 | 1.00 0.374 62.21 -5.6 1) Abe, K., Sleijpen, Gerard L.G.: Solving linear equations with a stabilized GPBiCG
: 256 | 11,600 1.665 | 1.00 0.144 | 162.11 | -2.9 method, Appl. Numer. Math., doi:10.1016/j.apnum.2011.06.10, (2011).
BiCGSafe o | I TS| e | B ] T 9) 00 000000 00000 0000 0D0000000000000000000
s . . 445 . -7.
61 | 9662 | 3080 | 090 | o310 | 6849 | -64 000000000000000 Vol480 No.SIG8D pp.11-21, (2007).
256 | 8820 1070 | 064 0121 | 179.98 | -7 3) 0000:000000000 PAGMEOO CGOOOOOOOOOOOOOOO,
BiCGSafe-3 1 8,718 | 193.999 | 0.94 22.253 1.00 | -7.2 000000000000 0000U0O0o0OUDOOOn(2009)
16 | 9,080 23.580 | 0.93 2.597 8.57 | -7.6 4) Chow, E., Hysom, D.: Assessing Performance of Hybrid MPI/OpenMP Programs
64 8,588 3.283 | 0.96 0.382 58.21 7.6 on SMP Clusters, Technical Report UCRL-JC-143957, Lawrence Livermore Na-
256 | 9,122 1.067 | 0.64 0.117 | 190.24 | -7.2 tional Laboratory, (2001).
BiCGSafe-a 1) 10,572 1 224.783 | 1.09 21.262 1.00 -r.6 5) Fujino, S., Fujiwara, M., Yoshida, M.: A proposal of preconditioned BiCGSafe
16 9,024 22.663 0.90 2.511 8.47 -7.2 ']h d with Jf P £ The 17th IMACS World C Sci
64 8,848 2.821 0.82 0.319 66.69 76 meF od with sa e. convergence, roc.. o e . or ongress on Sci-
256 | 10,184 1230 | 074 0.121 | 176.04 | -756 entific Computation, Appl. Math. Simul., CD-ROM, Paris, France, (2005).

6) 00 0:000000000000000O000DO0O0OO0ODOO0OOOOOO
0000000oo0o0oooooooo(2007).

(¢)matrix: xenon2

method nPE Mwv | tot.time | ratio | ave.time | speed | TRR 7) 00000:000000000000000000000000,00000000
[sec.] [msec.] up oo00o0oooooooooa, (2010)
GPBiCG 1| 1,496 12.405 | 1.00 8.292 1.00 -8.0 8) Murakami, K., A proposal of a product type iterative method using associate
16 | 1,610 1.423 | 1.00 0.884 9.38 -8.0 residual for parallel computer, Proc. of International workshop on HPC, Krylov
641 1,764 0.285 | 1.00 0.162 51.32 -8.0 Subspace method and its applications, pp.23-26, (2013).
- 200 | 1758 0.143 1.00 0081 | 101.94 80 9) J000:00000000000000 KrylovOOOOODOOO,00000000
BiCGSafe 1 1,364 10.847 0.87 7.952 1.00 -8.0
16 | 1,524 1.260 | 0.89 0.827 9.62 | -8.0 obooboooooooo (2013)
64 | 1,410 0.216 | 0.76 0.153 51.91 8.0 10) Pacheco, P.: Parallel Programming with MPI, Morgan Kaufmann Publishers,
256 | 1,634 0.122 | 0.85 0.075 | 106.51 -8.0 (1997), 0000:MPIODOOOOOOOO,000,00, (2001).
BiCGSafe-3 1| 1,762 14.005 | 1.13 7.948 1.00 | -8.0 11) Rutishauser, H.: Theory of gradient method, Refined Iterative Methods for Com-
16 | 1,762 1.504 | 1.06 0.854 9.31 | -8.0 putation of the Solution and the Eigenvalues of Self-Adjoint Boundary Value Prob-
64 | 1,660 0.249 | 0.87 0.150 | 52.99 | -8.0 lems, Mitt. Inst. Angew. Math. ETH Ziirich, Birkh&user, Basel, pp.24-49, (1959).
- 256 | 1,718 0.113 | 0.79 0.066 | 120.84 -8:0 12) Silva, M., Wait, R.: Sparse Matrix Storage Revisited, Proceedings of the 2nd con-
BiCGSafe-o L] 1520 12436 1 1.00 8182 100 8.0 ference on Computing frontiers, pp.230-235, 2005
16 | 1,684 1.405 | 0.99 0.834 9.81 | -8.0 166 0] ! » PP- ) AUV
64 | 1,450 0215 | 0.75 0.148 | 5518 | -8.0 13) University of Florida Sparse Matrix Collection:
256 | 1,436 0.099 | 0.69 0.069 | 118.67 8.0 http://www.cise.ufl.edu/research/sparse/matrices/index.html.

14) O00: OpenMPOOOOUOOOOOOOOOOOOO, OO, (2006).
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