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In the present paper, we propose an automatic snapping method that aligns
fuzzy objects in a multi-resolution grid system in order to improve the eﬃciency of sketch-based CAD systems. The sketch-based CAD system that we
have previously realized successfully identiﬁes sketch drawings as primitive geometrical curve objects by treating the sketches as fuzzy objects, the fuzziness
of which is associated with the roughness of the drawing manner. However,
when the system aligns the identiﬁed objects with a grid system, diﬃculties
in the grid resolution setting arise because the identiﬁed objects often consist
of both ﬁne and coarse portions and thus require diﬀerent grid resolution settings for proper alignment. Meanwhile, the resolution problem with respect
to cursor point snapping has been solved by multi-resolution fuzzy grid snapping (MFGS), which realizes automatic selection of the snapping resolution by
treating the cursor as a fuzzy point, the fuzziness of which is associated with
the roughness of the pointing manner of the user. The present paper proposes
a method to apply MFGS to fuzzy objects in order to resolve the diﬃculties
involved in the setting of the snapping resolution of the sketch-based CAD
system. Experimental results show that users can align identiﬁed objects to
an appropriate resolution through MFGS by controlling the roughness of the
drawing manner.

1. Introduction
We have previously realized a freehand curve identiﬁcation method FSCI 1),2)
that identiﬁes sketch drawings as primitive geometrical curve objects by treating
the sketches as fuzzy objects, the fuzziness (or coarseness) of which is associated
with the roughness of the drawing manner. Then, we have developed sketchbased CAD systems 3)–5) by employing FSCI as their curve identiﬁcation engine.
†1 Muroran Institute of Technology
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The present paper proposes an automatic snapping method that aligns the fuzzy
objects in a multi-resolution grid system, and shows that the method improves
the eﬃciency of sketch-based CAD systems.
When automatic object alignment does not work properly in sketch-based CAD
systems, the user cannot complete a drawing using the sketching operation, but
rather has to rely on additional operations, such as selecting and dragging, even
if the identiﬁcation is successful and obtains proper classes of geometric curve
objects. Therefore, as well as the identiﬁcation, the eﬀective automatic alignment
of the identiﬁed objects is essential for sketch-based CAD systems.
One way to reinforce the object alignment may be knowledge-based alignment
methods, such as Sketchpad 6) , Briar 7) , and snap-dragging 8) , which employ various smart constraints in addition to simple grid snapping. These methods may
contribute to the eﬀective alignment in sketch-based CAD systems under appropriate constraint settings that depend on background knowledge about each
CAD application.
We focus on yet another way to reinforce the object alignment, which is actionbased multi-resolution grid snapping. Although grid snapping is a commonplace
method, quick and dynamic switching of snapping resolution depending on the
situation is an important issue. Indeed, previous studies, such as HyperSnapping 9) and Snap-and-go 10) , showed that dynamic selection of snapping resolution
from a multi-resolution system is eﬀective when users drag and align objects. The
dynamic snapping resolution selection is essentially needed, in particular, by the
sketch-based CAD systems, where users cannot determine one suitable resolution setting prior to drawing a stroke as it often involves both coarse objects and
ﬁne objects, each of which requires diﬀerent snapping resolutions. However, the
previous methods work based on drag motion but not on drawing motion. Thus,
they cannot be applied to the automatic alignment of objects from drawing.
In the present paper, we propose a multi-resolution grid snapping method that
snaps coarse objects from a rough drawing manner to low-resolution grids and
ﬁne objects from a careful drawing manner to high-resolution grids. We realize
this by developing a method by which to apply the Multi-resolution Fuzzy Grid
Snapping (MFGS)11),12) technique to the snapping of fuzzy objects, where MFGS
was originally developed as a dynamic mouse cursor snapping technique.
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Section 2 introduces the basic concept of MFGS of fuzzy objects in the sketchbased CAD systems. Sections 3 and 4 review two key technologies that have been
proposed in previous studies, which are the fuzzy object identiﬁcation by FSCI
and MFGS of the fuzzy cursor model. Section 5 proposes a method to apply
MFGS to fuzzy objects. Sections 6 and 7 demonstrate the eﬀectiveness and
eﬃciency of the proposed method through some examples and an experimental
result.

(a) Drawn stroke.

(b) Fuzzy spline curve.

(c) Segmented fuzzy spline curve.

(d) Identiﬁed fuzzy objects.

(e) Identiﬁed objects.

(f) Snapped objects.

2. Basic Concept of MFGS of Fuzzy Objects in Sketch-based CAD
Systems
We will introduce the basic concept of MFGS of fuzzy objects and give the
reason it is necessary in sketch-based CAD systems.
The internal process of the sketch-based CAD systems can be roughly divided
into two stages: the identiﬁcation stage and the snapping stage. The identiﬁcation stage identiﬁes a sketched stroke (such as that shown in Fig. 1 (a)) as a
combination of primitive objects (four such lines are shown in Fig. 1 (e)) using
the Fuzzy Spline Curve Identiﬁer (FSCI)1),2) . Then the snapping stage aligns the
primitive objects according to a given grid system and outputs snapped objects
(as shown in Fig. 1 (f)).
Let us look more closely at the identiﬁcation stage. First, the FSCI generates
a fuzzy spline curve (as shown in Fig. 1 (b)) as a model of the input stroke that
accommodates the coarseness of the drawing. The radius of the circles along
the stroke represents the fuzziness or the coarseness of the drawing, which is
evaluated from the roughness of the drawing manner. Second, the FSCI generates
a segmented fuzzy spline curve (as shown in Fig. 1 (c)). Third, the FSCI identiﬁes
the segmented fuzzy spline curve as one or more primitive fuzzy objects (such
as the four fuzzy line objects shown in Fig. 1 (d)) utilizing the fuzziness. The
identiﬁed fuzzy objects inherit the fuzziness or coarseness from the segmented
fuzzy spline curve. Finally, the FSCI defuzziﬁes the primitive fuzzy objects and
outputs the identiﬁed objects (as shown in Fig. 1 (e)). As described above, we can
say that the FSCI in this stage employs advanced algorithms that make extensive
use of fuzziness.
On the other hand, the snapping stage employs only a basic alignment method,
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Fig. 1 Process of FSCI.

which simply snaps the feature points of the identiﬁed objects (end points in the
case of line objects) to their nearest grid points. Note that fuzziness is not used
in this stage.
The sketch-based CAD systems work well when the grid snapping resolution
is suitable for the drawn object. Nevertheless, the systems frequently face a
resolution setting dilemma. First, let us consider objects identiﬁed on the highresolution grid shown in Fig. 2 (a). With this grid resolution setting, the ﬁneline object [a, b] is properly snapped, whereas the coarse-line object [c, d] is
misaligned, as shown in Fig. 2 (b). Next, let us consider objects identiﬁed on the
low-resolution grid shown in Fig. 2 (c). With this setting, the coarse-line object
[c, d] is properly snapped, whereas the ﬁne-line object [a, b] is badly misaligned
and is reduced to a point, as shown in Fig. 2 (d). Thus, we cannot determine
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to the snapping of the fuzzy objects. Before the proposal, we will review fuzzy
objects in Section 3 and MFGS in Section 4.
3. Overview of Fuzzy Object Identiﬁcation by FSCI

(a) Original trapezoid in high-resolution
grid.

(b) Snapped trapezoid in high-resolution
grid.

(c) Original trapezoid in low-resolution
grid.

(d) Snapped trapezoid in low-resolution
grid.

(e) Original trapezoid in multi-resolution
grid.

(f) Snapped trapezoid in multi-resolution
grid.

Fig. 2 Diﬀerence of snapping according to grid resolution.

one suitable resolution setting prior to drawing a stroke as drawing may involve
both coarse objects and ﬁne objects, each of which requires diﬀerent snapping
resolutions.
As a solution to the above dilemma, we will propose a snapping technique
that snaps the objects with a multi-resolution grid system, as shown in Fig. 2 (e),
utilizing the coarseness of the identiﬁed fuzzy objects. With this technique, the
ﬁne-line object [a, b] will be snapped to the high-resolution grid, while the coarseline object [c, d] will be snapped to the low-resolution grid, as shown in Fig. 2 (f).
We will realize this snapping method in Section 5, by applying MFGS 11),13)
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We will review FSCI 2) and show that the coarseness (or fuzziness) of the fuzzy
object identiﬁed by FSCI reﬂects the roughness of the drawing manner as well
as the drawn curve shape.
3.1 Identiﬁcation Process of FSCI
First, when a user draws a stroke of curve on a tablet display using a pen, it is
sampled and input to the system as a sequence of points pk (k = 0, . . . , np ) with
their corresponding time stamps, as shown in Fig. 3 (a).
Second, FSCI evaluates the acceleration ak and the velocity vk of the drawing at each point pk and then replaces the point with a conical fuzzy point
p̃k = pk , rpk , where p̃k is a fuzzy set characterized by the conical membership
function


v − pk 
µp̃k (v) = 1 −
∨0
(1)
rpk
(∨ represents the max operator), which is illustrated in Fig. 4, and rpk is the
fuzziness of p̃k , which is calculated by the following fuzziness generator:
rpk = Ca ak + Cv vk .
(2)
Here, p̃k is a simple fuzzy model of a point that expresses coarse positioning
by a large value rpk and ﬁne positioning by a small value rpk . Thus, given the
appropriate positive constant values for Ca and Cv 1 , the fuzziness generator
associates small fuzziness (ﬁne positioning) for carefully drawn portions of the
curve, while associating large fuzziness (coarse positioning) for roughly drawn
portions, as illustrated in Fig. 3 (b).
Third, the FSCI generates a sequence of conical fuzzy control points d̃k (k =
0, . . . , nd ) (as shown in Fig. 3 (c)) so that the fuzzy spline curve s̃(t) interpolates
p̃k (k = 0, . . . , np ) as shown in Fig. 3 (d), where the fuzzy spline curve has been
deﬁned as
1 In this paper, we empirically determine the values as Ca = 0.009 [sec2 ] and Cv = 0.008 [sec].
A detailed study with respect to setting up the fuzziness generator has been made in
Refs. 14) and 15).
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s̃(t) =

nd

k=0

(a) Sampled points pk
(k = 0, . . . , np ).

(b) Conical fuzzy points p̃k
(k = 0, . . . , np ).

(d) Fuzzy spline curve s̃(t).

(c) Conical fuzzy control
points d̃k (k = 0, . . . , nd )
for fuzzy spline curve.

(e) Conical fuzzy control
(f) Identiﬁed fuzzy object
points q̃k (k = 0, . . . , nq )
b̃(t) (in the case of CA).
for identiﬁed fuzzy object
(in the case of CA).

Fig. 3 Example of fuzzy object identiﬁcation by FSCI.

(a) Perspective view.

(b) Top view.

Fig. 4 Conical fuzzy point p̃k .
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d̃k Nk3 (t)

=

n
d

k=0

dk Nk3 (t),

nd



rdk Nk3 (t)

(3)

k=0

in Refs. 1) and 16) 1 . Note that s̃(t) is a barycentric combination of d̃k (k =
0, . . . , nd ) and is regarded as a locus of a fuzzy point, which travels (as t changes)
varying its fuzziness according to the roughness of the drawing manner.
Fourth, the FSCI divides the fuzzy spline curve into one or more segments by
detecting stop motions in the drawing using the algorithm proposed in Ref. 16).
Fifth, for each segment of the fuzzy spline curve, the FSCI constructs three
hypothetical fuzzy models (a linear fuzzy model, a circular fuzzy model, and an
elliptic fuzzy model) that approximate the fuzzy spline curve segments.
Sixth, the FSCI identiﬁes the curve class of each segment as one of the seven
primitive classes: Line (L), Circle (C), Circular Arc (CA), Ellipse (E), Elliptic
Arc (EA), Closed Free curve (FC), and Open Free curve (FO) by performing
fuzzy inference based on evaluation of the hypothetical fuzzy models, then the
hypothetical fuzzy model that corresponds to the identiﬁed curve class is picked
up as the identiﬁed fuzzy object. Figure 3 (f) shows the fuzzy object identiﬁed
for the case the curve class CA is identiﬁed.
Finally, FSCI outputs an identiﬁed object by defuzzifying the identiﬁed fuzzy
object.
3.2 Identiﬁed Fuzzy Objects
The identiﬁed fuzzy object referred to in Section 3.1 is chosen from diﬀerent
types of fuzzy curve models depending on the identiﬁed curve class: the linear
fuzzy model for L, the circular fuzzy model for C and CA, the elliptic fuzzy model
for E and EA, and the fuzzy spline curve segment itself for FC and FO. However,
in all cases, the identiﬁed fuzzy object is to be obtained as a fuzzy curve model

1 Nk3 (t) (k = 0, . . . , nd ) are normalized B-splines of degree three, which are known as basis
functions for ordinary spline curves and are calculated by the Mansﬁeld, de Boor, Cox
recursion as discussed in Chapter 10 of Ref. 17). The conical fuzzy control points d̃k (k =
0, . . . , nd ) are obtained by solving linear systems, as discussed in Refs. 1) and 16), in a
manner similar to ordinary spline interpolation.
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b̃(t) =

nq


Qk (t)q̃k =

 nq


k=0

k=0

Qk (t)qk ,

nq




Table 1 Rules of MFGS in the case of n = 3.

Qk (t)rqk

(4)

k=0

where q̃k (k = 0, . . . , nq ) are conical fuzzy control points and Qk (t) (k =
nq

0, . . . , nq ) are basis functions that have the barycentric property
Qk (t) = 1,
k=0

which reﬂects the shape and the fuzziness of the original fuzzy spline curve 1 .
For example, when the curve class is identiﬁed as CA, the identiﬁed fuzzy object
is obtained as the circular fuzzy model, as shown in Fig. 3 (f), that is expressed
with the three control points q̃k (k = 0, 1, 2), as shown in Fig. 3 (e). Note that the
fuzziness of this identiﬁed fuzzy object reﬂects the fuzziness of the fuzzy spline
curve shown in Fig. 3 (b), and so reﬂects the roughness of the drawing manner
shown in Fig. 3 (a). In a similar manner, as shown in this example, the identiﬁed
fuzzy model generally tends to be coarse when the drawing manner is rough,
whereas the model tends to be ﬁne when the drawing manner is careful.
4. Overview of MFGS of Fuzzy Points in Cursor Snapping Technique
We will review MFGS of fuzzy points, which has been proposed as a cursor
snapping technique in Refs. 11) and 13). The technique treats current cursor
position at every moment as a fuzzy point and snaps it to a multi-resolution
fuzzy grid system by automatically selecting the grid resolution according to
the fuzziness of the point. The strategy of MFGS is to snap points with larger
fuzziness to a lower resolution grid and points with smaller fuzziness to a higher
resolution grid.
4.1 Multi-resolution Fuzzy Grid System
An n-layered multi-resolution grid system in MFGS is constructed as a combination of single-resolution grid systems Gi (i = 1, 2, . . . , n), each of which has two
properties: grid stride SGi and grid fuzziness rGi . Assuming Gi (i = 1, 2, . . . , n)
are in descending order of resolution, the smallest value is set to SG1 and the
largest value is set to SGn , and then the smallest amount of fuzziness is assigned
to rG1 and the largest amount of fuzziness is assigned to rGn .
1 For the concrete process to obtain the identiﬁed fuzzy objects, refer to Refs. 1), 2) and 18).
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Rule

Fuzzy logical operations

1

μ(g̃3 ) = N g̃3

2

μ(g̃2 ) = (1 − N g̃3 ) ∧ N g̃2

3

μ(g̃1 ) = (1 − N g̃3 ) ∧ (1 − N g̃2 ) ∧ N g̃1

4

μ(c̃)

= (1 − N g̃3 ) ∧ (1 − N g̃2 ) ∧ (1 − N g̃1 )

4.2 Process of MFGS
First, given current cursor position as a fuzzy point c̃, the system selects the
nearest grid point gi from each grid system Gi , and obtains n + 1 snapping
candidates, which are gi (i = 1, . . . , n) and c. Note that c itself is a snapping
candidate that stands for no-snapping.
Second, the system replaces each snapping candidate gi with a conical fuzzy
point g̃i = gi , rgi , where rgi is set to rGi (i.e., the fuzziness of the grid Gi ).
Third, the system evaluates the necessity of the fuzzy proposition “g̃i is in c̃”
by


rc − gi − c
N g̃i =
∨ 0.
(5)
rc + rgi
Fourth, the system calculates the grades µ(g̃i )(i = 1, . . . , n) and µ(c̃) by applying the fuzzy logical operations given as four fuzzy rules shown in Table 1.
In this table, the symbol ∧ is the min operator that stands for logical And, and
(1 − N g̃i ) stands for negation of N g̃i . Thus, the combination of the four fuzzy
rules implies that the system will try to snap the fuzzy point c̃ to the lowest
resolution candidate as long as its corresponding necessity is high, which, in the
end, realizes the strategy of the above-mentioned MFGS, as discussed in Refs. 11)
and 13).
Finally, the system ﬁnds the candidate that has the largest grade µ and snaps
the fuzzy point c̃ to that candidate.
4.3 Snapping Characteristics of MFGS
In order to demonstrate how the process of MFGS described in Section 4.2
works, let us consider the three-layered multi-resolution grid system shown in
Fig. 5, where the exact position of c is (5.6, 2.6) and the grid is set as (SG1 , rG1 ) =
(1.00, 0.50), (SG2 , rG2 ) = (4.00, 2.00), (SG3 , rG3 ) = (16.00, 8.00). Then, let us set
c 2009 Information Processing Society of Japan


909

Snapping of Fuzzy Objects Using the MFGS Technique

Fig. 6 Linear fuzzy model.

5. Proposal of Application of MFGS to Fuzzy Objects
(a) In the case rc = 3.00.

(b) In the case rc = 9.00.

Fig. 5 Relationships between fuzzy point c̃ and its snapping candidates g̃i (i = 1, 2, 3) in the
three-layered multi-resolution grid system.

the fuzziness rc to two diﬀerent values: 3.00, as shown in Fig. 5 (a), and 9.00,
as shown in Fig. 5 (b). In both cases (a) and (b), MFGS obtains four snapping
candidates: g1 = (6.0, 3.0), g2 = (4.0, 4.0), g3 = (0.0, 0.0), and c. Then, MFGS
replaces these candidates with conical fuzzy points: g̃1 = g1 , rg1  = g1 , rG1  =
(6.0, 3.0), 0.50, g̃2 = g2 , rg2  = g2 , rG2  = (4.0, 4.0), 2.00, g̃3 = g3 , rg3  =
g3 , rG3  = (0.0, 0.0), 8.00 and c̃. In the succeeding stages, MFGS produces
diﬀerent results depending on the value of rc .
In the case of Fig. 5 (a), where rc has a relatively small value of 3.00, the
necessity values deﬁned by Eq. (5) are calculated as N g̃1 = 0.70, N g̃2 = 0.17, and
N g̃3 = 0.00. Then, the grades deﬁned in Table 1 are calculated as µ(g̃3 ) = 0.00,
µ(g̃2 ) = 0.17, µ(g̃1 ) = 0.70, and µ(c̃) = 0.30. Therefore, c̃ is snapped to g1 ,
which is the candidate obtained from the high-resolution grid G1 .
On the other hand, in the case shown in Fig. 5 (b), where rc has a relatively
large value 9.00, the necessity values are calculated as N g̃1 = 0.89, N g̃2 = 0.62,
and N g̃3 = 0.17. Then, the grades are calculated as µ(g̃3 ) = 0.17, µ(g̃2 ) = 0.62,
µ(g̃1 ) = 0.38, and µ(c̃) = 0.11. Therefore, c̃ is snapped to g2 , which is the
candidate obtained from the lower resolution grid G2 .
In the manner described above, the greater the fuzziness of the fuzzy point c̃,
the lower the resolution of the snapping grid that MFGS tends to select.
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In this section, we propose a method to apply MFGS to fuzzy objects that are
identiﬁed by FSCI.
In general, snapping of an ordinary (non-fuzzy) object while preserving its
shape is performed by a similar transformation, which is determined by the displacement of a pair of feature points on the object. Therefore, MFGS of a fuzzy
object can be realized by extracting a pair of feature fuzzy points from the fuzzy
object and determining a similar transformation from the results of MFGS of the
feature fuzzy points. In the present paper, we will discuss how to apply MFGS
to two classes of fuzzy objects, which are the linear fuzzy model (for L) and the
circular fuzzy model (for C and CA)1 .
5.1 Extraction of Fuzzy Feature Points from Linear Fuzzy Model
The linear fuzzy model, which has been proposed in Refs. 1), 2) 2 , is expressed as
b̃(t) = (1 − t)ã0 + tã1 ,

(6)

and it is illustrated as shown in Fig. 6. Note that this model is a particular case
of Equation (4), where the conical fuzzy control points ã0 and ã1 inherit the end
points of the fuzzy spline curve so that the model approximates the fuzzy spline
curve. For this linear fuzzy model, we will naturally choose the conical fuzzy
points ã0 and ã1 , which are the end points of the model, as the pair of feature
1 The proposed method can be applied to other fuzzy objects, including the elliptic fuzzy
model (for E and EA). Nevertheless, these complex curve classes of fuzzy objects require
additional snapping functions besides the similar transformation such as aspect ratio snapping for the elliptic fuzzy model. Therefore, we will leave MFGS of complex curves for
future study.
2 Referred to as the Linear Reference Model in Refs. 1), 2).
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Fig. 7 Circular fuzzy model.

points.
5.2 Extraction of Fuzzy Feature Points from Circular Fuzzy Model
The circular fuzzy model is obtained as an R-model, which was proposed in
Ref. 18). This R-model is expressed as
P0 (t)b̃0 + P1 (t)(1 + w)f̃ + P2 (t)b̃2
b̃(t) =
,
(7)
P0 (t) + P1 (t)(1 + w) + P2 (t)
and it is illustrated as shown in Fig. 7, where w is a real value between 0 and 1,
P0 (t), P1 (t), and P2 (t) are deﬁned as
1
P0 (t) = B02 (t) − B12 (t),
(8)
2
2
P1 (t) = B1 (t),
(9)
1
(10)
P2 (t) = B22 (t) − B12 (t),
2
and Bi2 (t) are the Bernstein polynomials of the 2nd order. Note that this Rmodel is another case of Eq. (4), where the conical fuzzy control points b̃0 , b̃2 ,
and f̃ are selected from the fuzzy points on the fuzzy spline curve, so that the
model approximates the fuzzy spline curve 1 .
1 For a detailed discussion on the R-model, refer to Ref. 18).
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Although other options may exist, for the purpose of the present paper, we
will choose the fuzzy start point and the fuzzy center point as the pair of feature
points for the circular fuzzy model. For the fuzzy start point, we can simply use
the conical fuzzy point b̃0 . The fuzzy center point of the circle can be calculated
as
b̃0 + b̃2 − 2wf̃
,
(11)
õ =
2(1 − w)
based on the properties of the rational Bézier curves. Note that õ is also a
conical fuzzy point, as it is expressed as a barycentric combination of b̃0 , b̃2 , and
f̃ .
5.3 Snapping of Fuzzy Objects
Given a pair of fuzzy feature points, the similar transformation, which snaps
fuzzy objects, is determined. For both the linear and circular fuzzy models,
the feature point pairs are extracted as conical fuzzy points (ã0 and ã1 for the
linear fuzzy model, and b̃0 and õ for the circular fuzzy model), and we can
thus apply MFGS to each of them in order to snap them to a suitable grid level
according to their fuzziness. Once the displacements of the feature points are
decided by MFGS, we can determine the similar transformation, which matches
the displacement. Now, applying transformation to the conical fuzzy control
points (ã0 and ã1 for the linear fuzzy model, and b̃0 , b̃2 , and f̃ for the circular
fuzzy model), the snapping of the fuzzy object is realized.
6. Examples of MFGS of Fuzzy Objects
In order to demonstrate how MFGS works with fuzzy objects, we implemented
the method proposed in the previous section into the sketch-based CAD system
that has been proposed in Ref. 4). The following examples show the eﬀectiveness
of MFGS of fuzzy objects, comparing it with the conventional Single-resolution
Grid Snapping, or SGS.
6.1 Eﬀect of MFGS on Linear Fuzzy Models
Figure 8 (b) shows four linear fuzzy objects that were identiﬁed by the FSCI
from the drawn stroke shown in Fig. 8 (a). Figure 8 (c) shows the snapping results
obtained by SGS, while Fig. 8 (d) shows the snapping results obtained by MFGS.
As shown in Fig. 8 (c), with SGS, the line [c, d], despite being coarse, is slightly
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(a) Drawn stroke.

(b) Linear fuzzy models identiﬁed from the
strokes.

(a) Drawn strokes.

(c) Linear fuzzy models snapped by SGS.

(b) Circular fuzzy models identiﬁed from
the strokes.

(d) Linear fuzzy models snapped by MFGS.

Fig. 8 Comparison of SGS and MFGS in the case of linear fuzzy model snapping.

misaligned when the grid resolution is high. However, this problem cannot be
solved by lowering the grid resolution, as the ﬁne line [a, b] becomes badly misaligned with such low grid resolutions.
On the other hand, as shown in Fig. 8 (d), MFGS solves this problem by snapping each line to the appropriate grid level according to the fuzziness of its corresponding linear fuzzy model. The end points of the ﬁne line [a, b] are snapped
to the highest resolution grid because they have small fuzziness, and the end
points of the coarse line [c, d] are snapped to the lowest resolution grid because
they have large fuzziness. Furthermore, if we look at the lines [a, c] and [b, d] in
Fig. 8 (d), we can see that two end points of the same line are snapped to grids of
high- and low-resolution, separately, as they have diﬀerent degrees of fuzziness.
6.2 Eﬀect of MFGS on Circular Fuzzy Objects
Figure 9 (b) shows three circular fuzzy objects that were identiﬁed by FSCI
from the drawn strokes shown in Fig. 9 (a). Figure 9 (c) and Fig. 9 (d) show the
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(c) Circular fuzzy models snapped by SGS. (d) Circular fuzzy models snapped by
MFGS.
Fig. 9 Comparison of SGS and MFGS in the case of circular fuzzy model snapping.

snapping results obtained by SGS and MFGS, respectively.
In the case of SGS shown Fig. 9 (c), the big circular arc A is slightly misaligned
despite being coarse. In addition, the small circular arc C is transformed excessively. This is because the start and center points of C are forced to be snapped
to their nearest grid points respectively, even though C is too ﬁne to be snapped
to a grid of such resolution.
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On the other hand, as shown in Fig. 9 (d), MFGS solves problems by snapping
each circular arc to the appropriate grid level according to the fuzziness of the
circular fuzzy models. The start and center points of the coarse circular arc
A are snapped to the middle-resolution grid because they have relatively large
fuzziness, while those of the ﬁner circular arc B are snapped to the high-resolution
grid because they have relatively small fuzziness. We can also see that the start
and center points of the ﬁnest circular arc C are not snapped to any grid, i.e.,
the no-snapping condition, because they have very small fuzziness. In this way,
the feature of MFGS that accepts even the no-snapping condition can free ﬁne
objects from forced snapping that may cause excessive transformation.
6.3 Eﬀect of MFGS on Practical Drawing
Figure 10 (a) shows all of the input strokes 1 for drawing a vehicle, and
Fig. 10 (b) and (c) show fuzzy spline curves and identiﬁed fuzzy objects generated by the FSCI in the identiﬁcation stage of the sketch-based CAD system.
Note that, as can be expected from the fuzziness of the fuzzy points shown in
Fig. 10 (b), the body of the vehicle was drawn in a relatively rough manner, but
the windows and the tires were drawn in a relatively careful manner. Thus, the
body was identiﬁed as a relatively coarse fuzzy object, but the windows and the
tires were identiﬁed as relatively ﬁne fuzzy objects, as shown in Fig. 10 (c).
Figure 10 (d) and (e) show the results of SGS with two diﬀerent grid resolution
settings. Figure 10 (d) shows that SGS with the low-resolution setting results
in fatal distortion of ﬁner parts, while Fig. 10 (e) shows that SGS with the highresolution setting results in a slight misalignment of coarser parts.
On the other hand, Fig. 10 (f) shows that MFGS with two-layered multiresolution grid system snaps all objects in a proper manner. This is the eﬀect of
MFGS. MFGS tends to snap coarser parts (which are drawn in a rough manner)
to lower resolution grids while it tends to snap ﬁner parts (which are drawn in a
careful manner) to higher resolution grids.

(a) Drawn strokes.

(c) Identiﬁed fuzzy objects.

(e) Objects snapped by SGS (with
high-resolution setting).
1 Several strokes are overlapped each other. This is because the sketch-based CAD system
in Ref. 4) allows users to draw overlapping strokes to modify identiﬁed results.
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(b) Fuzzy spline curves.

(d) Objects snapped by SGS (with
low-resolution setting).

(f) Objects snapped by MFGS.

Fig. 10 Comparison of eﬀects of SGS and MFGS on practical drawing.
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(a) Target ﬁgure composed of eight objects. (b) Typical problem while drawing with
SGS.
Fig. 11 Target ﬁgure for the experimental evaluation and typical problem with SGS.

7. Experimental Evaluation
In order to evaluate the eﬃciency of MFGS, we compared MFGS to SGS by
measuring the amount of time required to complete the target ﬁgure shown in
Fig. 11 (a) using the sketch-based CAD system.
In the target ﬁgure, we arranged eight objects (six lines, one circular arc,
and one circle) of various sizes on the three-layered multi-resolution grid
system that was set as (SG1 , rG1 ) = (20 [pixels], 6 [pixels]), (SG2 , rG2 ) =
(80 [pixels], 24 [pixels]), and (SG3 , rG3 ) = (240 [pixels], 72 [pixels]), where the resolution of the tablet display used for the experiment was 3.6 [pixels/mm].
For MFGS, the three-layered multi-resolution grid system was provided. For
SGS, on the other hand, the stride was set to SG1 , which is the stride of the
highest resolution grid of MFGS. This is because this high resolution is inevitably
required to complete the target ﬁgure that includes a small circle and small lines
aligned on the highest-resolution grid. Although the SGS works only with a
single-resolution grid system, the multi-resolution grid system was displayed on
the tablet even with SGS in order to equalize the visual conditions for SGS and
MFGS.
In this experiment, we measured the task achievement time by ten diﬀerent
users. Before the experiment, we allowed the users to practice ﬁgure drawing
until they became accustomed to the task, and each user practiced for no more
than 5 minutes. The users then sketched the same target ﬁgure ten times, ﬁrst
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Fig. 12 Average time required to complete the target ﬁgure.

with MFGS and then with SGS. All users ﬁnished the requested tasks within
15 minutes. The average time taken to complete the target ﬁgure with MFGS
and SGS is summarized in Fig. 12. These results show that using MFGS enables
faster completion of the drawing task for most of the users. Application of the
paired t-test conﬁrms that the diﬀerence between the drawing times using MFGS
and SGS is signiﬁcant at the 0.1% level.
During the experiment, we observed that the users encountered diﬃculties with
SGS in aligning large objects such as the circular arc shown in Fig. 11 (b). This
is because it was diﬃcult for the users to sketch large objects with the high
positional precision entailed by such a high-resolution grid. On the other hand,
with MFGS, the users were able to snap large objects to the lower resolution grid
by drawing the objects as coarse objects using a relatively rough drawing manner
that is size-natural.
After the experiment, the following helpful suggestions were reported by some
of the users.
• Clear system feedback with which the user can distinguish high-resolution
snapping from no-snapping would be helpful because a momentary pause
was required in order to conﬁrm whether each object was snapped.
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• Minor tuning of the characteristics of MFGS according to the drawing manner
of the individual user would further improve the eﬃciency of MFGS.
8. Conclusions
We showed that snapping of curve objects in a multi-resolution grid system
is essentially needed in sketch-based CAD systems due to a dilemma related to
the grid resolution setting. We proposed a fuzzy method that realizes multiresolution grid snapping of fuzzy curve objects based on MFGS, which snaps
coarse parts of fuzzy objects from a rough drawing manner to low-resolution grids
and ﬁne parts of fuzzy objects from a careful drawing manner to high-resolution
grids. Experimental results showed that users of the sketch-based CAD system
equipped with the fuzzy object snapping by MFGS could eﬃciently complete
drawings, aligning drawn objects with proper resolution of grids by changing the
roughness of the drawing manner.
Although seven classes of curves are used in the sketch-based CAD system,
we have herein discussed only three of these classes: line, circle, and circular
arc. This is because these three curves can be snapped using only the similar
transformation, while snapping of more complex curve classes requires additional
snapping functions, such as aspect ratio snapping for the elliptic fuzzy model.
We are currently developing methods to apply the essential mechanism of MFGS
to additional snapping functions in order to complete MFGS of the seven classes
of curves.
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