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SemiCCA: Eﬃcient semi-supervised learning of
canonical correlations
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Abstract: Canonical correlation analysis (CCA) is a powerful tool for analyzing multi-dimensional paired
data. However, CCA tends to perform poorly when the number of paired samples is limited, which is often the case in practice. To cope with this problem, we propose a semi-supervised variant of CCA named
SemiCCA that allows us to incorporate additional unpaired samples for mitigating overfittng. The main
contribution of the proposed method against previously proposed methods is its eﬃciency and intuitive operation: it smoothly bridges the generalized eigenvalue problems of CCA and principal component analysis
(PCA), and thus its solution can be computed eﬃciently just by solving a single eigenvalue problem as the
original CCA.
Keywords: Canonical correlation analysis, semi-supervised learning, generalized eigenproblem, principal
component analysis, multi-label prediction

1.

Introduction

The goal of dimensionality reduction is to obtain a lowdimensional representation of high-dimensional data samples, while preserving most of the intrinsic information contained in the original data. If dimensionality reduction is
carried out appropriately, the compact representation of the
data can be used for various tasks, such as visualization,
noise reduction and classification.
Analyzing high-dimensional co-occurring data (x, y) is an
important challenge in machine learning and pattern recognition communities, e.g., in the context of multi-view learning [1], automatic annotation of music, image and video
[2], [3], [4], and sensor data mining [5], [6], [7], [8]. Canonical
correlation analysis (CCA) [9] is a classical but still powerful
tool for analyzing multivariate paired samples. CCA finds
projection bases wx and wy so that correlation between pro⊤
jected samples w⊤
x x and w y y is maximized. However, the
performance of CCA tends to be degraded when the number
of paired samples (x, y) is limited, while a large number of
additional unpaired samples (i.e., x-only samples and y-only
samples) are often available a lot in real-world applications.
For example, in the case of automatic image annotation,
collecting many labeled images (= paired samples (x, y)) is
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often hard, while unlabeled images (= unpaired samples x)
can be easily obtained a lot. In the case of sensor data mining, data tends to be lost due to faulty devices and unstable
transmissions, which produces a lot of unpaired samples.
To utilize such additional unpaired samples, Blaschko et
al. [10] proposed a semi-supervised extension of kernelized
CCA [11], [12] by the use of Laplacian regularization. This
method enables us to find highly correlated directions that
are also located on high variance directions along the data
manifold. However, it is specialized to kernelized CCA, and
deriving semi-supervised variants of the standard (linear)
CCA is not necessarily obvious.
This paper proposes quite a simple method to extend linear CCA to semi-supervised one, that we call SemiCCA.
The proposed method SemiCCA utilizes additional unpaired
samples by smoothly bridging CCA and principal component analysis (PCA). More specifically, the generalized
eigenvalue problems of CCA and PCA are combined using
a trade-oﬀ parameter. Thus the solution of SemiCCA can
still be obtained just by solving the combined eigenvalue
problem, which is the same computational complexity as
the original CCA.

2.

Reviewing CCA

Consider a set of paired samples of size N , X P =
(x1 , x2 , . . . , xN ) and YP = (y 1 , y 2 , . . . , y N ), where each
sample is a real-valued vector with dimension Dx and Dy .
Without loss of generality, we assume that X P and Y P are
both centered, that can always be achieved by subtracting
the sample means from each sample. CCA is a method of
finding a pair (wx , wy ) ∈ RDx × RDy of basis vectors for
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a given set (X P , Y P ) of paired samples so that their normalized correlation is maximized as follows:
ρ(X P , Y P )
=
=

max

(wx ,wy )∈RDx ×RDy

max

(wx ,wy )∈∈RDx ×RDy

⟨

⊤
X⊤
P wx , Y P wy

X⊤
P wx

F

⟩

· Y⊤
P wy

F

w⊤
x S P xy w y
√
,
√
⊤
wx S P xx wx w⊤
y S P yy w y

where ⟨x, y⟩ is the inner product of vectors x and y, ∥X∥F
is the Frobenius norm of a matrix X, X ⊤ is a transpose of
a matrix X, S P xx , S P yy and S P xy are sample covariance
matrices of paired samples
S P xx = X P X ⊤
P /N,

S P yy = Y P Y ⊤
P /N,

S P xy = X P Y ⊤
P /N.
The maximum of the function ρ(X P , Y P ) is not aﬀected
by re-scaling wx and wy either together or independently.
Therefore, the maximization of ρ(X P , Y P ) is equivalent to
the maximizing the numerator w⊤
x S P xy w y of ρ(X P , Y P )
subject to
⊤
w⊤
x S P xx w x = w y S P yy w y = 1.

Taking derivatives of the corresponding Lagrangian with respect to wx and wy , we obtain
S P xy wy − λS P xx wx = 0,
S⊤
P xy w x − λS P yy w y = 0.
Therefore, the solution (wx , wy ) is given as the solution of
the following generalized eigenvalue problem:
)( )
(
(
)( )
wx
S P xx
0
0
S P xy
wx
= λ
.
0
w
0
S
S⊤
wy
y
P yy
P xy

Fig. 1

Eﬀects of unpaired samples in SemiCCA

can be also applied to any types of co-occurring real-valued
sample pairs, where several pairs are forced to be unpaired.
Let us explain the idea of SemiCCA using an illustrative
two-dimensional data set depicted in Fig. 1, where paired
(resp. unpaired) samples are plotted with white (resp. red
and blue). When only the paired samples (X P , Y P ) are
used, poor projection bases may be obtained by CCA due
to overfittng, as shown at the black arrows in Fig. 1. In
contrast, unpaired samples
X U = (xN +1 , xN +2 , . . . , xNx )
= (xU,1 , xU,2 , . . . , xU,Nx −N ),
Y U = (y N +1 , y N +2 , . . . , y Nx )
= (y U,1 , y U,2 , . . . , y U,Ny −N )

(1)
Picking up the top Dz (should be Dz ≤ min(Dx , Dy ))
generalized eigenvectors as row vectors, we can obtain Dz dimensional mappings W x and W y .

3.

Proposed method: SemiCCA

3.1 Semi-supervised Setup
As described in the previous section, CCA is only feasible
to paired samples. CCA cannot directly deal with unpaired
samples. Meanwhile, if only a small number of paired samples are available, CCA tends to overfit them. The main
objective of the proposed method SemiCCA is to give a
new insight that can overcome this weakness.
CCA can be regarded as a method for supervised dimensionality reduction under the task of multi-label prediction,
where a companion y of a pair is expressed by a binary
class vector y ∈ {0, 1}Dy . In this set up, SemiCCA is to extend CCA as a supervised method to a semi-supervised one.
Namely, preserving the global structure of all the samples
in an unsupervised manner can be better than only relying
too much on information provided by a small number of labeled samples to avoid overfitting. Not only that, SemiCCA

c 2012 Information Processing Society of Japan
⃝

can be used for revealing the global structure in each domain, as shown at the colored arrows in Fig. 1. Note once
a basis in one sample space is rectified, the corresponding
bases in the other sample space is also rectified so that correlations between two bases are maximized (cf. the dotted
arrows in Fig. 1).
3.2 Algorithm
Motivated by the above illustration, we develop a novel
method for eﬀectively incorporating unpaired samples into
the original CCA. The proposed method, SemiCCA, combines CCA with only the paired samples and principal component analysis (PCA) with all the samples including paired
and unpaired samples. More specifically, we integrate the
eigenvalue problems of CCA and PCA since this allows us
to compute the combined solution eﬃciently. The solution
of SemiCCA is given by the leading generalized eigenvectors
of the following generalized eigenvalue problem:
( )
( )
wx
wx
C
= λC
,
(2)
wy
wy
where
2
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(
C=β

0

S⊤
P xy
(
S P xx
C=β
0

)

(

S xx
+ (1 − β)
0
)
(
0
I Dx
+ (1 − β)
S P yy
0

S P xy
0

0
S yy
0

)
,
)

I Dy

,

Sxx and Syy are sample covariance matrices of all the pairs
(
/
⊤
S xx = X P X ⊤
P + X U X U ) Nx ,
(
/
⊤
S yy = Y P Y ⊤
P + Y U Y U ) Ny ,
and β is a constant named a trade-oﬀ parameter taking
a value in [0, 1]. The parameter β controls the trade-oﬀ
between CCA and PCA. Namely, when β = 1, Eq. (2)
is reduced to the CCA eigenvalue problem Eq. (1), while
when β = 0 Eq. (2) is reduced to the PCA eigenvalue
problem, under the assumption that X = (X P , X U ) and
Y = (Y P , Y U ) are uncorrelated. In general, SemiCCA
with a trade-oﬀ parameter 0 < β < 1 inherits the properties
of both CCA and PCA so that the global structure in each
domain and the co-occurrence information of paired samples
are smoothly controlled.
One may use diﬀerent trade-oﬀ parameters in C and C
to increase the flexibility. However, this in turn makes the
trade-oﬀ parameter choice laborious. For this reason, we
focus on using the single shared trade-oﬀ parameter β for
both C and C, as the first step.
3.3 Some extensions
We have focused on the case where two sets of samples are
given so far. However, the proposed method SemiCCA can
be easily extended to multiple data sets by considering correlations over all pairs of samples [13]. For example, we can
formulate SemiCCA for a triad (X, Y , Z) of sample sets, as
follows:
 
 
wx
wx
 
 
C wy  = λC wy  ,
wz
wz
where




S (P )xz


S (P )yz 
C = β S ⊤
(P )xy
0
S⊤
(P )xz

S xx
0

+ (1 − β)  0
S yy
0
0


S (P )xx
0
0


C =β 0
S (P )yy
0 
0
0
S (P )zz

I Dx
0

+ (1 − β)  0
I Dy
0
0
0

S (P )xy
0
S⊤
(P )yz

S xy = X(D − W )X ⊤ = XLX ⊤ ,
where W is a matrix so that all the elements are 1, D
is a diagonal matrix so that the n-th diagonal element is
∑N
Dn,n =
m=1 Wn,m , and L is called a graph Laplacian
matrix L = D − W . In the same way, the identity matrix
can be expressed with the following pairwise form:
I Dx = X(X ⊤ X)† X ⊤ ,
where X † denotes the Moore-Penrose generalized inverse of
a matrix X. Therefore, we can express the eigenvalue problem (Eq. (2)) solved in SemiCCA as
(

X
Y

)

(

X
L
Y

)⊤ (

wx
wy

)

(

X
= λ
Y

)

( )⊤ ( )
X
wx
L
,
Y
wy
(3)

where
(
L=β
(
L=

0
L⊤
(P )xy

L(P )xx
0

)
(
)
L(P )xy
Lxx
0
+ (1 − β)
,
0
0
Lyy
)
)
(
0
0
(X ⊤ X)†
.
+ (1 − β)
0
(Y ⊤ Y )†
L(P )yy

Here, we introduce the following expressions with appropriate vectors αX , αY ∈ RN as follows:
(

X
Y

)⊤ (

wx
wy

)

(
=

X
Y

)⊤ (

Xαx
Y αy

)

(
=

K x αx
K y αy

)

N
where K x = {Kx(i,j) }N
i,j=1 and K y = {Ky(i,j) }i,j=1 are
N × N matrices with

Kx(i,j) = x⊤
i xj ,

Ky(i,j) = y ⊤
i yj .

Then, multiplying Eq. (3) by (X ⊤ , Y ⊤ ) from the left-hand
side yields
(

0

0 ,
S zz


0

0 .
I Dz

Of cource, the above discussion can be applied to more than
3 sample set in the same way.
We can also obtain a kernelized variant of SemiCCA by
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using the standard kernel trick and the technique of pairwise
expression [14]. A covariance matrix S xy can be converted
to the following pairwise expression (see [14] for details):

Kx
Ky

)

(

Kx
L
Ky

)⊤ (

αx
αy

)

(

Kx
= λ
Ky

)

(

Kx
L
Ky

)⊤ (

αx
αy

)
.

The above equation implies that the samples appear
only via their inner products, which means that K x =
N
{Kx(i,j) }N
i,j=1 and K y = {Ky(i,j) }i,j=1 can be replaced
by Gram matrices, each of whose component can be decomposed with a pair (ϕx , ϕy ) of functions as
Kx(i,j) = Kx (xi , xj ) = ϕx (xi )⊤ ϕx (xj ),
Ky(i,j) = Ky (y i , y j ) = ϕy (y i )⊤ ϕy (y j ).
The kernelized version of SemiCCA can be integrated into
the work by Blaschko et al [10] with the introduction of
Laplacian regularization to inhibit overfitting.
3
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Fig. 2

How to generate artificial data
Fig. 3

4.

Fundamental evaluations

We first evaluated the performance of the proposed
method using the artificial data set created as follows: Consider a simple Gaussian latent model, where the latent
random variable (corresponding to a canonical variable in
the framework of CCA) is denoted by Z and the observable random variables are X and Y . We drew samples
z
{z i }N
i=1 from a standard normal distribution independently,
z i ∼ N (0, I Dz ), where Dz = 10 is the dimension of the
random variable Z. The number Nz of samples was set to
Nz = 10000. The means and covariance matrices of the
conditional (Gaussian) densities p(X|Z) and p(Y |Z) were
determined randomly. More specifically, we randomly generated each component of transformation matrices T x and
T y and means x and y from N (0, 1). Then complete paired
z
samples {(xi , y i )}N
i=1 were created as
xi = T x z i + x + δ x,i ,

δ x,i ∼ N (0, ΣX|Z ),

y i = T y z i + y + δ y,i ,

δ y,i ∼ N (0, ΣY |Z ),

where each component of ΣX|Z and ΣY |Z was generated
from the folded standard normal distribution. The dimensions of the samples were set to Dx = 15 and Dy = 20.
z
Then, we removed several samples from {y i }N
i=1 to artificially generate unpaired samples, as depicted in Fig. 2.
Here, we used the following linear discriminant function f (·)
to remove samples:
f (y) =

dy
∑

ad (yd − y d ) − θ,

(4)

d=1

where a = (a1 , . . . , ady )⊤ is a coeﬃcient vector satisfying
∥a∥ = 1, and θ is a threshold value such that the larger θ is,
the more samples are removed. A sample (xi , y i ) was kept
paired if f (y i ) > 0, and y i was removed otherwise.
We compare the proposed SemiCCA with the standard
CCA. We evaluated the performance of (Semi)CCA by the
weighted sum of cosine distances defined as follows:
r
∑
i=1

Average evaluation score for artificial data

λ∗i

∗
w⊤
x,i w x,i
,
∥wx,i ∥ · ∥w∗x,i ∥
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Fig. 4

Fig. 5

Average trade-oﬀ parameter taking the highest score

Histogram of trade-oﬀ parameters taking the highest
score.

where w∗x,i and λ∗i are the “true” eigenvectors and eigenvalues. We took an oracle setting for selecting the trade-oﬀ
parameter β. Namely, we adopted the trade-oﬀ parameter
β marking the highest score for each trial.
Fig. 3 shows the evaluation scores averaged over 10000
independent trials for several discrimination thresholds θ,
and also shows the average number of paired samples for
each discrimination threshold. The results indicate that
SemiCCA outperforms the standard CCA; it is note worthy that even when the number of unpaired samples is not
so large, SemiCCA performs better than the original CCA.
Fig. 4 shows the trade-oﬀ parameter taking the highest
score averaged over all the trials, and Fig. 5 depicts the
4
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histogram of the best trade-oﬀ parameters. The results imply that the best trade-oﬀ parameters have a concave profile
with respect to the number of paired samples. Since standard errors of the best trade-oﬀ parameters were relatively
small, we expect to obtain similar results not only for oracle
settings but also for cross validation scenarios. The results
also indicate that the best trade-oﬀ parameters were usually
close to 1, i.e., the eﬀect of PCA is only mildly incorporated.
Nevertheless, the performance is much improved, as shown
in Fig. 3.

5.

[15], we set µ = 0.99 and γ = 1.0.
Once the model estimation has been finished, we can execute annotation within the same framework through maximum a posteriori (MAP) estimation. More specifically, the
b of the most probable text label w
b can be detext feature y
rived by using a feature x(g) extracted from a given audio
g (g) , as follows:
b = argmax p(y|x(g) )
y
y∈[0,1]Dy

= argmax

Applications to multi-label prediction

5.1 Method
We applied the proposed method SemiCCA to multi-label
prediction, and evaluated its performance with automatic
audio annotation. The baseline was proposed by Nakayama
et al [15] and Harada et al [16], which is based on a simple
latent model with the same structure as probabilistic Latent
Semantic Analysis (pLSA) [17], [18].
x
Feature vectors were extracted from audios G = {g n }N
n=1
N
and associated text labels W = {wn }n=1 , where N is the
number of labeled samples and Nx is the total number of
samples including labeled and unlabeled samples (should be
N ≤ Nx and in most cases N ≪ Nx ). Each text label
wn was composed of text words selected from a word set
given in advance. We utilized Bag of Features (BoF) with
x
dimension Dx = 1024 as audio features X = {xn }N
n=1 . We
N
adopted word existence vectors Y = {y n }n=1 as text features, where each element represents an existence or absence
of a specific word and thus the dimension Dy of text features
was equal to the number of classes.
Next, a latent model was estimated from feature vectors
(X, Y ) with the help of (Semi)CCA. The first step was to
x
generate latent variables Z = {z n }N
n=1 with (Semi)CCA.
Dx
→ RDz was derived
More specifically, a function fx : R
from (X, Y ) as training samples with SemiCCA, and latent
variables Z are generated from (X, Y ) with fx . The dimension Dz of latent variables was experimentally determined.
We set the function fx as fx (x) = Λ1/2 W x x. The second
step was to set up a latent model. The latent model was
described by the following equations:
Nx
1 ∑
p(x|z n )p(y|z n ),
Nx n=1
(
)
∥fx (x) − z n ∥
p(x|z n ) ∝ exp −
,
2γ 2

p(x, y) =

p(y|z n ) =

dy
∏

p(yd |z n ),

d=1

p(yd = 1|z n ) = µδ(1 − yn,d ) + (1 − µ)Nd /N,
p(yd = 0|z n ) = 1 − p(yd = 1|z n ),
where yn,d is the d-th element of y n , Nd is the number of
samples containing the d-th word in labeled samples, µ is a
parameter representing how reliable a given label is, δ is the
Kronecker delta, an operator ∝ stands for proportion, and
γ is a positive constant. According to the preceding study
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y∈[0,1]Dy

∑Nx

p(x(g) |z n )p(y|z n )
.
∑ Nx
(g) |z )
n
n=1 p(x

n=1

Since a conditional density p(y|z n ) for a text feature y is
modeled as an element-wise independent distribution
p(y|z n ) =

Dy
∏

p(yd |z n ),

d=1

the annotation problem can be rewritten to the following
simple form:
∑ Nx
ybd =

n=1

p(x(g) |z n )p(yd = 1|z n )
.
∑ Nx
(g) |z )
n
n=1 p(x

When ybd exceeds a pre-defined threshold θd , the text word
of index d is provided to the given image g (g) .
5.2 Automatic audio annotation
For experiments of automatic audio annotation, we use
the data collected from a audio sharing service called
Freesound *1 , which consists of various audio files annotated
with word tags such as ”people”, ”noisy”, and ”restaurant”.
The goal is to predict the existence of each tag for a new
audio clip. We downloaded 2012 audio clips from among
all files containing any of pre-defined 230 text labels, 3-60
seconds in length and with a sampling rate 44.1kHz. We
then randomly selected 1000 clips as labeled training samples, 912 clips as unlabeled training samples and the rest
(= 100 samples) as samples for evaluation. As a fundamental feature comprising a BoF, Mel-frequency Cepstral
Coeﬃcients (MFCCs), the first and second instantaneous
derivatives (∆- and ∆∆-MFCC) were used for audio frame
features. We adopted the precision rate and recall rate as
the evaluation measures.
Fig. 6 shows the experimental results, where the horizontal axis stands for the recall rate, and the vertical axis
represents the precision rate. We compared the proposed
method SemiCCA utilizing both labeled and unlabeled samples with the standard CCA utilizing only labeled samples
and the standard CCA in the case that all the unlabeled
samples would have been labeled *2 Fig. 6 indicates that
latent space extraction based on SemiCCA was eﬀective for
automatic audio annotation.
*1
*2

http://www.freesound.org
All the audio clips in the dataset used in this experiment have
text labels, and a part of them were considered as unlabeled to
build a semi-supervised setup.
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Fig. 6

Precision-recall curve for automatic audio annotation with
Freesound dataset.
[15]

6.

Concluding Remarks

In this paper, we proposed a semi-supervised extension of
CCA that we call SemiCCA. Our formulation is quite simple and also intuitively understandable. Namely, SemiCCA
smoothly bridges CCA with paired samples and PCA with
paired and unpaired samples by a trade-oﬀ parameter. We
evaluated its experimental performance, and revealed the
eﬀectiveness of SemiCCA against the original CCA.
In our future work, we will clarify some relationships between the proposed method SemiCCA and Bayesian modeling [19], [20], [21], and apply SemiCCA to other challenging real-world problems such as multi-modal event correlation analysis for audio-video synchronization, audio-visual
speech recognition and sensor data mining.
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