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Recently, the geometric relation between a human eye and its image has been
formalized to analyze environmental light reflections in the cornea. Proceeding
with these efforts, our study proposes a theory of the light transport at the
corneal surface including multiple eye poses, develops novel applications, and
performs comprehensive experimental evaluation. Based on anthropometric
data, a spherical-curvature geometric eye model is developed, and subsequently
applied to discuss methods for eye pose estimation from projected circular eye
features. The combination of camera and corneal mirror acts as a catadioptric imaging system, for which we describe the back projection to reconstruct
the position of a light source, and the forward projection of light from a given
source into the image. The theory has several practical applications in scene
reconstruction and human–computer interaction, where we discuss the geometric calibration of display-camera setups as one particular problem. We propose
a novel approach that eliminates the requirement of special hardware and tedious user interaction by analyzing screen reflections in the cornea. Based on
this setting, thorough experimental evaluation shows that simple scene reconstruction results in a large error. We discuss possible reasons and introduce
an optimization scheme that achieves feasible results by exploiting geometry
constraints within the system. Our study provides sophisticated strategies for
analyzing the geometric relation between camera, eye pose, corneal shape, and
scene structure within arbitrary dynamic environments. The findings and developments enable novel insights, understanding, and applications in the analysis
of human–scene interaction. We believe that this work has implications on
several fields and is an important contribution.

Corneal reflections. (a) The reflected office environment is clearly visible in the eye image. Diffuse iris reflections are superimposed with specular corneal reflections. (b) Focus on the pattern of the iris tissue. (c) View from the side onto the transparent
reflective surface of the cornea. (d) A close view reveals the corneal limbus as the surface shape discontinuity where the transparent cornea dissolves into the white sclera.

1. Introduction
Our eyes are one of the most important sense organs allowing vision and providing us with rich information content about our physical world. They are
important to the exploration, analysis, perception of and interaction with visual
information. Thus, eye movements contribute a key part to the interpreting and
understanding of a person’s wishes, needs, tasks, cognitive processes, affective
states, and interpersonal relations.
Image-based Eye Analysis. Vision-based techniques for eye analysis have
the ability to facilitate remote non-intrusive interfaces. Due to the range of
potential applications, especially eye gaze tracking receives large research interest12),13),22) . It is, however, not the only task in image-based eye analysis: The
unique geometric and photometric properties of the eyes provide important visual
cues for obtaining face-related information, their unique appearance is exploited
in biometrics11),67) and computer graphics33),35) . The cornea is the protective and
optical outer layer of the eye covering the iris. Due to its mirror-like reflection
characteristics, the combination of camera and corneal reflector form a catadioptric imaging system capturing a wide-angle view of the environment47) (Fig. 1).
Calibrating the system by retrieving the pose of the eye enables a variety of
applications for omnidirectional vision.
Relation between Eye and Environment. More important than traditional vision applications, however, are probably applications relating extracted
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correspondences among multiple eye and scene images.
Section 450) describes a novel calibration technique for display-camera setups
that has several benefits compared to other approaches. The following contributions are achieved:
• The idea is introduced, to analyze corneal reflections of computer monitor or
projection screen illumination for reconstructing the pose of the screen.
• To verify the proposed strategy, thorough experimental evaluation is conducted for the basic method, which is found to result in a large error.
• To compensate for this, an optimization framework is introduced that jointly
refines eye poses, reflection rays, and display pose subject to known geometry
constraints in the setup.
• A large number of comprehensive experimental studies with real and synthetic data demonstrates that stable results can be obtained under varying
conditions.
• The findings enable a novel calibration method that does not require special
hardware, explicit user interaction, or awareness.
Additionally, Nitschke48) describes a novel eye gaze tracking technique that
overcomes several limitations of existing techniques. The following contributions
are achieved:
• The method works naturally with arbitrary surface geometries.
• The absence of geometric calibration allows easy setup and dynamic pose
adjustment of system components during runtime.
• The method achieves non-intrusive application, without user awareness, by
not requiring body-attachments and allowing larger tolerances for gaze angles, operation volume, and motion.
• The method introduces a novel strategy for matching feature correspondences
among corneal reflection and scene images based on coded structured light
projection. This strategy comes with a range of benefits, such as absence of
geometric calibration, non-intrusiveness, robustness, high spatial resolution,
and wide field-of-view.
1.2 Relation
1.2.1 Image-based Eye Analysis
Eyes are one of the most salient features of the human face. Thus, their unique

information to the context of the individual (eye). This allows for a combined
analysis of stimulus and response in higher-level tasks, such as the study of human behavior and affect. Two eyes in a single face image act as a catadioptric
stereo system, where the 3D structure of the scene is obtained by triangulation
of correspondences from both cornae47) .
In general, recovering eye poses and matching correspondences for a dynamic
camera and moving eyes, a 3D scene model with camera and eye trajectories
may be obtained. Such simultaneous localization and mapping (SLAM) for the
corneal imaging system can enable unobtrusive interfaces in ubiquitous and ambient environments. Nevertheless, there is a long way towards a practical strategy,
requiring comprehensive knowledge about the geometry between camera, eyes
and scene, and solutions to a range of problems. With this work, we want to
approach this goal and present the first analysis of scene reconstruction from
multiple eye poses.
1.1 Overview and Contribution
Section 2 explains the structures of the eye related to this work, and surveys
studies on eye anatomy and anthropometric variation to introduce a geometric
model of the eye. A detailed derivation is given for the projection of a circle with
arbitrary 3D position and orientation. Based on the imaged contour of circular
eye features, two methods for eye pose estimation are introduced.
Section 3 develops a theory of the light transport at the corneal surface. It
introduces a corneal reflection model to enable inverse light path construction
for light source direction estimation. A closed-form linear least-squares solution
is developed for light source position estimation by triangulating multiple inverse
reflection rays. Nitschke48) further explains a closed-form solution for the inverse
case searching the point on the corneal surface where light from a (partially)
known source reflects into the camera. Moreover, a distance metric between
inverse reflection rays is derived to enable interpolation of assigned information.
The theory is subsequently applied to achieve a range of contributions for
corneal reflection analysis and scene reconstruction from eye images: Two novel
methods are introduced to solve practical problems in display-camera calibration
and eye gaze tracking. Related with these, solutions are proposed for the general
problems of evaluating accuracy in scene reconstruction and matching feature
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eyeball. Only a few methods allow generalization to spheroid or ellipsoid models
which better describe the eye geometry in the periphery of the cornea and may
lead to better accuracy at large gaze angles5),42),47)

geometric and photometric properties provide important visual cues for obtaining
face-related information, for example in face detection, recognition, and expression understanding.
In biomedicine, the corneal surface geometry is usually measured by a nonintrusive optical technique known as videokeratography that analyzes reflected
illumination patterns39) . Another application for specular highlights is eye pose
estimation in gaze tracking22) .
More recently, the cornea is exploited to obtain information about the light
distribution in the environment of a person. Backes et al.2) present an imagebased eavesdropping technique to recover reflected screen content at faraway
locations. Modeling geometric and photometric properties of the eye enables
various applications in computer graphics and vision. Specular highlights are
analyzed for face reconstruction61) or to identify digital forgeries26) .
Nishino and Nayar47) formalize the imaging characteristics of the eye-camera
geometry as a catadioptric imaging system and provide the first comprehensive analysis. The extracted environment map is applied for the computation of
spherical panoramas and retinal images, face reconstruction, relighting46) , and
recognition45) . The two eyes in a single face image can be seen as a catadioptric
stereo system43),44) enabling 3D scene reconstruction.
1.2.2 Eye Gaze Tracking
Robust non-intrusive eye detection and tracking is relevant to a large number of
applications and has been an active research area for over five decades12),13),22),72) .
In this work, we focus on image-based eye tracking known as video-oculography.
Recently emerging remote eye gaze trackers do not require body attachments.
Instead, they use stationary high-resolution cameras, or dynamic PTZ camera51),53),71) or mirror30) systems to track a close up view of the eye. Passive
methods track the contour of the iris, and either directly estimate the gaze direction47),55),64),68) or in conjunction with head-pose estimation53),70) . The majority of gaze tracking methods, however, applies active illumination commonly
in form of IR LEDs based on the pupil-center–corneal-reflections (PCCR) technique20),57),62),63) .
After computing the gaze direction, the point of regard (PoR) is usually obtained through geometric modeling, assuming spherical curvature for cornea and

2. Eye Geometry
This section introduces a geometric eye model and explains how to obtain the
pose of the model from an image of the eye.
2.1 Eye Model
2.1.1 The Human Eye
The human eye is the organ that provides the optics and photo-reception for the
visual system. The anatomy of the eye follows its function in this physiological
process. Figure 2(a) shows an outer view of the human eye. The most distinctive
components are the color-textured iris and the pupil in its center. The iris is
surrounded by the white sclera, a dense and opaque fibrous tissue, mainly having
protective function.
2.1.1.1 Eyeball
A cross-section of the eyeball in Figure 2(b) reveals that its main part is located
behind skin and components visible from the outside. Geometrically, the eyeball
is not a plain sphere; its outer layer can be subdivided into two approximately
spherical segments with different radii and separated centers of curvature: the
anterior corneal and the posterior scleral segment. The smaller anterior segment
covers about one-sixth of the eye and contains the components in front of the
vitreous humor, including cornea, aqueous humor, iris, pupil, and lens. It has a
radius of curvature rC of ∼8 mm. The posterior segment covers the remaining
five-sixths with a radius of curvature rE of ∼12 mm. Both centers of curvature
are separated by a distance dCE of ∼5 mm. The eyeball is not symmetric; its
diameters are approximately 23.5 mm horizontal (dH ), 23 mm vertical (dV ), and
24 mm anteroposterior (dAP ) (distance between anterior pole at the apex of the
cornea and the posterior pole at the retina)54) . See Table 1 for an overview of
parameter values from different sources.
The eye has several axes. The two major ones are the optical axis and the
visual axis. The optical axis is usually defined as the line joining the centers of
curvatures of the refractive surfaces. It is the line connecting the corneal apex A,
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the center of the limbus circle L, and the centers of corneal and eyeball sphere,
C and E. The visual axis describes the gaze direction of the eye. It is defined
as the line joining the fovea and the object being viewed, which slightly differs
from the optical axis. Both axes intersect at the nodal point of the eye where
the image of the object becomes reversed and inverted. For a typical adult, the
deviation of the visual axis is 4◦ –5◦ nasal and 1.5◦ superior to the optical axis
with a standard deviation of 3◦ 22) .
2.1.1.2 Cornea
The transparent cornea is the outer layer of the eye that covers the iris and
dissolves into the sclera at the corneal limbus. Beside having protective function
the cornea plays the main role for the eye as an optical system in focusing images
on the retina. Its transparency and optical clarity stem from three factors10),28) :
(1) the uniform size and arrangement of submicroscopic collagen fibrils, (2) the
absence of blood vessels (avascularity), and (3) the relative state of dehydration.
The internal pressure of the eye is higher than that of the atmosphere. This
maintains the corneal shape and produces a smooth external surface. In addition,
the surface is coated with a thin film of tear fluid which ensures that it remains
smooth and helps to nourish the cornea. As a result, the surface shows mirror-like
reflection characteristics.
Although the corneal surface approximates to a sphere, it has only spherical
curvature near the apex and generally flattens towards the periphery. The cornea
is subdivided into four anatomical zones with increasing radius from the optical
axis58) : The central optical zone (≤2.0 mm) is the most spherical and symmetric
area which overlies the pupil. The paracentral/mid zone (2.0–3.5 mm) is mainly
spherical but flatter. In the peripheral zone (3.5–5.5 mm) the cornea flattens the
most, and finally transitions into the sclera at the limbal zone (5.5–6.0 mm).
Details of the corneal shape are examined by several studies, finding that the
surface curvature is steepest at the apex and progressively flattens towards the
periphery. The eyeball is usually not rotationally symmetric around the optical
axis but slightly flat in the vertical direction. This leads to a toricity in the corneal
surface with the curvature being higher in the vertical direction. There occurs
considerable individual variation in eye surface curvature, component separation,
and axial length. The mean apex radius of curvature at the anterior surface of
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Table 1

Eye parameter variation [mm].
Posterior

Anterior

dAL

dLC

dCE

rE

rC

rL

rLH

rLV

(a) Books on eye anatomy
Snell & Lemp58)
Crick & Khaw10)
Kaufman & Alm28)
Remington54)
Khurana29)

—
—
—
—
—

—
—
—
—
—

—
—
—
5.70
—

12.00
—
—
12.00
12.00

7.70
—
7.80
7.80
7.80

5.575*
5.75*
6.075*
5.75*
5.675*

5.85
6.00
6.30
6.00
5.85

5.30
5.50
5.85
5.50
5.50

(b) Schematic eye models
Gullstrand21) No. 1
Gullstrand21) No. 2
Le Grand & El Hage34) 1945
Lotmar38)
Kooijman31)
Liou & Brennan37)
Escudero-Sanz & Navarro14)

3.60
3.70
3.60
3.60
3.55
3.66
3.60

—
—
—
—
—
—
—

—
—
—
—
—
—
—

—
—
12.30
12.30
—
—
12.00

7.80
7.70
7.80
7.80
7.80
7.77
7.72

—
—
—
—
—
—
—

—
—
—
—
—
—
—

—
—
—
—
—
—
—

4.70

11.50

7.80

5.80

—

—

—
—
—
5.70*
5.70

—
12.50
—
12.50*
—

7.70
7.80
7.80
7.80
7.80

6.47*
5.50
5.50
6.19*
5.50

—
—
—
—
—

—
—
—
—
—

Eyeball

(c) Work on eye modeling and applications
Lefohn et al.35)
2.50
5.25
Johnson & Fahrid26)
Morimoto & Mimica40)
3.53*
4.17
Hua et al.24)
—
—
Nishino & Nayar47)
2.18
—
Li et al.36)
3.05
4.75*
This work
2.27*
5.53*

*Calculated from given values.
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the cornea rC is approximately 7.8 mm. The typical surface approximates to an
ellipsoid. Asphericity values for individual eyes are widely distributed and can
include some cases where the cornea steepens rather than flattens towards the
periphery.
2.1.1.3 Limbus
The area where the transparent cornea dissolves into the opaque sclera is called
the corneal or corneoscleral limbus. It is a band, approximately 1.5–2.0 mm
wide, that surrounds the periphery of the cornea54),58) . The radius of curvature
immediately changes at this intersection, creating a shallow groove with a shape
discontinuity on the outer surface of the eye. Refer to Table 1 for an overview of
common values for horizontal radius rLH , vertical radius rLV , and mean radius
rL of the limbus.
Histological, the limbus contains the transition from the regular lamellar structure of collagen fibrils of the cornea to the irregular and random organization of
collagen bundles in the sclera. The layers of corneal tissue either merge into scleral tissue or terminate at different landmarks. The limbal area further contains
blood vessels and lymphatic channels. This leads to a smooth and non-uniform
transition.
2.1.1.4 Iris
The iris is a thin, pigmented, circular structure located directly in front of the
lens. Its mean radius rI is 6 mm. The outer structures of the iris extend behind
the limbus and the beginnings of the sclera. The area visible on the outside is
delimited by the transparent corneal tissue that inhomogeneously dissolves at the
limbus.
Iris colors for normal eyes range from light blue to dark brown, depending
on the arrangement and density of connective tissue and pigment. The color
may vary between both eyes of the same person and different parts of the same
iris58) . The surface of a heavily pigmented brown iris appears smooth and velvety,
whereas the surface of a lightly colored gray, blue, or green iris appears rough
and uneven.
2.1.1.5 Pupil
The iris forms the diaphragm of the optical system with a central circular
aperture, the pupil. The size of the pupil controls retinal illumination with a

diameter varying between 1 and 8 mm. In about 25% of individuals it slightly
differs in size58) . The image of the pupil seen on the outside is a virtual image
corresponding to the entrance pupil that is forward to and slightly larger than
the real pupil1) . Compared to the smooth appearance of the iris boundary, the
circular pupillary margin is a rather sharp edge. The pupil appears black because
most of the entering light is absorbed by the tissues of the inner eye. The pupil
can appear red in an image when the eye is photographed in low-intensity ambient
light under bright flash illumination. This so-called red-eye effect is caused by
the large amount of light, reflected from the back of the eyeball in the direction
of the camera when the flash is located near to the lens.
2.1.2 Geometric Eye Model
With the knowledge of shape and parameter distribution for the human eye, it
becomes possible to construct eye models. Several so-called schematic eye models
with different level of sophistication have been developed over the last 150 years;
motivated by the aim to describe the imaging characteristics and performance of
the eye as an optical system21),31),34),37),38) . For applications related to our study,
it is not necessary to deal with refractive surfaces of the inner eye. We develop
a simple model where the eyeball is represented as two overlapping spheres with
different radii and separated centers of curvature C and E (Fig. 2(c)). The cornea
is modeled as a spherical cap, with a radius of curvature rC of 7.8 mm28) , that
is cut off from the corneal sphere by the limbus plane?1 . The visible part of the
iris is assumed to be equal to the circular limbus, with its radius rL averaging to
approximately 5.5 mm47) . The displacement dLC between the centers of limbus
circle and corneal sphere are obtained q
from the given parameters as in
2 − r2
dLC = rC
L
(1)
≈ 5.53 mm.
The height of the cornea, defined as the distance dAL between the corneal apex
A and the center of the circular limbus L, is obtained as in
dAL = rC − dLC
(2)
≈ 2.27 mm.
All eye movements can be described as rotations around the geometric center
?1 For more complex aspherical representations of corneal curvature refer to1),3),42),47) .
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of the eye E located at a distance dCE of approximately 5.70 mm posterior to
the center of the corneal sphere54) . For this work, however, it is not necessary
to model eye movements or the surface of the eyeball sphere. For reference, the
applied parameter values are listed in Table 1. The gaze direction is assumed
to be equal to the optical axis. If required, the offset to the visual axis may be
obtained by additional personal calibration.
2.2 Eye Pose Estimation
The 3D pose of an eye describes the location and orientation of the eye model
in the camera coordinate frame. It can be deduced from shape, location, and
other information of eye features in an image. Assuming a calibrated camera,
the pose of a circular eye feature (iris, pupil) is recovered from the location of its
projected elliptical contour and known radius. The estimated center point and
surface normal of the recovered base plane completely describe the optical axis
of the eye and, therefore, the position and orientation of the geometric eye model
in 3D.
While estimation can be performed using either pupil or iris contour, the pupil
involves several drawbacks, e.g., (1) varying size due to the pupillary light reflex4) ;
(2) non-linear displacement and distortion due to refraction at the cornea1) ; (3)
non-concentricity with the optical axis; and (4) large non-circularity increasing
with age1),69) . Note that there are also drawbacks related to the iris. These,
however, can be accounted for by using sophisticated algorithms. Therefore, this
work focuses on iris-contour/limbus based methods for eye pose estimation.
The location of the circular limbus in 3D is described by its center point
L = (Lx , Ly , Lz )T and normal vector g = (gx , gy , gz )T corresponding to optical
axis and gaze direction. Eye pose estimation aims in recovering these values from
the iris contour in the image.
2.2.1 Method for Perspective Projection
Let us now derive the perspective projection of a circle and apply it to recover
the original 3D pose of the circular limbus from the elliptical contour of the visible
iris in the image.
Perspective Projection of the Limbus. Without loss of generality let us
assume the limbus to be centered at the origin (0, 0)T of its base plane. Any
2D point on its boundary, given in homogeneous coordinates as p = (px , py , 1)T ,

satisfies the implicit equation
pT Qp = 0,
(3)
where


1 0
0


Q= 0 1
(4)
0 
2
0 0 −rL
is a symmetric matrix describing the circle.
The limbus is located with an arbitrary position and orientation in 3D that we
want to recover from an image. When taking a photograph of an eye, the circular
limbus is mapped by a projective transformation to an ellipse in the image23),56) .
This relation is expressed by
pe = He p,
(5)
where pe denotes a pixel on the boundary of the limbus ellipse in the image
Matrix
He = KRT,
(6)
is a planar homography describing the projective transformation that maps the
circular limbus Q to the ellipse Qe in the image, as in
−1
T
Qe = H−
e QHe


(7)
= K−T R−T T−T Q T−1 R−1 K−1 .
Such as limbus circle Q, also its image Qe is described by a symmetric matrix as
in


A B D


Qe =  B C E  ,
(8)
D E F
where a pixel pe on its boundary satisfies
(9)
pT
e Qe pe = 0.
Expanding equation (9) describes the ellipse in the normal form of a quadratic
equation in two variables, given by
Ax2 + 2Bxy + Cy 2 + 2Dx + 2Ey + F = 0,
(10)
2
where A, B, C are not all zero and B − AC < 0. If also A = C 6= 0 and B = 0
then Qe represents a circle, which is the case when limbus base plane and image
plane are parallel.
Pose Estimation of the Limbus. Now, consider a supporting plane coordinate system with the image plane aligned parallel to the limbus base plane and
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the z-axis (gaze direction) being perpendicular to both planes (Fig. 3). Since
both coordinate systems share the same origin, the transformation is described
by a pure rotation R as in
pe = Rpc ,
(11)
where pc is the homogeneous representation of an image-plane pixel in the supporting plane coordinate system. A projective transformation Hc maps the circular limbus Q to the general circle Qc in the image?1 , given by
−1
T
Qc = H−
c QHc


−T −T −T
(12)
= K R T
Q T−1 R−1 K−1
|R = I


−T −T
−1 −1
= K T
Q T K
.
Such as ellipse Qe , also circle Qc has
 the form of a symmetric matrix, as in
A 0 D


Qc =  0 C E  .
(13)
D E F
Since Qc represents a circle, B = 0 holds. A pixel pc on its boundary satisfies
pT
(14)
c Qc pc = 0.
We will now show how to recover rotation R that relates ellipse Qe with circle
Qc and helps to obtain the pose of the limbus. Let us first remove the effect of
camera matrix K as in
Q0c = KT Qc K = T−T QT−1 ,

Q0e = KT Qe K = R−T T−T QT−1 R−1 .
(15)
{z
}
|
Q0c ,

g
Image
Plane

Qc

Qe
zcam
ycam

Circular
Limbus

R

Limbus
Base
Plane

Rotated
Image
Plane

Fig. 3

Eye pose estimation (perspective method). The 3D circular limbus with center L and
normal direction g projects to a general ellipse Qe in the image. If the image plane is
parallel to the limbus plane, the limbus projects onto a general circle Qc from where it
is possible to recover the center position and normal direction. Both representations
are related by a rotation R that is computed from ellipse Qe .

Let Q0e = VAVT describe the eigen decomposition that transforms Q0e into a
diagonal matrix A representing its eigenvalues, and an orthogonal matrix V with
columns representing its
 eigenvectors,
 as in
a 0 0
h
i


A =  0 b 0  , V = v1 v2 v3 .
(19)
0 0 c
The geometric interpretation of this decomposition is that matrix VT defines a
rotation that transforms the general ellipse Q0e into an ellipse A, axis-aligned and
centered at the origin of the image plane. Now, Q0c is given by
Q0c = RT Q0e R


(20)
= RT V A VT R .
Let us re-organize the eigenvectors so that
ab > 0, ac < 0, |a| ≥ |b| .
(21)
8)
T
Wu et al. derive a solution
 for V R from equation (20), given
 by
g cos α
S1 g sin α
S2 h


VT R = 
(22)
sin α
−S1 cos α
0 ,
S1 S2 h cos α S2 h sin α −S1 g

Q0c

represented by
"

#
I2
−lc
=
,
(16)
2
−lc lT
c lc − rc
where I2 represents the 2D square identity matrix, describes a circle with center
and radius defined as in


xc yc T
rL
lc =
,
, rc = .
(17)
zc zc
zc
From equation (15) and R−1 = RT (since R is orthogonal) it follows
Q0e = R−T Q0c R−1
(18)
= RQ0c RT
Q0c

?1 Note that this holds when elements k12 , k21 , k31 , and k32 of camera matrix K are all zero.
That means the camera model only defines focal length and principal point, with zero skew.

7

c 2011 Information Processing Society of Japan

Vol.2011-CVIM-177 No.31
2011/5/20

IPSJ SIG Technical Report

where

smaller than the distance between eye and camera, we now explain a simpler
method assuming weak perspective projection. As in the full perspective case,
the circular limbus projects to an ellipse that can be described by five parameters. These parameters are the center l = (lu , lv )T , the major and minor radii
rmax and rmin , and the rotation angle φ. This representation of an ellipse is
obtained by applying the conversion given by Weisstein66) to the representation
as a quadratic equation used before.
The 3D position of the limbus center L is estimated from the center of the
ellipse l and the distance
in
 to the camera d as 
T
lu − c0u lv − c0v
rL
L=d
, d=f
,
,1
,
(27)
f
f
rmax
where f is the focal length in pixels and c0 = (c0u , c0v )T the principal point.
The orientation of the eye is described by its optical axis that is parallel to the
surface normal of the limbus base plane. The normal direction is equal to gaze
direction g and obtained as in 

sin τ sin φ


g =  − sin τ cos φ  ,
(28)
− cos τ
where φ ∈ [0, π] is already known as the rotation angle of the limbus ellipse in
the image. Angle τ ∈ [0, π/2] corresponds to the tilt of the limbus base plane
with respect to the image plane. It is estimated from the shape of the ellipse up
to a sign ambiguity as in


rmin
−1
τ = ± cos
.
(29)
rmax
The ambiguity is explained with the perspective method (eqs. (25),(26)) and can
only be resolved by introducing further knowledge.
2.3 Corneal Sphere Position
The cornea is modeled with spheric surface curvature. The corneal sphere is
described by its radius rC and center C, located at distance dLC from L (Fig. 4),
and obtained as in
C = L − dLC g.
(30)

r

r
b−c
a−b
, h=
.
(23)
g=
a−c
a−c
The free variable α represents the unknown rotation of the limbus circle around
the normal on its base plane. S1 and S2 are two undetermined signs.
Circle Q0c is computed by replacing VT R in equation (20), with its center lc and
radius rc definedaccording
p to equation (17) as in
(a − b) (b − c) cos α
√
 −S2

b
 , rc = S3 −ac ,
lc = 
(24)
p


b
(a − b) (b − c) sin α
−S1 S2
b
where S3 is another undetermined sign. The center of the circular limbus in
camera coordinates is computed by applying
R = V (VT R), leading to
 rotation
c 
S2 h

b 


L = zc Rlc = zc V 
(25)
,
0

a 
−S1 g
b
where the scale zc is also given from equation (17). Finally, the normal of the
limbus base plane, describing the gaze direction, is obtained in the same way, as
in
 


0
S2 h
 


g = R 0  = V 0 .
(26)
1
−S1 g
Since there are three undetermined signs, the number of potential solutions for
limbus position and orientation is 23 = 8. The signs S1 and S3 are resolved by
implying the two constraints that L is located in front of the camera with its
normal g facing the camera. Further knowledge is necessary to break the remaining two-way ambiguity. Therefore, other works either apply anthropometric
properties65) of the eyeball or constraints from the relation of both eyes in the
same face image55) . In Section 4 we introduce an approach to jointly resolve the
ambiguities for multiple eyes using geometry constraints.
2.2.2 Method for Weak Perspective Projection
The method described in the last section is accurate but complex since it involves a matrix diagonalization. Since the depth of the tilted limbus is much
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A point S = (Sx , Sy , Sz )T on the corneal surface is modeled
as in

sin θ cos φ


S (φ, θ) = C + rC  sin θ sin φ  ,
(31)
cos θ
with the two angles φ ∈ [0, 2π] and θ ∈ [0, π]. Knowing the gaze direction g,
parallel to the optical axis, we are also able to construct the eyeball sphere with
radius rE around center E given by
E = C − dCE g.
(32)
However, this is not necessary for this work.

from which we construct the simplified
quadratic formula
 q 2 2
2
2.
t1 = r1 C ± (r1 C) − C2 + rC
(37)
The first intersection at the front side of the cornea is described by the smaller
value of t1 . Knowing S and the corresponding surface normal nS = ||S − C||, the
normalized direction vector r2 of the reflection ray is obtained by calculating the
specular reflection as in
r2 = 2 (−r1 · nS ) nS + r1 .
(38)
The position of light source P then lies on the reflection ray extending from S,
defined as P = S + t2 r2 , at unknown distance t2 .
3.2 Light Source Position Estimation
While the point light source remains static at position P we capture a set of
images under varying eye poses. The unknown position of P is then obtained
as the intersection of N ≥ 2 inverse reflection rays by estimating the point with
minimal distance to the set of rays (Fig. 6).
3.2.1 Geometric approach for N = 2
There exists a simple geometric approach for the triangulation of two rays in
3D. The idea is to compute P as the midpoint of the shortest line connecting the
two rays
P1 = S1 + t21 r21 ,
(39)
P2 = S2 + t22 r22 .
From the orthogonality constraint for the shortest connecting line we obtain the
two equations
(P1 − P2 ) · r21 = 0,
(40)
(P1 − P2 ) · r22 = 0,
that need to be solved for t21 and t22 . Inserting the ray equations (39) into the
constraints (40) and expanding the dot product leads to
(S1 − S2 ) · r21 + t21 (r21 · r21 ) − t22 (r22 · r21 ) = 0,
(41)
(S1 − S2 ) · r22 + t21 (r21 · r22 ) − t22 (r22 · r22 ) = 0.
Solving for t21 , back-substituting, and then solving for t22 gives
((S1 − S2 ) · r22 ) (r22 · r21 ) − ((S1 − S2 ) · r21 ) (r22 · r22 )
t21 =
,
(r21 · r21 ) (r22 · r22 ) − (r22 · r21 ) (r22 · r21 )
(42)
((S1 − S2 ) · r22 ) + t21 (r22 · r21 )
t22 =
.
(r22 · r22 )

3. Light Transport at the Corneal Surface
This section builds on eye modeling and pose estimation to develop a theory
of the light transport at the corneal surface.
3.1 Corneal Reflection Model
We want develop a corneal reflection model to calculate the inverse light path
towards a point light source, located at an unknown position P (Fig. 5). Assuming the surface of the cornea to be a perfect mirror, light from P specularly
reflects at surface point S into the direction of the camera. An image of the
eye captures the specular reflection as a bright patch (glint) located within the
bounds of the visible iris. Let s = (su , sv , 1)T denote the subpixel location of the
patch centroid in the image. The corresponding location s0 in the normalized
image plane is obtained by removing the effect of camera matrix K as in
s0 = K−1 s.
(33)
0
0
Computing the normalized direction vector r1 = s /||s ||, the point of reflection
S on the corneal surface can be formulated as in
S = t1 r 1 ,
(34)
where t1 is the unknown distance from the camera. To recover S we calculate
the intersection with the corneal sphere by solving the quadratic equation
2
2
||S − C|| = rC
.
(35)
Expanding and re-arranging leads to

2
t21 r21 − 2t1 r21 C + C2 − rC
,
(36)
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Finally, the searched point with minimal distance to both rays is obtained as
P2 − P1
P = P1 +
.
(43)
2
Note that when the denominator t21 becomes zero both rays are parallel and
do not intersect. Practically, this case does not occur since different eye poses
result in different reflection directions. Nevertheless, it is beneficial to increase
the baseline between the corneal spheres as this increases the denominator and,
thus, numerical stability.
3.2.2 Algebraic approach for N ≥ 2
In the general case, P can be obtained using matrix algebra as follows. At
frame l, the distance between P and the nearest point on the ray Pl = Sl + t2l r2l
is defined as
||r2l × (Sl − P)||
||Pl − P|| =
.
(44)
||r2l ||
Knowing ||r2l || = 1 and re-arranging leads to
||Pl − P|| = ||[r2l ]× P − r2l × Sl ||,
(45)
where [r2l ]× represents vector r2l as a skew-symmetric 
matrix, given by
0
−zr2l
yr2l


[r2l ]× =  zr2l
(46)
0
−xr2l  ,
−yr2l xr2l
0
and expresses the cross product as a matrix multiplication. To solve for P we combine the N equations and formulate the problem as a least-squares minimization
in the form ||AP − b||. Finally, point P is estimated through the pseudo-inverse
as in




[r21 ]×
r21 × S1
−1 T




..
..
P = AT A
A b, A3N ×3 = 
 , b3N ×1 = 
 . (47)
.
.
[r2N ]×
r2N × SN

C
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Inverse light path towards point light source. The back-projected light ray from the
camera image intersects the corneal surface and reflects into the direction of an unknown light source.
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This section applies the developed theory for eye pose estimation and light
transport at the corneal surface to introduce a novel method for the calibration
of the geometric relation in display-camera setups. The remainder contains an
abridged version of the detailed explanation given by Nitschke et al.50) .

Fig. 6

10

Light source position estimation as the intersection multiple inverse reflection rays.
Since the rays generally do not intersect in a single point, we find the least-squares
approximation as the point P with minimal distance to the set of rays.
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Table 2

4.1 Introduction
With advances in vision algorithms, the webcam emerges from its status of
solely being a tool for videoconferencing. Relating the camera to the physical
context of the PC setup, camera and screen (CRT/LCD monitor, projection
screen) form a controlled system. In the past, there have been two major areas
of application for such display-camera systems. One is scene reconstruction to
measure shape and reflectance properties in lambertian9),19) , partially lambertian18) , specular15),60) , and transparent/translucent objects32),41) . The other is
vision-based human–computer interaction (HCI).
4.1.1 Calibration of Display-Camera Systems
Applications typically require a geometric calibration to find the pose of the
display with respect to the camera. Since both commonly face a similar direction,
the calibration is achieved by analyzing screen reflections from mirroring objects
with known shape and pose59) . Methods have been proposed for planar6),19)
and spherical mirrors17),60) . However, the process is cumbersome as it involves a
special mirror and tedious physical user interaction.
4.1.2 Proposed Method
We describe a novel calibration technique that builds on the observation that
reflected content is clearly visible in eye images of a person in front of the display.
The foundation for the proposed approach lies in a combination of image-based
eye pose estimation (Sec. 2.2) and Francken et al.’s method for screen-camera
calibration using reflections on a freely moving spherical mirror16) . We show that
this results in a large error and introduce an optimization framework achieving
considerable improvement. Our novel method makes display-camera calibration
substantially more practical and leads to several benefits compared to previous
approaches (Tab. 2):
• Since no additional hardware is necessary the method is easily distributed
and can be applied in existing off-the-shelf setups.
• Without interaction and awareness the calibration can be seamlessly performed by non-expert or disabled persons and children, or, in situations where
it is not desired to disclose technical details.
• Accuracy increases with the number of images used. Nevertheless, the minimum requirement is a single face image which enables online calibration of

Feature matrix of geometric display-camera calibration methods.
Checkerboard
pattern
7),23)

Catadioptric
Hardware
Interaction
Awareness
Online
Eye poses
Accuracy

−
−
−
−
−
−
+

Planar mirror
Attached
Plain
6)
pattern19)
+
−
−
−
−
−
+

+
#
−
−
−
−
+

Spherical mirror

This method

16),17),60)

+
#
#
−
−
−
+

+
+
+
+
+
+
#

dynamic setups.
• The method does not only reconstruct the pose of the display, but also provides information about eye locations and gaze directions which enables novel
user interfaces.
4.2 Related Work
There are mainly two fields related to this work, geometric display calibration and eye gaze tracking based on corneal reflections. These two fields have
one property in common, the combination of a mirror and a lens that forms a
catadioptric imaging system17),47) .
4.2.1 Geometric Display Calibration
There exist methods for planar and spherical mirrors. The pose of a planar
mirror is obtained either from an attached pattern19) , assumptions on shape6)
or on the number of poses6),59) . The calibration is cumbersome as it involves
physical user interaction and awareness, and probably a special prepared mirror.
The position of a spherical mirror with known size is uniquely determined. The
pose of the display is then obtained under multiple mirror poses by inverse raytracing of reflections from display corners16),60) as in our work, display edges55) ,
or a large number of identified correspondences17) . Spherical mirror techniques
simplify the calibration process, however, still require special hardware and user
interaction. Our proposed method removes this requirement by automatically
analyzing screen reflections from eye images of a moving user.
4.2.2 Eye Gaze Tracking
There are only a few eye gaze tracking methods exploiting corneal reflections
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of screen illumination. Iqbal and Lee25) propose a method that identifies the
reflection of a whole CRT monitor from its periodic flicker pattern using a highspeed camera. The detected reflection patch is used for eye localization and
gaze estimation. The method requires special hardware, a tedious gaze-mapping
calibration, and is purely image-based. Recently, Schnieders et al.55) apply our
proposed idea for reconstructing the pose of the display from corneal reflections49)
to eye gaze tracking. They reconstruct the display plane from the curved edges of
both eyes in a single face image where the user looks at the screen. In comparison,
the goal of our work is to provide a general method and performance analysis for
eye reflections under multiple eye poses.
While our work focuses on passive eye pose estimation, the majority of eye gaze
tracking techniques relies on active illumination using IR LEDs. A method that
has received several focus over the last few years is the cross-ratios method27),71) .
It describes a calibration-free image-based technique that analyzes the pupil location within the bounding quadrilateral of the screen area, marked by four glints
from LEDs attached to the corners.
4.3 Method
The controlled illumination system consists of three components: (1) a raster
display device that acts as a light source, (2) the cornea of the human eye that
reflects the light from the screen, and (3) a camera that captures the light reflected
from the cornea. We assume a simple lightpath where the light is reflected only
once at the outer surface of the cornea. In the following we outline the displaycamera calibration algorithm together with a prototype implementation (Fig. 7).
4.3.1 Basic Algorithm
Computing the pose of the display and the transformation from 2D screen pixels to 3D points in camera coordinates requires M ≥ 3 arbitrary non-degenerate
correspondence pairs. To obtain these, the display shows a pattern representing M screen locations using a simple direct representation as circular markers
(Fig. 7). The camera records face images of a moving person showing corresponding corneal reflections in both eyes.
Iris localization comprises two tasks, eye detection and iris fitting. At first, an
initial guess for the iris is obtained with a simple interactive selection strategy.
The accurate contour is then estimated by iteratively minimizing the elliptical

Image

Eye Pose

Iris

M Corneal
Reflections

Pattern
displaying
M Markers

M Marker
Directions

M Marker
Positions

DisplayCamera
Transform

Optimization
Eye Image 1
Eye Image N

Fig. 7

Display calibration algorithm.

integral over the distance-transformed edge image. To handle occlusions from
eyelids, the effect of non-edge contour points is reduced by a constant upper
bound for the distance.
After estimating 3D eye poses (Sec. 2.2) and extracting reflection centroids
from N ≥ 2 iris regions, the corresponding 3D marker positions are obtained by
triangulating the inverse reflection rays (Sec. 3.2). The relative spatial alignment
of the markers is not affected by projection and reflection since the cornea has a
convex shape.
While the described direct pattern representation simplifies reflection extraction, it restricts the setup to low environmental light conditions. Robustness to
ambient light may be increased using a bright fullscreen pattern16) or structured
light17) . Reflection features relating to other sources may be identified using
geometric constraints.
4.3.2 Optimization
The described strategy leads to a larger error compared to using a spherical
mirror having the size of the cornea, mainly due to the following reasons:
( 1 ) The individual shape and parameters of the eye are unknown. Distortion
effects increase with gaze angle when reflections move away from the corneal
apex towards the boundary.
( 2 ) It is difficult to exactly locate the contour of the iris which gradually and
irregularly dissolves into the sclera. Noisy measurements directly affect
the orientation in eye pose estimation that itself is crucial for the overall
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(a)

accuracy.
The error can be largely decreased by optimizing the estimated eye poses and
imaged reflections through iterative minimization of a convex error function,
defined as the weighted sum of ray intersection error, display size error and
display planarity error. It is performed using Powell’s direction set method52) ,
advancing to each subsequent step after convergence is achieved. Moreover, the
display size error can be applied to resolve the remaining ambiguity in the limbus
tilt angle τ (Sec. 2.2).
4.4 Experimental Results
Using real and synthetic data, a large number of comprehensive experimental
studies are performed to thoroughly analyze the performance of the proposed
method and to obtain further knowledge about scene reconstruction from eye
reflections in general (Fig. 8). Results show that a straightforward combination
of eye pose estimation47) and screen-camera calibration16) leads to a large error,
which relates to the unknown geometry and size of the individual eye. Findings
are as follows:
• The results show a significant influence of individual eye geometry.
• The impact of increasing corneal asphericity is about one magnitude larger
than an equal variation in the radius of a spherical cornea. The error can be
reduced by sampling a large spatial distribution of cornea positions parallel
to the image plane.
• No significant impact is observed from parameters related to the appearance
of specular highlights on the cornea, such as the size and intensity of light
sources and the diffuse reflectivity of the iris.
• Regarding camera specifications, low resolution has a disproportional large
effect. Accuracy is, however, rapidly increasing at standard resolutions, and
should be sufficient for common display-camera arrangements. A linear increase in image noise results in a rapid decrease of accuracy that can be
compensated using standard noise reduction techniques.
Results can be considerably improved when applying the developed optimization framework. Particular achievements from this strategy are:
• Compared to a simple geometric reconstruction, the error can be considerably
decreased and achieves convergence with increasing number of images.

(b)

(e)
(f)

(c)

Fig. 8

(d)

(a) An experimental setup. The blue line indicates the camera z-axis, with marks at
each multiple of 20 cm. (b) Display shown in (a), reconstructed from 10 eye poses.
The back-projected light rays (white) penetrate the rendered image planes and reflect
at the corneal spheres (brown) towards the four markers on the screen (yellow, green,
turquoise, pink). Corneal orientations (eye gaze) are indicated by orange lines. (c) Eye
regions and estimated corneal spheres with pattern reflections and light rays. (d) Display reconstructed from 20 eye poses at display-eye distance of 65 cm. (e) Cropped
facial image with iris fitting results. (f) Pair of shape and reflection image with fitting
results for a large and a small spherical mirror that act as ground truth. Intensity
scaling is applied to (b) and (h) for better visibility.

• An increased tolerance to noise allows using commodity hardware in conjunction with a simple geometric eye model.
• A former ambiguity in recovering the full range of eye orientations is automatically resolved.
• The strategy also achieves improvements in previous spherical-mirror based
methods.
Results from a large number of comprehensive experimental studies demonstrate the effectiveness of the approach where stable results are obtained under
varying conditions. The findings could also be helpful for geometric reconstruction from eye reflections in general. Important conclusions are the following:
• Despite individual differences in eye shape, the deviation in results from different persons can be considerably decreased. Varying eye conditions (normal, uncorrected near-sighted, corrected with contact lenses) do not show
any statistical significance.
• The error increases with distance from the display-camera setup. Nevertheless, the applicable range for this method has been found to exceed common
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bination of camera and corneal reflector forms a calibrated catadioptric imaging
system that is modeled to develop a theory of the light transport at the corneal
surface, including backward projection (inverse light path computation, triangulation, distance metric) and forward projection (point of reflection estimation).
Based on this theory, two novel methods were proposed that analyze corneal
reflections to enable several benefits for the practical problems of display-camera
calibration and remote eye gaze tracking. Integrated with these methods are
the solutions to the two general problems of evaluating accuracy in scene reconstruction and feature correspondence matching among multiple eye and scene
images.
There are still a range of problems left to solve when realizing a corneal SLAM
technique in completely dynamic setups. Nevertheless, the established link between eye and environment information can lead to novel insights when analyzed
with data mining techniques, and provide a basis for future smart sensors in an
ambient environment.
Acknowledgments This work was supported in part by the JST Precursory
Research for Embryonic Science and Technology (PRESTO) program and the
MIC Strategic Information and Communications R&D Promotion Programme
(SCOPE), Japan.

use cases.
• The error remains stable with increasing display orientation and gaze angle
for the applicable range of this method covering common use cases. Larger
angles lead to distortions for reflections in the corneal periphery and should
therefore be avoided.
4.5 Conclusion
4.5.1 Discussion
This section proposed and verified the idea for geometric calibration of displaycamera setups from corneal reflections. A large number of comprehensive experimental studies using real and synthetic data show that a straightforward combination of eye pose estimation47) and screen-camera calibration16) leads to a large
error. Results can be considerably improved using an optimization framework
that jointly refines eye poses, reflection rays, and display pose.
4.5.2 Implications
With the proposed method, we established and verified the integration of eye
reflection analysis with display-camera systems. The results are good and can
enable applications in novel scenarios and system configurations. These may
include (1) calibration-free scenarios when details of the system should be hidden,
when attention is required for other tasks, or when working with non-experts,
disabled, or children; and (2) dynamic setups where the poses of camera (handheld video, PTZ) or display (mobile, projection) are changing.
The proposed method recovers the geometric relation between display, camera,
and eyes. This can be beneficial for applications in different fields. These may
include (1) remote eye gaze tracking or support of 3D perception with autostereoscopic displays in human–computer interaction (HCI); (2) corneal reflection
analysis of display content in surveillance and forensics; (3) corneal reflection
analysis of environmental light for photometric stereo and relighting; and (4)
diagnosis of diseases in medicine.
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