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( ( ))
analysis is not trivial. We show that this algorithm runs in O n2 n+k
time where n is the
k
number of creases and k is the total crease width. That is, the algorithm runs in O(nk+2 )
time for a constant k. Hence we can solve the problem eﬃciently for a small constant k.
Keywords: linkage, NP-complete, optimization problem, pleat folding, rigid origami.
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1. Introduction
Origamists around the world struggle with the problem for folding an origami model in the

等間隔の折り目を持つ紙と折り目を折る向きが与えられたとき，可能な折り畳み方
は数多く存在する．これらの折り状態の中で，crease width が最小となる折り畳み方
を求める．ここで，crease width とは折り目に挟まれている紙の枚数のことである．こ
の問題は，Stamp folding problem と呼ばれ，２つのバリエーションが考えられている．
crease width の最大値を最小化する問題と crease width の合計を最小化する問題であ
る．この最小化問題は，数え上げ問題として定式化された．しかし，その計算量は知
られていない．本研究では，始めに crease width の最大値を最小化する問題の強 NP
完全性を示す．次に crease width の合計を最小化する問題の解を求めるアルゴリズム
を提案する．このアルゴリズムそのものは単純であるが，解析は自明ではない．そし
( ( ))
て，時間計算量が O n2 n+k
time であることを示す．ここで，n は折り目の数であり，
k
k は目的とする crease width の合計である．つまり，k が定数のとき，このアルゴリズ
ムの時間計算量は O(nk+2 ) である．したがって，小さい k に対しては効率よく解を求
めることが出来る．

best way. Even if you have a good origami model with its crease pattern, this is not the end.
That is, they face several problems to search for clever, more accurate, or faster folding sequences
and techniques to fold the model. Recently, computer science gives considerable contribution to
these problems (see 2)). However, there are still many unsolved problems in this area from the
viewpoint of theoretical computer science. We focus here on a simple kind of one-dimensional
creasing, where the piece of paper is a long rectangular strip, which can be abstracted into a line
segment, and the creases uniformly subdivide the strip. For a given mountain-valley pattern, we
aim at folding the long strip into a unit length consistent with the pattern.
A mountain-valley pattern is then simply a binary string over the alphabet {M, V} (M for mountain, V for valley), which we call a mountain-valley string. Of particular interest in origami is
the pleat, which alternates MV MV MV · · · ; see Figure 1. The pleat folding is unique in the sense

Complexity of the stamp folding problem

that the folded state is unique. That is, there is only one unique folded state consistent with the
string, and only the pleat folding has this property (see 9)，10)). In general, this is not the case.
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For example, for a string MMV MMV MVVVV, surprisingly, there are 100 distinct folded states
consistent with this string. Among them, what is the best folded state? From the practical point of
view, we like to decrease the number of paper layers between a pair of paper segments hinged at

For a given mountain-valley pattern of equidistant creases on a long paper strip, there
are many folded states consistent with the pattern. Among these folded states, we like to
fold a paper so that the number of the paper layers between each pair of hinged paper segments, which is called the crease width at the crease point, is minimized. This problem is
called the stamp folding problem and there are two variants of this problem; minimization
of the maximum crease width, and minimization of the total crease width. This optimization
problem is recently introduced and investigated from the viewpoint of the counting problem.
However, its computational complexity is not known. In this paper, we first show that the
minimization problem of the maximum crease width is strongly NP-complete. Hence we
cannot solve the problem in polynomial time unless P=NP. We next propose an algorithm
that solves the minimization problem. The algorithm itself is a straightforward one, but its
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string. (All folded states are checked by an exhaustive search program developed by the third
author.)

M

M

V

M

M

V

M

V

V

V

V

[4|3|2|5|6|0|1|7|9|11|10|8]

[4|3|2|0|1|5|6|7|9|11|10|8]

Max=3

Max=4

Total=0+3+0+0+2+0+2+3+2+1+0=13

Total=0+1+0+0+4+0+0+3+2+1+0=11

Figure 1 A simple pleat folding and a curved crease structure folded by Martin Demaine.

a crease. If we have many paper layers between a hinged pair, it is diﬃcult to fold with accuracy,

Figure 2 Two of 100 folded states for the string MMV MMV MVVVV. The left folded state achieves the minimum maximum crease width 3, but it has the total crease width 13. The right folded state achieves the minimum total crease
width 11, but it has the maximum crease width 4.

and if we have too many, we cannot fold any more. This is a typical problem we meet when we
fold recent complex origami models.
For a folded state, we define the crease width at a crease by the number of the paper layers
between the paper hinged at the crease. For example, if the folded state is the pleat, at each crease,

The stamp folding problem is introduced by Uehara 9)，10) (in the papers, the notion of the

the crease width is 0 since we have no paper layers between the paper hinged at the crease. Briefly,

crease width was called “stretch”). Uehara introduced the stamp folding problem, showed that

we can state the following problem called stamp folding problem:

it is well-defined even in a simple folding model, and investigated as a counting problem. (The

Input: A paper of length n + 1 with a mountain-valley string s in {M, V} .

simple folding model is one of basic origami models introduced by Arkin et al. 1).) He proved

Output: A folded state consistent with s of a small crease width.

that the number of the folded states consistent with a random mountain-valley string of length n

From the viewpoint of the optimization, we have two variants of the stamp folding problem:

is exponential on average, but he left its computational complexity open.

n

Problem MINMAX: To minimize the maximum crease width at a crease in the folded state.

In this paper, we first show that the problem MINMAX is NP-complete in the strong sense. This

Problem MINTOTAL: To minimize the total crease width for all creases in the folded state.

solves the open problem in 9)，10), and we have no hope to solve the problem eﬃciently un-

We note that it is possible to consider minimization problem for the average crease width, but this

less P=NP. Hence we aim at solving the problem MINTOTAL for a bounded k. We then propose a

is equivalent to MINTOTAL by dividing n. Interestingly, these two problems have diﬀerent solutions

straightforward algorithm; that is, the algorithm tries all possible folded states consistent with a

in general. For example, among the 100 folded states for the string MMV MMV MVVVV, the min-

given string s of length n. It is not diﬃcult to see that the algorithm runs in O(n2 M(n)) time where

imum maximum crease width is 3, which is achieved by the folded state [4|3|2|5|6|0|1|7|9|11|10|8]
(the details of this notation is described later), and the minimum total crease width is 11 by the

M(n) is the number of possible folded states. In 9)，10), Uehara showed that M(n) = Ω(1.53n ) on
( ( ))
time. Hence it runs in O(nk+2 ) time for a
average. We show that this algorithm runs in O n2 n+k
k

other state [4|3|2|0|1|5|6|7|9|11|10|8] (see Figure 2). Moreover, these solutions are unique for this

small constant k, and we can solve the problem MINTOTAL in polynomial time.
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Figure 3 Three foldings for the mountain-valley string VVV.
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Figure 4 Spiral folding and non-spiral folding.

A paper strip is a one-dimensional line segment with creases at every integer position. The paper strip is rigid except the creases; that is, we are allowed to fold only at these creases on integer

3. NP-completeness

positions. We are given a paper strip of length n + 1 with a mountain-valley string s in {M, V}n . At
first, the paper strip of length n + 1 is placed at the interval [0..n + 1]. (We will refer to this state

In this section, we show NP-completeness of the problem MINMAX. Thus, in this section, the

as an initial state.) We aim at obtaining a folded state of unit length such that the direction at each

crease width of a folded state is defined by the maximum crease width at each crease. We remind

crease follows the mountain-valley string s. That is, the ith letter of s indicates the final folded

that the pleat folding is unique in the sense that the folded state is unique 9)，10), and it has the

state at the crease i on the integer point i in [1..n]. We ignore the thickness of paper, and hence for

crease width 0. We give other characteristic and useful patterns at first:
Observation 1 Let s be a mountain-valley string V n for a positive integer n. Then the number

any mountain-valley string, there exists at least one folded state of unit length.
We call each paper segment between i and i + 1 at the initial state the ith segment. Then each

of legal folded states for s is n, and the crease width of each state is n − 1 (see Figure 3).

(final) folded state of unit length can be represented by an ordering of the segments; for example,

Observation 2 Let s be a mountain-valley string M n V n for a positive integer n. Then the

a pleat folding MV MV is described by [0|1|2|3|4] or [4|3|2|1|0], and a mountain-valley string VVV

number of legal folded states for s is n2 . Among them, if the 0th segment and 2nth segment are

produces [1|3|2|0], [1|0|3|2], [3|1|0|2], or their reverses (Figure 3). We distinguish between the left

visible, the legal folded state is [0|2n − 1|2|2n − 3| . . . |2i|2(n − i) − 1| . . . |1|2n] or its reversal.

and right ends of the paper strip, but we sometimes identify one folded state and its reverse since

Two legal folded states of M 5 V 5 can be found in Figure 4. In Figure 4(a), the 0th and 10th seg-

they are essentially the same. In fact, the side of a folded state is sometimes changed when we

ments are visible as stated in Observation 2. We call this folded state spiral folding of length 2n.

fold all paper layers at a crease from right to left or from left to right.

In the other legal folded states like Figure 4(b), either the 0th and the 1st segments are visible, or
the (2n − 1)st and the 2nth segments are visible.

For a mountain-valley string s, we call a folded state legal for s if it follows the string. That
is, for example, the mountain-valley string VVV has three diﬀerent legal folded states [1|3|2|0],

Now we are ready to show the complexity of the following problem:

[1|0|3|2] and [3|1|0|2]. A mountain-valley string MV MV MV · · · is called a pleat. It is known that

MINMAX

the legal folded state is unique (up to reversal of the paper) if and only if s is a pleat 9)，10).

INSTANCE: A mountain-valley string s ∈ {M, V}n and a natural number k.

In a folded state, a crease or a segment is visible if it is not covered by the other paper. We

QUESTION: Is there a legal folded state for s of crease width at most k?

note that in a folded state of unit length, there exist exactly two visible segments (if n ≥ 1), while

Theorem 3 MINMAX is NP-complete.

there can be many visible creases on both sides. For example, the folded state Figure 3(a) has two

Proof. It is easy to see that the problem is in NP. We in the following show the hardness by

visible creases 1 and 2, while the folded state Figure 3(b) has three visible creases 1, 2, and 3.
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reducing from 3-PARTITION, defined as follows.

to the folding of s1

3-PARTITION (cf. 5))
INSTANCE: A finite set A = {a1 , a2 , . . . , a3m } of 3m elements in Z+ and a bound B ∈ Z+ such that
∑
each a j satisfies B/4 < a j < B/2 and 3m
j=1 a j = mB.
∑
QUESTION: Can A be partitioned into m disjoint sets A(1) , A(2) , . . . , A(m) such that a j ∈A(i) a j = B
for 1 ≤ i ≤ m?
It is well-known that 3-PARTITION is strongly NP-complete, meaning that it is NP-hard even if
the input is written in unary notation 5). To begin with, we describe a construction of an instance
s and k of MINMAX for a given instance a1 , . . . , a3m and B of 3-PARTITION.
Construction of a mountain-valley string s and an integer k.

crease
width=k

For each individual element a j ∈ A,we first construct the following string x j .


a m3
a m3

if j is odd,

V j M j
xj = 
(1)

3
3


 M a j m V a j m otherwise.
Let pi be the string (MV)i , and p′i be the string (V M)i . We next define the following substring s j
of s for each j = 1, 2, . . . , 3m.

We also define two strings t1 = M




′
′


 pm x j pm
sj = 



 pm x j pm
2Bm3 +16m2

, t2 = V

m valleys

crease
width=k

Figure 5 Folding of a pleat f between two terminators t1 and t2 .

legal folded states of t1 is k + 1. Among them, to achieve the maximum crease width at most k, we
have to fold t1 as [k|k − 2| . . . |k − 2i| . . . |2|0|1|3| . . . |2i + 1| . . . |k − 1]. The legal folded state of the

if j is odd,

pleat f is unique, and hence the pleat f is folded into [k + 1|k + 2| . . . |k + m + 2]. Next, we turn

(2)

to the terminator t2 . The legal folded state for t2 up to crease width k can be only achieved by the

otherwise.
Bm3 +8m2 +1

M

Bm3 +8m2

spiral folding [k + m + 3|2k + m + 3|k + m + 5|2k + m + 1| . . . |2k + m + 2|k + m + 2], and it is put

and another string f = pm+1 .

into the (m + 1)st folder.

We call t1 and t2 terminators. Then, we concatenate all of them and obtain the mountain-valley

So far, we fold the substring s′ as follows (see Figure 5).

string s = t1 f t2 s1 s2 . . . s3m . We also let k = 2Bm3 + 16m2 . Clearly, this instance can be constructed

[k|k − 2| . . . |k − 2i| . . . |2|0|1|3| . . . |2i + 1| . . . |k − 1

in polynomial time from the 3-PARTITION instance.

|k + 1|k + 2| . . . |k + m

(i)

Roughly speaking, the ith valley of f corresponds to the set A and it will catch the paper layers

|k + m + 1|2k + m + 3|k + m + 3|2k + m + 1| . . . |2k + m + 2|k + m + 2].

in three x j ’s that make crease width (at most) k in total. We call the ith valley of f the ith folder.

For each A(i) = {a j , a j′ , a j′′ }, we fold x j , x j′ , and x j′′ and put them together into the ith folder,

We here state two lemmas that completes the proof of Theorem 3.
Lemma 4 If the instance {a1 , a2 , . . . , a3m } and B of 3-PARTITION has a solution, the paper

intuitively. First suppose j is odd. We fold the paper of the substring x j into the ith folder. This

strip with the mountain-valley string s has a legal folded state of crease width at most k.

folding consists of three steps (Figure 6). First, we fold the paper of the first substring p′m in s j as

Proof. Suppose a partition A(1) , . . . , A(m) of A is a solution of 3-PARTITION. Then we have

follows. For each mountain M in p′m , we put it into each folder from the mth folder in descending

(i)

A

⊂ A, A

(i)

= 3,

∑

∪
˙ mi=1 A(i) . From the partia j ∈A(i) a j = B for each i in {1, . . . , m}, and A =

order. When it reaches the ith folder, the remaining segments of the p′m are put into the ith folder.
Then the substring x j is folded into spiral in the ith folder. More precisely, we fold the paper of

tion, we construct a legal folded state of the paper strip of crease width k.
We first consider the legal folding of the substring s′ = t1 f t2 . By Observation 1, the number of

x j in spiral folding to the folded state [t|t + 2a j m3 − 1|t + 2|t + 2a j m3 − 3| . . . |t + 2l|t + 2(a j m3 − l) −

4
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to sj+1

x j1 , x j2 , x j3 , x j4 of crease width at most k at the folder. Then, we have a j1 + a j2 + a j3 + a j4 ≤ B.

to sj-1
p’m

p’m

xj

However, by the assumption of the instance of 3-PARTITION, a j1 + a j2 + a j3 + a j4 > 4(B/4) = B,

to t1

which is a contradiction. Therefore we have the condition (3).

to t2

By the conditions, we can certainly reconstruct a solution of the instance of 3-PARTITION from
the legal folded state for the string s with the maximum crease width k.
Now we turn to the proof of Theorem 3. By Lemmas 4 and 5, the resultant paper strip has a
legal folded state of maximum crease width k if and only if the instance of 3-PARTITION has a

ith folder

Figure 6 Folding of s j =

p′m x j p′m .

solution. Hence we have the theorem.

4. Tractability for bounded k

1| . . . |t + 1|t + 2a j m3 ], where a paper of x j corresponds to an interval [t..t + 2a j m3 + 1]. The folded
state of x j is put into the ith folder.
For each mountain M of the second

In this section, we show that the problem MINTOTAL is tractable for a small constant k. That is,
p′m ,

we put it in the folder from the ith folder in descending

in this section, the crease width of a folded state is defined by the total crease width of the crease

order. When it reaches to the 1st folder, all remaining pleats are put into the 1st folder.

width at each crease. We are given a mountain-valley string s and a upper bound k of the total

For even j, the substring s j can be folded in the reverse way.

crease width, and we design an algorithm that determines if there exists a legal folded state for s

We show that the maximum crease width of this legal folded state is at most k. The maximum

of total crease width at most k. The algorithm is a simple and straightforward one that tries all

crease width in the t1 is k between the segments k and k − 1. The maximum crease width in the t2

possible folding ways (see Algorithm 1).

is also k between the segments k + m + 3 and k + m + 2. At each ith folder, we have put the paper
of strings x j , x j′ , and x j′′ , and some segments of pm or p′m for each h ∈ {1, . . . , 3m}. Therefore,

Algorithm 1 : Enumeration Algorithm

the maximum crease width at the ith folder is at most 2(a j m + a m + a m ) + 2 · 2 · m · 3m =

Input : s ∈ {M, v}n with n ≥ 1, an integer k

3

j′

3

j′′

3

2Bm + 12m < k.
3

2

Output : All possible folded states P consistent with s of crease width at most k

Lemma 5 If the paper strip with the mountain-valley string s has a legal folded state of crease

1: P is initialized by the 0th segment laid on the interval [0, 1]

width at most k, the instance {a1 , a2 , . . . , a3m } and B of 3-PARTITION has a solution.

2: fold(P, 1, k)

Proof. We can observe that the folded state has to satisfy the following conditions to achieve the

// attach the 1st segment to the current P with constraint

crease width (at most) k: (1) s′ = t1 f t2 has the unique folding state in Figure 5, (2) x j should be

crease width ≤ k.

put into some folder, and (3) each folder binds paper layers corresponding to exactly three x j s.
The algorithm indeed outputs all possible legal folded states for s. That is, if a given input has a

The condition (1) is easy to see by Observations 1 and 2. (We then have the maximum crease

solution, we will have at least one feasible folded state. The procedure fold(P, i, k) is crucial (see

width exactly k.) Then the condition (2) follows (1); otherwise, some paper layers of s j has to

Procedure fold(P, i, k)).

stride over one of terminators, and then we have the crease width greater than k at the crease.
Now we turn to the condition (3). To derive a contradiction, we suppose some folder contains
paper layers corresponding to at most 2 x j s. Then, by the pigeon hole principle with the condition (2), we have some other folder that contains paper layers corresponding to at least 4 x j s, say

5
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O(n2

[0|3|6|5|4|7|8|9|10|11|16|15|14|13|12|2|1]
1

4
7
8
9

∑k
i=0

M(s, i))

[0|3|6|5|4|7|17|8|9|10|11|16|15|14|13|12|2|1]

from the theoretical point of view.) Thus we estimate M(s, k) as follows:
Lemma 7 Let s be a mountain-valley string of length n, and k be an integer. Then M(s, k) ≤
(n+k−1)
.
k

[0|3|6|5|4|7|8|9|10|11|17|16|15|14|13|12|2|1]
15
13

M(s, i)), where n = |s|. (Note that we can improve this bound to O(n

[0|3|17|6|5|4|7|8|9|10|11|16|15|14|13|12|2|1]

11
12

i=0

with sophisticated data structure. But we omit the details in this paper since it is not essential

[0|3|6|5|4|7|8|9|17|10|11|16|15|14|13|12|2|1]

10

∑k

3

Proof. Let P be a legal folded state for s of crease width exactly k. Let ci be the crease width

at ith crease with 1 ≤ i < n. Then, an upper bound of M(s, k) is all combinations of ci s with
∑n
i=1 ci = k and ci ≥ 0. This is one of the classic ball-bin problems of placing k balls into n bins.
(
)
This observation gives us an upper bound n+k−1
of M(s, k) (see, e.g., 3) [Chapter II. 5]).
k

2

Figure 7 Possible choices in fold(P, 17, k).

By Lemma 7, we have the following theorem:

( ( ))
Theorem 8 Algorithm 1 solves MINTOTAL in O n2 n+k
time. That is, it solves MINTOTAL in
k

Procedure fold(P, i, k)

O(n2+k ) when k is a positive constant.

if i = n then output P else

Proof. M(s, i) is an increasing function for i. Here using the combinatorial identity (see, e.g., 8)

pick up the ith segment

[Eq. (7) in page 217])

( ) (
)
(
) (
)
n
n+1
n+r
n+r+1
+
+ ··· +
=
0
1
r
(n)r
∑k
∑k (n+i−1) (n+k)
we have i=0 M(s, i) ≤ i=0 i = k . Since k ≤ (en/k)k (see, e.g., 6)), the theorem follows.

foreach layer of the current P do
if ith segment can be inserted to the layer then
update P by inserting the ith segment into the layer on the interval [0, 1]
let k′ be the crease width at the crease i
let j be the number of creases whose crease widths are increased

Concluding Remarks

by the insertion of the ith segment
In this paper, we show that the minimization problem of the maximum crease width is strongly

// We should have k − (k′ + j) ≥ 0 since this is a possible layer.

NP-complete. We furthermore show that a brute force algorithm that solves the minimization
( ( ))
time, where k is the total crease width. That is, we
problem of the total crease width in O n2 n+k
k

fold(P, i + 1, k − (k′ + j))

can solve the minimization problem of the total crease width in O(nk+2 ) time if k is a constant. We
Example 6 The current folded state is [0|3|6|5|4|7|8|9|10|11|16|15|14|13|12|2|1] in Figure 7.

left the problem to determine if the minimization problems are fixed parameter tractable (FPT) or

Dotted lines indicate all possible layers in fold(P, 17, k) (for some large k). In any case, the

not 4)，7). Especially, is there any algorithm that solves the minimization problem of the total

crease widths at the crease 1 and 3 are increased. On the other hand, the crease width at one of the

crease width in time O( f (k) · nc ) for some constant c, making it FPT?

4, 8, 10 and 12 is increased according to the chosen layer. The crease width at 17 will be 8, 4, 2,
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