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A New Protocol for Generating a Uniformly Distributed
Random Permutation without Fixed Points
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Abstract: Consider the situation where n players exchange gifts. Each player only wants to know in
advance who (other than himself/herself) he/she should give a gift. That is, they want to uniformly
generate a hidden random permutation without fixed points. As a simple solution to this problem, in
2015, Ishikawa et al. proposed a practical protocol with a deck of physical cards. In their protocol, players
prepare n piles of cards, each of which corresponds to a player, and shuffle the piles. Then, the players
verify whether or not the resulting piles have fixed points, and if they have no fixed point, the players
output them; otherwise, the players restart the shuffle process. In this paper, based on their protocol, we
consider how to decrease the probability of restarting. That is, we introduce an idea of preparing piles of
cards more than the number of n players, and removing fixed points if there are fixed points to prevent
repeating the shuffle again. Our proposed protocol uniformly generates a random permutation without
fixed points, and the probability of restarting can be improved by increasing the number of additional ¢
piles of cards.
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T, LOMEE PlStep 3 TRYEL] LB Y, KORT
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FKlLn=4t=11IBF5&H 7= (r(1),7(2),7(3),m(4),

7(5)) & I N5 derangement p = (p(1),

P 692 T P MIET D P WIS 2w P MNIETD

(1,3,2,5,4) (1,3,5,2,4) (1,4,5,2,3) (1,5,2,3,4)

(2,1,3,5,4) (2,4,1,3,5) (3,4,1,2,5) (4,1,2,3,5)

(2,1,4,3,5) (2,4,1,5,3) (3,4,1,5,2) (4,1,2,5,3)

(2,1,4,5,3) (2,4,5,3,1) (3,4,5,2,1) (4,1,5,3,2)
P NIETd

(2,1,4,3)  (2,1,5,3,4) | (24,1,3) (2,51,3,4) | (3,4,1,2) (3,51,2,4) | (4,1,2,3) (4,52,3,1)
(1,5,4,3,2)

(2,1,5,4,3) (2,5,1,4,3) (3,5,1,4,2) (5,1,2,3,4)
(4,3,2,1,5)

(2,5,4,3,1) (2,5,3,1,4) (4,2,5,1,3) (5,1,2,4,3)
(4,3,2,5,1)

(3,2,1,5,4) (3,2,5,1,4) (4,5,3,1,2) (5,1,3,2,4)
(4,3,5,1,2)

(5,1,4,3,2) (5,4,1,3,2) (5,4,1,2,3) (5,2,1,3,4)
(4,3,2,1)  (4,5,2,1,3)

(1,3,4,5,2) (1,4,2,5,3) (1,4,5,3,2) (1,5,4,2,3)
(5,2,4,3,1)

(2,3,4,1,5) (3,1,4,2,5) (3,4,2,1,5) (4,3,1,2,5)
(5,3,2,1,4)

(2,3,4,5,1) (3,1,4,5,2) (3,4,2,5,1) (4,3,1,5,2)
(5,3,2,4,1)

(2,3,5,1,4) (3,1,5,2,4) (3,4,5,1,2) (4,3,5,2,1)
(5,4,3,2,1)

(2,3,4,1)  (2,3,5,4,1) | (3,1,4,2) (3,1,5,4,2) | (3,4,2,1) (3,5,2,1,4) | (4,3,1,2) (4,5,1,2,3)

(2,4,3,5,1) (3,5,4,2,1) (3,5,2,4,1) (5,2,4,1,3)

(2,5,4,1,3) (4,1,3,5,2) (4,2,5,3,1) (5,3,1,2,4)

(3,2,4,5,1) (4,2,1,5,3) (4,5,3,2,1) (5,3,1,4,2)

(5,3,4,1,2) (5,1,4,2,3) (5,4,2,1,3) (5,4,3,1,2)
HFCLMTED, FNOR D E UHEE e(n,t — f) DROATOMETEES
» JENTE, RORELD.

S Cs- dn+tff
P[Step 3 TPV EL] = Y L ) 2) = :Cf - s
PP CRtl P[Step 4 TROEL] = 3 ML Tkl ¢ )
= (n+1t)!

WIZ, Step 4 IZBWT Y ¥ v 7 IVEE DV ETHRZE
Z%. Step 4 IZBWT, n+x kDI Iy M derangement
IR U TR E2 1T D &35, ZOBEMEEREDIEL, b &
5 E RO I Y MY derangement BFSNT T ¥y T
BEEZ RV ETHRE c(n,2) £95. n+zXOIIY K
XU THHEBEEE 1 BT &, % 2
DRFZn+z—2RD3I Iy b derangement 5>, REX
21 DFZn+2—1RDIIY MY derangement A3
5N5. AIEDOHERIL, n+r RO I MM derangement
M Spie D derangement DD HEI 2DH A 7NV EED
LOTHHMREELL, TOReRE Bl 74
5. BEDHERIZE, n+tiRDIIY MY derangement A
X 2DY A 7 %E&FE\ derangement TH DHER & F
U<, Zofekial - e liee chz. ZnZ ey
5, e(n.z) lFRD LS Q{ﬁﬁﬂﬁﬁf?ﬁfﬁ.f 5.

# derangement (Z

(n+x—1)dnto—2

dn+x
(n+x—1)dptz—2
dn+x

e(n,z) =(1 - )-e(n,z—1)

~e(n,x —2)

727U, €(n,0) = 0,¢e(n,1) = "i"ﬂl Tdhd. Step 4 T
Ta NIV ERYETHERIE, Step 2 THEMIND EHR
T E Spyt WAFEE f =025 f=t—-1HFD> (RH
BAIYMAVIOEBIG s =t— f & %52) HREZTNH

p(2),p(3), p(4))

(3)

MEEY, BHOA—REE2 t{EHHARLZL TDRES
ORINEEROY Yy 7VEEELZPDE
iﬁ@ﬂfﬂ&@ﬂ?%U
HNon=201

j—ﬁﬁq‘\‘ pFall(n’?t)
TVAY—DAEn =3

BT (< 10) &R prap(n,t) DK%
X 11Z5R9. t =0 Ishikawa 5OEFE7 T b 2I)VIZH T
2V v Y I NVEEEDRVETHRLEFALTHY, t KX
KBRBIZONFDOHERIIAKILSWEIN, t =2 TEIFE
AED n T pra(n,t) < 0.2 FTHEIND. BIMDO I —
Roki% ¢ RS 2 & 71— RIS ¢(t + 2n) M < 25 7=
b, t #LPAIKRILTDIEIIHEEN TR, EE
TaNINEEITTIIIHZOT, t 2 2R 3FEDONY
WEIZERELTE, BHETO NIVDY vy 7 IVREE D
DETHER (5L 0.6) % 0.1~ 0.2 DIEWERIZESIRA
TBEILENTESD.

5. BHYIC

AT, TVAY—DAEn LY RKSOVEOH—RK
ZHETLZZLT, Y Yy 7 IVEBEORYELZEISEW
DTATTICEDL, HriLnwyaha)ERELAZ. 20
REZTD NIV n IRO—FkT ¥ 4 L7% derangement %
BERLUTWS, Ez, BT — RROMERt &> v
INVEEZ R ) ETHROBERN S t 2 KE<THI LT
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0.7

0.6

—n=3

0.5 —n=9

0.4

—n=15

—n=4

—n=10 —n=11 —n=12 —n=13 —n=14

n=16

n=>b n=6 -—n=7 —n=8

n=17 n=18 n=19 n=20

X pran(n, t)

0.3

0.2

0.1

t=0 t=1 t=2 t=3 t=4

t=5

t=6 t=7 t=8 t=9 t=10

B 1: B2 H— REDOEt &V vy 7IVEMEE P D BETHER pra(n, t) OREIFR

TOHRE2WETEL 2R UL ERIZIEE 0 b
WVEFEFTIHEITIE, BELRAI— R E Y vy 7V
fEERVETHERIITO NIRRT N — R4
TOBRIZHD7D, t=23ILHRETIONENVEEZ
b5hd.

F/2, ARTIEEARE 10 B TRHT I V- RK%E
WD, ZhE 2RO IS IZEKRBHUTHET S Z L T,
Ty 7INVERIEEL L BRBZEDD N — RE DR R % X
M TEZELEZLND.
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