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Let T be a set of hidden strings and S be a set of their concatenations. We
address the problem of inferring T from S. Any formalization of the problem
as an optimization problem would be computationally hard, because it is NPcomplete even to determine whether there exists T smaller than S, and because
it is also NP-complete to partition only two strings into the smallest common
collection of substrings. In this paper, we devise a new algorithm that infers
T by ﬁnding common substrings in S and splitting them. This algorithm is
scalable and can be completed in O(L)-time regardless of the cardinality of
S, where L is the sum of the lengths of all strings in S. In computational
experiments, 40,000 random concatenations of randomly generated strings were
successfully decomposed, as well as the eﬀectiveness of our method for this
problem was compared with that of multiple sequence alignment programs. We
also present the result of a preliminary experiment against the transcriptome
of Homo sapiens and describe problems in applications where real large-scale
cDNA sequences are analyzed.

1. Introduction
Let T be a set of hidden strings and S be a set of their concatenations. We
consider the problem of inferring T from S when only S is given. The problem is
motivated by the analysis of cDNA sequences. A gene might have more than one
cDNA sequence by inserting or deleting alternative segments. This phenomenon
aﬀects 35–74% of human genes 8),10) and is prevalent in many organisms 14) . Usually, alternatively spliced sequences are detected by aligning them with genomic
sequences 7),10) . Nonetheless, methods that require as input only cDNA sequences
would be useful because not all organisms have had their genomic sequences determined. To clarify the problem, we show a small example.
Example 1 Suppose that we are given S = {S0 , S1 , S2 }, where

S0 = ACGGTCTAGAATAGCAGGCTCGTCCTATGGCATTTT,
S1 = CATCTGGTAGCAGGCTCGTCCTATCCAAGTAAAGGAC,
S2 = CATCTGGTAAGTGGGCCGTCCTAT.
These are concatenations of strings in a set T = {Ti |0 ≤ i < 8}, where
T0 = ACGGTCTAGAAT, T1 = AGCAGGCTC,
T2 = GTCCTAT,
T3 = GGCATTTT,
T5 = CCAAGT,
T4 = CATCTGGT,
T6 = AAAGGAC,
T7 = AAGTGGGCC.
In fact, S0 , S1 and S2 can be rewritten as:
S 0 = T0 T1 T2 T3 ,
S 1 = T4 T1 T2 T5 T6 ,
S 2 = T4 T7 T2 .
We aim at inferring T from S.
If we formalize the problem as an optimization problem, it is diﬃcult to give
an eﬃcient solution. Let |S| and |T | respectively be the cardinalities of S and
T . Néraud 17) considered the problem of determining, for a given set S of strings
and an integer k, whether there exists a set T of strings such that S ⊆ T ∗ and
|T | ≤ k. Néraud proved that this problem is NP-complete even when k = |S| − 1;
that is, it is NP-complete to determine the existence of T that is smaller than
S. Lopresti and Tomkins 13) studied the problem of comparing two strings by
extracting collections of substrings and placing them into correspondence. They
proved that, when substrings in the collection do not overlap each other in given
strings whereas they cover the whole of the given strings, ﬁnding the smallest
such collection is NP-complete. This problem is called the minimum common
substring problem (MCSP), and has been attracting attention 3)–5) . It was also
proven that a restricted variant of MCSP called k-MCSP, where each symbol in
the given strings occurs at most k times in each given string, is NP-hard for k ≥
2 5) . Thus, several approximation algorithms have been proposed for MCSP 3)–5) .
In addition, Lopresti and Tomkins 13) proposed polynomial time algorithms for
cases where the constraints on collections of substrings were relaxed. However,
these algorithms compare only two strings. Any extension for more than two
strings would be computationally hard, taking into account that obtaining the
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optimal multiple sequence alignment (MSA) is NP-hard 1),21) whereas the optimal
alignment of two strings can be obtained in polynomial time 16),20) . Despite these
diﬃculties, a method scalable to |S| is preferable for applications and even for
accuracy, since the more strings we compare, the more chance we have to ﬁnd
strings in T by exploiting diﬀerences among strings in S.
For practical uses, a lot of MSA programs have been available 2) . However,
their purpose is not to decompose given strings into substrings of which given
strings are concatenations, but to obtain alignments by ﬁnding similar regions.
In this paper, we propose a fast and scalable algorithm for inferring T from
S. Our approach is based on ﬁnding common substrings and splitting them. We
make two main contributions. First, we formally deﬁne a class of strings called
disjoint common substrings (DCS’s) that can be determined only from S and
a positive integer parameter. Each of DCS’s corresponds to a string in T or a
concatenation of strings in T that always occur adjacent in the same order in S.
Second, we devise an algorithm that identiﬁes all DCS’s by all-to-all comparison
of strings in S. This algorithm can be completed in O(L)-time regardless of
|S|, where L is the sum of the lengths of all strings in S. These contributions
enable us to eﬃciently decompose a large number of strings into non-trivial,
non-overlapping substrings.
The rest of this paper is organized as follows. In Section 2, we deﬁne terms and
notations used in this paper. In Section 3, we give a formal deﬁnition of DCS’s.
In Section 4, an algorithm that identiﬁes DCS’s in O(L)-time is proposed. In
Section 5, we show the results of computational experiments to present eﬀectiveness of our method and to describe problems when we apply our method to real
large-scale biological sequences. Finally in Section 6, we present our conclusions.
2. Preliminaries
Let T be a set of hidden strings and S be a set of their concatenations. Also,
let N be the cardinality of S, and L be the sum of the lengths of all strings in
S. We denote by Σ a ﬁnite alphabet of which strings in S consist, by Σ∗ the set
of possibly empty strings, and by Σ+ the set of non-empty strings. We use the
terms string and sequence interchangeably. For a string s ∈ Σ∗ , the length of s
is denoted by |s|. When s = s1 s2 s3 for some s1 , s2 , s3 ∈ Σ∗ , they are respectively
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called a preﬁx, a substring, and a suﬃx of s. Each of them is proper if it is not
identical to s. The position of each symbol in Si ∈ S is indexed by an integer
j, where 0 ≤ j < |Si |. When s is a substring of Si ∈ S beginning at the j-th
position of Si , we say that s occurs at (i, j) or that (i, j) is an occurrence of s.
Let Occ(s) be the set of all occurrences of s where |s| > 0. For any integer k, the
set {(i, j + k)|(i, j) ∈ Occ(s)} is denoted by Occ(s) + k. An empty set is denoted
by ∅.
Let STree(S) be a generalized suﬃx tree 6) that contains all strings in S. Each
string in S is given a distinct termination symbol at its right end so that identical
suﬃxes of distinct strings in S end at distinct leaves in S 6) . A path-label of a
node v in STree(S) is the concatenation of edge labels from the root to v. We
denote by p(v) the string obtained by removing any termination symbol from the
path-label of v. Let L(i, j) be the leaf of STree(S) that represents the j-th suﬃx
of Si ∈ S.
We capture common substrings in S with maximal common substrings deﬁned
as follows.
Definition 1 (MCS) A string m ∈ Σ+ is a maximal common substring
(MCS) for S and l, if m is a substring of some Si ∈ S and has the following
properties:
(M1)|m| ≥ l.
(M2)Occ(m) = Occ(ms) for any s ∈ Σ+ .
(M3)Occ(m) = Occ(sm) + |s| for any s ∈ Σ+ .
The set of all MCS’s for S and l is denoted by MCS(S, l).
We show MCS(S, l) for Example 1 in Fig. 1. MCS’s are a natural extension of
maximal repeats 6) to identical substrings in an arbitrary number of given strings.
MCS’s can be identiﬁed in O(L)-time in the same way to identify maximal repeats. MCS’s were also referred to as core blocks by Leung et al. 12) . However, to
emphasize that MCS’s are common substrings in S and to simplify the exposition,
we use this name and deﬁnition.
We also use the following class of substrings.
Definition 2 RightMCS(S, l) is a set of non-empty strings, each of which is
a substring of some Si ∈ S and satisﬁes (M1) and (M2).
RightMCS(S, l) is a natural extension of strings considered in the DNA contamc 2008 Information Processing Society of Japan
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Fig. 1 MCS(S, l) for Example 1. Here, l = 6. Strings m1 , m2 , m3 , S0 , S1 , and S2 are MCS’s.
They are all maximal, that is, they lose some of their occurrences if they are extended
to either the left or right.

ination problem discussed in 6) where |S| = 2. All strings in RightMCS(S, l) can
be found in O(L)-time as p(v) of nodes v in STree(S) such that |p(v)| ≥ l 6) . Note
that any r ∈ RightMCS(S, l) is a suﬃx of some MCS. In fact, there exists some
m ∈ MCS(S, l) such that Occ(m)+|m| = Occ(r)+|r| for any r ∈ RightMCS(S, l).
3. Definition of DCS’s
In Fig. 1, m1 (=CGTCCTAT) is an MCS shared by all of S0 , S1 , and S2 , while
m2 (=TAGCAGGCT CGTCCTAT) is shared by only S0 and S1 . This suggests that
there is a string in T shared by all of S0 , S1 , and S2 , and on its left, there is
another string in T shared by only S0 and S1 . To infer both of them, we should
split m2 at a boundary of m1 . We generalize this way of inference.
Definition 3 (Boundary set) The set called boundary set for S and l, denoted by B(S, l), is deﬁned by the following equation:
B(S, l) = BL (S, l) ∪ BR (S, l),
where
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Fig. 2 The boundary set B(S, l) for Example 1. Each circle at the j-th position of Si
indicates that (i, j) ∈ B(S, l).

BL (S, l) =



Occ(m),

m∈MCS(S,l)

BR (S, l) =



(Occ(m) + |m|).

m∈MCS(S,l)

In Fig. 2, we show B(S, l) for Example 1. By using boundary sets, we infer
strings in T as substrings of given strings that do not cross over any boundaries
of MCS’s. It is these substrings that are identiﬁed by our method to infer strings
in T .
Definition 4 (DCS) A string e ∈ Σ+ is a disjoint common substring (DCS)
for S and l, if e is a substring of some Si ∈ S and has the following properties:
(D1)|e| ≥ l.
(D2)For any (i, j) ∈ Occ(e) and any integer k such that 1 ≤ k < |e|, (i, j + k) ∈
B(S, l).
(D3)B(S, l) ∩ (Occ(e) + |e|) = ∅.
(D4)B(S, l) ∩ Occ(e) = ∅.
We denote by DCS(S, l) the set of all DCS’s for S and l.
Intuitively, (D2) means that e does not contain any boundaries of MCS’s in its
middle. In addition, (D3) and (D4) mean that e is maximal among those that
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Fig. 3 DCS(S, l) for Example 1. DCS’s, indicated by hatched areas, do not cross over any
boundaries of m1 , m2 , and m3 . All of T0 , . . . , T7 except T5 and T6 are captured almost
as a whole. There are unavoidable ambiguities at their boundaries.

satisfy (D2). In Fig. 3, we show DCS(S, l) for Example 1.
The choice of the parameter l is important. When a random string of length L
in which each symbol is independently chosen from Σ with the same probability
is given, the expected number of identical pairs of substrings of length l is no
more than E = L2 /(2|Σ|l ). To avoid occasional matches, it is recommended to
set l so that E is suﬃciently small. The value of l can also be easily determined
by try and error, because our algorithm that identiﬁes DCS(S, l) runs fast as
shown later and because l is the only parameter.
Note that there are limitations as long as we are given only S. Some ambiguities
are unavoidable near boundaries of strings in T . Besides, strings in T that always
occur adjacent in the same order in S would be fused.
4. Algorithm that Identifies DCS’s
Since a DCS is not always a path-label or p(v) of a node v in STree(S), STree(S)
cannot be directly used to identify DCS(S, l). We introduce a class of strings that
bridge them.
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Definition 5 Let H(S, l) be a set of strings such that any h ∈ H(S, l) has
the following properties:
(H1)h ∈ RightMCS(S, l).
(H2)For any proper preﬁx s of h, s ∈ RightMCS(S, l).
(H3)B(S, l) ∩ Occ(h) = ∅.
Lemma 1 Any e ∈ DCS(S, l) is a preﬁx of some h ∈ H(S, l) such that
Occ(e) = Occ(h).
Proof 1 Let s ∈ Σ∗ be the longest such that Occ(e) = Occ(es). We prove
that es ∈ H(S, l), claiming that es satisﬁes (H1)–(H3).
(H1)Since |es| ≥ |e| ≥ l, es satisﬁes (M1). Because s is the longest such that
Occ(e) = Occ(es), es satisﬁes (M2). Therefore es ∈ RightMCS(S, l), and
thus es satisﬁes (H1).
(H2)The proof is by contradiction. Suppose that some r ∈ RightMCS(S, l) is a
proper preﬁx of es. If |e| ≤ |r|, e is a preﬁx of r. Then, Occ(e) ⊇ Occ(r) ⊇
Occ(es). Since r satisﬁes (M2), Occ(r) = Occ(es). This implies Occ(e) =
Occ(es), which contradicts the deﬁnition of s. Therefore |r| < |e|, implying
that r is a proper preﬁx of e. Since Occ(r) ⊇ Occ(e), for some (i, j) ∈ Occ(e),
(i, j + |r|) ∈ Occ(r) + |r|. Because Occ(r) + |r| = Occ(m) + |m| for some
m ∈ MCS(S, l), (i, j + |r|) ∈ B(S, l). Therefore e does not satisfy (D2),
which contradicts the deﬁnition of e. Consequently, such r cannot exist.
Hence es satisﬁes (H2).
(H3)Since e satisﬁes (D4), B(S, l) ∩ Occ(es) = B(S, l) ∩ Occ(e) = ∅. Thus es
satisﬁes (H3).
The string es is h claimed in the lemma.
By Lemma 1, the deﬁnition of DCS(S, l) can be transformed as follows.
Lemma 2 For any non-empty substring e of some Si ∈ S, e ∈ DCS(S, l) if
and only if e satisﬁes (D1)–(D3) and the following condition:
(D5) For some h ∈ H(S, l), e is a preﬁx of h.
In other words, (D4) can be replaced with (D5).
Proof 2 By Lemma 1, any e ∈ DCS(S, l) satisﬁes (D5). For the converse, let
e be a non-empty substring of some Si ∈ S that satisﬁes (D1)–(D3) and (D5).
By the condition (D5), e is a preﬁx of some h ∈ H(S, l). Then, Occ(e) ⊇ Occ(h).
Since h satisﬁes (H3), Occ(e) ∩ B(S, l) ⊇ Occ(h) ∩ B(S, l) = ∅. Accordingly, e
c 2008 Information Processing Society of Japan
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satisﬁes (D4) and therefore e ∈ DCS(S, l).
Lemma 2 enables us to identify DCS(S, l) by the following algorithm GETDCS(S, l).
Algorithm: GET-DCS(S, l)
Step 1: Construct STree(S).
Step 2: Identify RightMCS(S, l).
Step 3: Identify MCS(S, l).
Step 4: Identify B(S, l).
Step 5: Identify H(S, l).
Step 6: Identify DCS(S, l).
As mentioned in Section 2, Steps 1–3 can be completed in O(L)-time 6) . Below
we explain the other steps.
Step 4: Identify B(S, l)
Clearly, BL (S, l) can be identiﬁed by a depth-ﬁrst traversal on STree(S) in
O(L)-time. Let us focus on BR (S, l). After initializing a set B to ∅, a depth-ﬁrst
traversal on STree(S) is conducted. For any L(i, j) encountered, we add (i, j + l)
to B if there exists a node v such that p(v) ∈ RightMCS(S, l) and |p(v)| = l on
the path from the root to L(i, j). When the depth-ﬁrst traversal is completed,
B = BR (S, l).
We show that this method correctly identiﬁes BR (S, l). If (i, j) is added to B,
(i, j) ∈ Occ(r) + |r| for some r ∈ RightMCS(S, l). Since some m ∈ MCS(S, l)
exists such that Occ(r) + |r| = Occ(m) + |m|, (i, j) ∈ BR (S, l). For the converse,
suppose that (i, j) ∈ BR (S, l). Then, by the following lemma, (i, j − l) ∈ Occ(r)
for some r ∈ RightMCS(S, l) such that |r| = l.
Lemma 3 Let r be a suﬃx of some m ∈ MCS(S, l) such that |r| = l. Then,
r ∈ RightMCS(S, l).
Proof 3 Since |r| = l, r satisﬁes (M1). We prove that r satisﬁes (M2). By
contradiction, suppose that Occ(r) = Occ(rs) for a string s ∈ Σ+ . Since r is a
suﬃx of m wherever m occurs, Occ(m) = Occ(ms). Therefore m does not satisfy
(M2), which contradicts the assumption that m ∈ MCS(S, l). Accordingly s
cannot exist, hence r satisﬁes (M2). Consequently, r ∈ RightMCS(S, l).
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Algorithm: PREFIX-DCS(S, l)
for i := 0 to N − 1 begin
x := 1, j := |Si | − 1
repeat
if P [i, j] → λ(h) then λ(h) := min{x, λ(h)}
x := x + 1
if (i, j) ∈ B(S, l) then x := 1
j := j − 1
until j < 0
end
Fig. 4 The algorithm PREFIX-DCS(S, l) executed in Step 6 of GET-DCS(S, l). This algorithm scans each Si ∈ S from right to left by decreasing j one by one. When
min{x, λ(h)} is evaluated in the inner-most loop, x is the length of the longest string
s that occurs at (i, j) and satisﬁes (i, j + k) ∈ B(S, l) for 1 ≤ k < |s|.

Step 5: Identify H(S, l)
We identify H(S, l) by discarding any p(v) ∈ RightMCS(S, l) from
RightMCS(S, l) if p(v) does not satisfy any one of (H2) or (H3), where v is
a node in STree(S). This can be done in O(L)-time by a depth-ﬁrst traversal on
STree(S).
Step 6: Identify DCS(S, l)
By Lemma 2, DCS(S, l) can be obtained by searching for substrings that satisfy
(D1)–(D3) and (D5). To avoid exhaustive search, we use variables λ(h) provided
for each h ∈ H(S, l), and a pointer table deﬁned below.
Definition 6 (Pointer table) P [i, j] (0 ≤ i < N, 0 ≤ j < |Si |) is a pointer
that satisﬁes the following properties:
• P [i, j] → λ(h) if (i, j) ∈ Occ(h) for some h ∈ H(S, l), where P [i, j] → λ(h)
means P [i, j] points to λ(h),
• P [i, j] is a null pointer otherwise.
After each P [i, j] is initialized to a null pointer, a depth-ﬁrst traversal on STree(S)
is conducted. For each L(i, j), P [i, j] is set so that P [i, j] → λ(p(v)) if there is a
node v such that p(v) ∈ H(S, l) on the path from the root to L(i, j).
After the pointer table is built, variables λ(h) are initialized to |h| for each
h ∈ H(S, l). Then, the algorithm PREFIX-DCS(S, l) in Fig. 4 is applied. For
any h ∈ H(S, l), PREFIX-DCS(S, l) sets variables λ(h) to the lengths of preﬁxes
of h that satisfy (D2) and (D3). We show the behavior of PREFIX-DCS(S, l) for
strings of Example 1 in Fig. 5. When PREFIX-DCS(S, l) is completed, for each
c 2008 Information Processing Society of Japan
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Table 1 Summary statistics of DCS’s and a set T1 of randomly generated strings.
number of strings
average length (bases)
variance of lengths
average occurrences
maximum occurrences

DCS’s
96,955
142.3
3,102
3.71
15

T1
97,217
144.9
3,038
3.70
15

Table 2 Consistency of DCS’s against T1 .
nOK
96,198

Fig. 5 Behavior of the algorithm PREFIX-DCS(S, l) for strings of Example 1. Digits below
S0 , S1 and S2 indicate the values of x when min{x, λ(h)} is evaluated. Hatched areas
indicate positions where P [i, j] is not a null pointer.

h ∈ H(S, l), the preﬁx of h whose length is λ(h) is a DCS if λ(h) ≥ l. All Steps
1–6 can be completed in O(L)-time. Therefore,
Theorem 1 There is an algorithm that identiﬁes DCS(S, l) in O(L)-time,
where L is the sum of the lengths of all strings in S.
5. Computational Experiments
We evaluated GET-DCS(S, l) by computational experiments. Here are deﬁnitions of terms used in evaluation. We say e ∈ DCS(S, l) is consistent with a
string t ∈ T if and only if |Occ(e)| = |Occ(t)| and the overlap of e and t occupies
at least 90% of both e and t wherever e or t occurs. Let nOK be the number of
strings in DCS(S, l) consistent with some t ∈ T , and nN G be |DCS(S, l)| − nOK .
Below recall means nOK /|T |, while precision means nOK /|DCS(S, l)|. We used
a Linux server with Opteron(tm) 252 processors and 14 GB of RAM.
5.1 Randomly generated strings
First, we tested GET-DCS(S, l) against randomly generated strings. We constructed a set T0 of strings by generating 100,000 random strings that consisted
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nN G
757

recall
0.9895

precision
0.9922

of A, T, G, and C. Their lengths were 50–240 bases and 145 bases on average.
Then we constructed a set S of 40,000 strings, each of which was a concatenation
of nine strings randomly chosen from T0 . These parameters were determined
to simulate the scale of coding sequences of Homo sapiens estimated with draft
genomic sequences 10) . However, we used small T0 to see the ability of GETDCS(S, l) to detect strings in T0 when they have enough chances to occur with
diﬀerent strings in T0 . The lengths of strings in S were 1,305 bases on average,
and 5.218 × 107 bases in total. We set l to 30. DCS’s were evaluated against
T1 ⊆ T0 that consisted of strings in T0 chosen at least one time to construct S.
As shown in Table 1, the summary statistics of DCS(S, l) and T1 were very
close. In fact, most of the DCS’s were consistent with strings in T1 (Table 2).
We examined DCS’s that were not consistent with any strings in T1 . There were
258 groups of strings in T1 that always occurred adjacent in S in the same order.
In addition, there were DCS’s shortened to less than 90% of corresponding strings
in T1 because of unavoidable ambiguity mentioned in Section 3. We conﬁrmed
that all DCS’s except two short ones became consistent with strings in T1 if we
merged each group of strings in T1 that always occurred adjacent in the same
order and relaxed the threshold of consistency to 80%.
To demonstrate the scalability of our implementation of GET-DCS(S, l), we
measured the increase in computation time while the number of given strings
was increased. For each of N ∈ {1000i|1 ≤ i ≤ 40}, we executed GET-DCS(S, l)
against the ﬁrst N strings of S. As shown in Fig. 6, the computation time
c 2008 Information Processing Society of Japan
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Table 3 Summary statistics of DCS’s and a set T2 of substrings obtained by splitting all
RefSeq cDNA sequences of Homo sapiens at positions of alternative splicing observed
in the cDNA sequences.
number of strings
average length (bases)
variance of lengths
average occurrences
maximum occurrences

DCS’s
51,811
1,004
2.38 × 106
1.70
100

T2
29,833
1,813
4.27 × 106
1.57
24

Table 4 Consistency of DCS’s with T2 . (A) DCS’s were evaluated as they were. (B) DCS’s
that always occurred adjacent in the same order were merged. (C) DCS’s that
occurred more than one time in a single string in S were removed. Then, DCS’s that
always occurred adjacent in the same order were merged.
(A)
(B)
(C)

Fig. 6 Increase in computation time to identify DCS(S, l) from randomly generated strings
while the number of given strings was increased. The computation time increased only
linearly.

increased only linearly, which indicates that the implementation was scalable to
the number of given strings.
5.2 Transcriptome of Homo sapiens
Next, we present a preliminary experiment to identify all alternative splicing
of an organism by applying GET-DCS(S, l) to its transcriptome. We tested our
method against all cDNA sequences of Homo sapiens in the RefSeq database 18)
of release 28. Although sequence diﬀerences such as sequencing errors were reconciled to ﬁnished genomic sequences in this database 19) , they still contain plenty of
complex features of real cDNA sequences. We removed consecutive A’s at the end
of each sequence to exclude poly(A) tails. Then, the set of obtained sequences
were used as S in this experiment. There were 25,199 sequences, whose lengths
were 3,050 bases on average and 7.686 × 107 bases in total. It took 826 seconds
for GET-DCS(S, l) to identify DCS(S, l) from S, where l was set to 30.
For 23,777 sequences in S, positions of substrings corresponding to exons and
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nOK
21,803
23,567
23,798

nN G
30,008
15,579
14,110

recall
0.7308
0.7900
0.7977

precision
0.4208
0.6020
0.6278

alternative ends of exons were available in the data of NCBI Map Viewer 1 based
on Build36.3 of genomic sequences. After merging substrings corresponding to
exons which always occurred adjacent together in S, a set of the substrings, denoted by T2 , was used for evaluation of DCS’s in the 23,777 sequences. In this
experiment, alternative ends of exons were treated in the same way as independent exons.
As shown in Table 3, DCS’s were much shorter than strings in T2 on average,
while the number of DCS’s was much larger than |T2 |. As shown in row (A) of
Table 4, precision was poor. There were at least following three problems. First,
some strings in T2 were divided into multiple DCS’s because of sequence variations
such as SNPs. Second, repeated elements were wrongly identiﬁed as DCS’s. For
example, sequence NM 002457.2 of the mucin 2 (MUC2) gene had a tandem
repeat consisting of 100 copies of a 69-base sequence, which became a DCS that
had the largest number of occurrences. Third, family genes sometimes shared
long identical regions irrelevant to alternative splicing, which became DCS’s.
We tried two extensions for GET-DCS(S, l) to obtain better results. First,
1 http://www.ncbi.nlm.nih.gov/mapview/
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to partly circumvent the ﬁrst problem, we merged DCS’s that always occurred
adjacent in the same order. As shown in row (B) of Table 4, precision was
substantially improved. Recall also became higher. Next, we removed DCS’s
that occurred at least twice in a sequence to reduce the eﬀect of the second
problem. Combined with the ﬁrst extension, recall and precision were further
improved as shown in row (C) of Table 4. One direction to overcome the third
problem is to combine information of more than one DCS. When two sequences
in S share a DCS, investigating whether they share other DCS’s is a way to
discriminate DCS’s irrelevant to alternative splicing. Another way to screen out
erroneous DCS’s is to examine whether the order of DCS’s is preserved in more
than one sequence in S.
5.3 Comparison with MSA Programs
We compared our method with MSA programs. From a large number of MSA
programs available, we chose POA 11) , DIALIGN2 15) and L-INS-i of the MAFFT
package 9) , which use local alignment strategies. Since their output is not a set
of substrings of given sequences but an alignment, we converted the alignment
into a set of substrings as follows.
(A1) Find intervals in the alignment constantly shared by the same subset of
given sequences.
(A2) Discard intervals that contain mismatches or are shorter than 5 bases.
(A3) Extract substrings indicated by the intervals.
The data sets so far are not appropriate here, because they are too large for
MSA programs and are a mixture of sequences that should not be aligned. Therefore we extracted sequences of a single gene from S of the previous experiment.
We chose the cAMP-responsive element modulator (CREM) gene, because it had
the largest number of sequences in the data set. There were 21 sequences of the
gene. Their lengths were 1,978 bases on average and 41,535 bases in total. The
positions of exons were obtained again from the data of NCBI Map Viewer. In
these sequences, all exons occurred as identical substrings at all their occurrences.
The exons 8, 11 and 14 had alternative ends, which were treated as independent
exons. For example, exon 8 was divided into 8 and 8 .
With default parameters, none of POA, DIALIGN2, and L-INS-i produced
satisfactory results. Although it seems quite easy to reveal that given sequences
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(A) Exons of the CREM gene
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM

1
4 78’ 8”
001881.2
2 34 78’ 9 13 14”
181571.1
10 13 14’
14”
182717.1
1013 14”
182718.1
10 13 14”
182719.1
1013 14’
14”
182720.1
11’13 14’
14”
182721.1
11’13 14’
14”
182722.1
11’ 13 14’
14”
182723.1
11’13 14”
182724.1
11’13 14”
182725.1
6 78’ 9 13 14”
182769.1
6 78’13 14”
182770.1
5 78’ 9 13 14”
182771.1
5 78’13 14”
182772.1
1
13 14”
182850.1
1
13 14’
14”
182853.1
34 78’ 9 13 14’
14”
183011.1
34 78’13 14’
14”
183012.1
1
34 78’ 13 14’
14”
183013.1
2 4 78’13 14”
183060.1
0
1000
2000

(B) DCS’s identiﬁed by our method
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM

1
4 7-8’8”
001881.2
2 34 7-8’9 13 14”
181571.1
10 13 14’
14”
182717.1
1013 14”
182718.1
10 13 14”
182719.1
1013 14’
14”
182720.1
13 14’
14”
182721.1 11’
11’13 14’
14”
182722.1
11’ 13 14’
14”
182723.1
11’13 14”
182724.1
11’13 14”
182725.1
6 7-8’9 13 14”
182769.1
6 7-8’13 14”
182770.1
5 7-8’9 13 14”
182771.1
5 7-8’13 14”
182772.1
1
13 14”
182850.1
1
13 14’
14”
182853.1
34 7-8’9 13 14’
14”
183011.1
34 7-8’13 14’
14”
183012.1
1
34 7-8’13 14’
14”
183013.1
2 4 7-8’13 14”
183060.1
0

1000

2000

3000
[bases]

(C) Substrings obtained by POA

3000
[bases]

NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM
NM

1
4 7-8’8”
001881.2
2 34 7-8’9 13 14”
181571.1
10 13 14’
14”
182717.1
1013 14”
182718.1
10 13 14”
182719.1
1013 14’
14”
182720.1
13 14’
14”
182721.1 11’
11’13 14’
14”
182722.1
11’ 13 14’
14”
182723.1
11’13 14”
182724.1
11’13 14”
182725.1
6 7-8’9 13 14”
182769.1
6 7-8’13 14”
182770.1
5 7-8’9 13 14”
182771.1
5 7-8’13 14”
182772.1
1
13 14”
182850.1
1
13 14’
14”
182853.1
34 7-8’9 13 14’
14”
183011.1
34 7-8’13 14’
14”
183012.1
1
34 7-8’13 14’
14”
183013.1
2 4 7-8’13 14”
183060.1
0

1000

2000

3000
[bases]

Fig. 7 (A) Exons of the CREM gene, (B) DCS’s identiﬁed by GET-DCS(S, l), and (C) substrings obtained by POA. Numbers over substrings of sequences indicate corresponding
exons. Since there are no spaces, numbers 11 and 12 are not shown.

are merely concatenations of exon sequences, the MSA programs suﬀered from
weak similarities between diﬀerent exons since they are tuned so that they can
cope with distantly related sequences. We tried to tune their parameters. We
successfully get POA to produce substrings consistent with almost all exons by
setting the mismatch parameter to a huge negative value (−106 ), setting the
gap open penalty to 45, and using guide trees. However, we could not obtain
substrings consistent with more than four exons by DIALIGN2 and any better
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Table 5 Lengths of exons of the CREM gene, and lengths of their overlaps with DCS’s and
substrings obtained by POA. Lengths of extra bases not in exons are in parentheses.
exon
1
2
3
4
5
6
7–8
8
9
10
11
11
12
13
14
14

length
of exons
321
108
98
124
265
110
98+143
571
189
88
198
43
36
157
402
1302

overlap with
DCS’s
320(0)
108(0)
97(0)
122(0)
263(0)
109(0)
241(1)
570(0)
187(0)
86(0)
196(0)
40(0)
33(0)
154(0)
389(0)
1292(0)

overlap with
POA substrings
321(0)
108(0)
98(0)
122(0)
263(0)
109(0)
241(1)
570(0)
188(0)
87(0)
198(0)
42(0)
35(0)
157(10)
392(10)
1292(0)

result by L-INS-i. Therefore, below we show only the result of POA. We set l to
20 for GET-DCS(S, l).
We show a schematic illustration of exons of the CREM gene and the results of
our method and POA in Fig. 7. As shown in Table 5, substrings obtained by our
method and POA were almost identical to all exons except that exons 7 and 8
were fused since they always occurred together. Both methods wrongly dropped
10 bases at 5’-end of exons 14 and 14 . This was caused by their identical 10base preﬁxes. POA added the 10 bases to the 3’-ends of exons 13 and 14 , while
our method excluded these 10 bases from any DCS since there was ambiguity.
It took only 0.035 seconds for our method to obtain the result, while it took
97.797 seconds for POA. Our method were about 2800 times faster. Besides, to
ﬁnd parameters that enabled POA to produce satisfactory results, POA had to
be repeatedly executed.
6. Conclusions
We considered the problem of inferring a set T of hidden strings from a set S
of their concatenations. We formalized this problem by deﬁning a set DCS(S, l)
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of strings each of which corresponds to a string in T or a concatenation of strings
in T that always occur adjacent in the same order, where l is a positive integer
parameter. We proved that DCS(S, l) can be identiﬁed within O(L)-time by
comparing strings in S, where L is the sum of the lengths of all strings in S.
With our method, a set of 40,000 randomly generated strings were successfully
decomposed into substrings of which they are concatenations. The RefSeq sequences of the human CREM gene were also decomposed into exons only with
minor errors by our method about 2800 times faster than by a multiple sequence
alignment (MSA) program POA, while other MSA programs suﬀered from weak
similarities between diﬀerent exons. If there is possibility that given sequences
are concatenations of an unknown set of strings, it is worth trying our method to
identify such set of strings. For real large data set of cDNA sequences, we have to
enhance our method to cope with various features of cDNA sequences, including
sequence variations such as SNPs, repeated elements, and identical regions of
sequences of diﬀerent genes.
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