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Parallelization of the direct solver for system of linear equations
by one-way dissection ordering

ToMOKI NAKANOY®  MITSUO YOKOKAWA! TAKESHI FUKAYA? YUSAKU YAMAMOTOS

Abstract: In recent years, conductive polymers have attracted a lot of attention as materals of wearable
devices. It is required to make clear electronic states of the conductive polymers in order to design materials
which have electrically stable conductivities. The electronic states are represented by the time-dependent
Schrédinger equation and a linear system of equations is derived from its discretization.

In this paper, we considered the two-dimensional Poisson’s equation as a model problem. We applied two
sparse matrix storage formats, or CCS format and a new skyline-type format, to hold the coefficient matrix
of a linear system of equations which is obtained by discretization of the Poisson’s equation with one-way
dissection ordering, where the coefficient matrix is sparse, symmetric, and positive definite. The performance
of the formats was evaluated and the new formant was found to be efficeint.
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1: Pattern of nonzero elements in the top-left 180 x
180 part of H
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3: One-way dissection ordering

(a) Natural ordering (b) One-way dissection order-
ing

4: Pattern of nonzer elements in the coeflicent matrix

(3) BfE iR

(4) HTEEERIRRA
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5: Algorithms for computing Cholesky decomposition
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Algorithm 2: Forward substitution for a matrix ob-
tained by Algorithm 1

Az

Ag

Ay

As

Ag

A E, B

W, E; C,B
W, Eq CJB
Ws E CJB

6: Pattern of nonzero elements in the coefficient ma-
trix obtained by one-way dissection ordering with 6 sub-

regions (The number of grid points: 29 x 4)

Algorithm 1: Cholesky decomposition for a matrix

obtained by one-way dissection ordering

1 for i = 1,n; do

2 decompose A;

3 end

4 fori=1,n2 do

5 decompose W; using deomposed A;
6 decompose E; using deomposed A; i1
7 B; = B — W,W! — E,ET

8 end

9 fori=1,n2—1do
10 Ci = -W; 1 EF
11 end
12 fori=1,n2 — 1 do
13 decompose B;
14 decompose C; using decomposed B;
15 Biy1 = Bit1 — C;CT
16 end

17 decompose B,

A DHENZE DY,

_ T T T T T T 1T
b= [bl,lv b1,27 ) bl,nlv b2717 b2,2v ] b2,n2]
1T T T T T T 1T

T = [ml,la Tios --+5 Lings Loqs Lo95 -y wz,m]

95, TOMDOXFDEHKIE Algorithm 1 £ [H U TH
%. Algorithm 2 TiX 117TH~91THD 3 2D —7,
Algorithm 3 TIX 6 fTH~14THD 3 DDV —T W Zh
Zh, V— T HNEOMI LA E L 7> TV 5.
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1 for i = 1,n; do

2 ‘ solve A;x1,; = by

3 end

4 for i=1,n2 do

5 ‘ by =b2; — Wiz

6 end

7 for i = 1,n3 do

8 ‘ bai =b2i — Eix1i41
9 end

10 for i =1,n2 — 1 do

11 solve Bixa,; = ba;

12 bait1 = b it — Cixa,
13 end

14 solve B, @25 = ba o1

Algorithm 3: Backward substitution for a matrix ob-
tained by Algorithm 1

1 solve BY @2 n, = bs_1

2 fori=n2—1,1,—1 do
3 boi =bai — Clboita
a solve Bl@s; = ba ;

5 end

6 for i =1,n2 do

7 ‘ bl?z‘ = bl,i — W7;Tb2,i
8 end

9 for i =1,n2 do
10 ‘ biit1 =biiy1 — Elba;
11 end
12 for i = 1,n; do
13 ‘ solve A;qu =bi;

14 end
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L IENFRER D 4TH Wi, By, Cs W& ENS. £oT, UTFT
&, ROMFTE M, —fAT5 N 24l UTHAT 5.

(5)

S O N
~N O ot O
S O N
Ol O = W
S N o O
o O © @

0
3
4
)

o N O =



BHRLEF SRR E
IPSJ SIG Technical Report

4.1 CCSR

CCS(Compuressed Column Storage) 2=\ & 1%, BH17%1
EHAMIZERL, BEZEEZEVT, FBEZDOAEIKMN
T HEMEATH B, 175 M, N 2 CCS A THAL 7=
BEOpERT.

o 175 M

— wal :[1,2,3,4,5,6,7]

— row-ind : [1,3,2,3,4,3,4]

— colptr:[1,3,6,7,8]

o 17HIN

— wal : [1,2,3,4,5,6,7,8,9]

— row-ind : [1,2,1,2,4,2,3,1,2]

— col_ptr : [1,3,6,8,10]
ZZT, M IO T, ETFEROARERKML T
W5, fidF val 1FFEFEFZOM, BLF row_ind IFIEFEZHE
DITFEBEZBML TS, B col_ptr 1% val & row_ind
BB RPN OLERFIERFSEZHRML TVE, BEOD
BRI 2ROEFEZRIZ1 2R L5 DZEML T
w3,

4.2 A4 T4 & MAER

AHATA UM ARE L, ZATHIRRIRTIIC D
N5EHDT, HEFDONABELREN S ZDF|DHRBODIFFE
FETEITRNTKRMNT 2HNERTH L. AFTiX, 17751
M @ &5 HBRFTINCH LT, TEAEasesLT, b
WDEDBRANA T4 VIR @A L, FERTRTHNIC
X, HBHDEHEEEDSZTOHNDREDIEEEZETE
AN T A VIEER L RO R TT RTHEMNT 5, A
AAXTA VT IR EHNS., BRBANALT1 V1%
W TIERFTHN 2 MM T 255 &I, LEEDA 15
AV IA4 7NAATIE RS, ERATTHIZ E=M1T78 e
U7z =ZM1750Z 0L, TNZCH U TAAT 1 V%
WHREEHT 200 —BRINTH .

T M 22454 M AERT, T8N 2AHL 5
AT KM ARNTHKEML 72358 D6 %R 7. B4l val,
col_ptr DF NI E HIZ CCSIHALFAUTH 5.

o 1THI M

— wal : [1,0,2,3,4,5,6,7]

— colptr:[1,4,7,8,9]

o 1THI N

— wal : [1,2,3,4,0,5,0,6,7,8,9]

— colptr: [1,3,7,10,12]

5. BRTHIMINA RN Z AW /o EEREDRES

AL T, BITHIEREME % R 2R T 514
WIERE LT, CCSIERE AH1 51 UMTTRD 2 FE
EWRETT 5. AEITIE, ThEhOBKWERNE2EMAL -
ABDOTNTY XLPFELEORBUIZ DWW T FICHHET 5.
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Algorithm 4: Symbolic decomposition using CCS for-

mat

1 for j =1,n do

2 | Ry ={ilay; #0,i>j}
3 end

4 colptr(l)=1

5 for j =1,n do

6 if num(R;) > 2 then

7 w = min(R; \ {j})
8 Ruw :RU)U(Rj\{j})
9 end

10 col_ptr(j + 1) = col_ptr(j) + num(R;)
11 end

12 allocate array row_ind of size col_ptr(n + 1)

13 p=0

14 for j =1,ndo

15 for ¢ = 1,num(R;) do

16 p=p+1

17 row_ind(p) = min(R;)
18 R; = R; \ {min{R;}}
19 end

20 end

%EB, EboDBWEREZERHLEZEEIZE, 1Thleike
—DODFARE UTKMNT 2D TR, &7y 7175 %
B e UTKING 5.

5.1 CCSHRAZHAWBEERE

YURY Y I ARIZOWTI, iR EE 1 2
WARZETEBEIZITIZENTES, ZOTIVITY X L%
Algorithm 4 |Z/89. Algorithm 4 iIZ8WT, n 13175
YA X, R; OV j T H BT ZNE DT
ZHDHEFERDITHESOEATHS. £7z, num(X) &
£EH X OBEZEBLRTEE, min(X) ITEE X OEED
B/MEZIR T TH B.

T T ATEESERDIZIE, KEDOOES] (nxn) %
Bl TEWIRWY, 270, SEOGF TR KE
m7ay 71751 o R ITHET X R v, ooy 2
FHZERUTHES Z e TEE N6 THS. £z, KA
NV KNI w AL TV, 1 D0FIIIEEER* E 4
w UNEFRVWDOT, BFiEwxn THED. EARWIZS Y
RV I HBITBEIRTITS A, 547H~11{FHETDIL—
TEENETND Ty JIFFITHHGEHE L, TSR ZZ
T, 14f7H~20 f7H F TR MFIFHHET 2 kDA
BTHh5. 272U, EEHOBHAEFEZ T HEL LS.

BUER RO TV T Y X% Algorithm 5 1Z/7R7. 217
HoAms Ot %2KD, 3TH~5fFTHTENLD
TORDDfEERDT NS, LT 641TH~154TH THI#E
FEOADIEFEHRLTWS, pld val DEFIGFFO KA
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Algorithm 5: Numeric Cholesky decomposition using
CCS format

1 for j =1,n do

2 val(col_ptr(j)) = sqrt(val(col_ptr(3)))
3 for i = col_ptr(j) + 1,col _ptr(j +1) — 1 do
4 ‘ val (i) = val(i) /val(col _ptr(j))
5 end
6 for i = col_ptr(j) + 1,col_ptr(j +1) — 1 do
7 p = col_ptr(row-ind())
8 for h =i, col_ptr(j +1) — 1 do
9 while row_ind(h) # row_ind(p) do
10 ‘ p=p+1
11 end
12 val(p) = val(p) — val(i) * val(h)
13 p=p+1
14 end
15 end
16 end

Algorithm 6: Symbolic decomposition using skyline

storage format

1 for j=1,n do

2 ‘ row-maz(j) = max({i|la;; # 0,7 > j})
3 end

a colptr(1) =1

5 for j=1,n—1do

6 row_-maz(j + 1) = max(row_maz(j), row_max(j + 1))
7 col_ptr(j + 1) = col_ptr(j) + row-max(j) —j + 1
8 end

9 col_ptr(n + 1) = col_ptr(n) + row-maz(n) —n +1

VERTHB. BT B5E, SEFIDOIEERT DITHT L
—HT 5. ENTNOHEHFINTH LT, BHT 25T
fRINCIFET HIEFEZLEULITTHSL. £oT, val D
BFIE, BEHONARS 2 OIHICEELTWE, S
FOIBEHEZLTHEEV KT 24V Ty 7 A2 /OTR
e sizwn, 207z, FMAoERKEL LS.

5.2 RANA T4 URINARERWICERRE

AHA T4 VMG ATIEINAERP S RBOIEEERE
XTRINTHEFERLART. TDRD, EH 1IZET
HwlEIZ j+1ERHb. EoTY VR Y I oIENH#E
D1 2EDHDT 4 VA VvEFHEL TN Z &Itk 5.
T TY X% Algorithm 6 (Z/,°9 . row-max(j) DA
HEIL j PO mBDOIFFERDITHESTH 5.

BUES RO 7N TV X L% Algorithm 7 1Z/7R7. pl ik
W T55%, p2 XFEHT S val DA VT v I A %R
LTWwd. BERZLBNIZEATWSDT, HERBD N

T CCS AR EZHWEZGE LD AR 5. BEEEKIZ
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Algorithm 7: Numeric Cholesky decomposition using

skyline storage format

1 for j=1,n do
2 val(col_ptr(j)) = sqrt(val(col_ptr(5)))
3 for i = col_ptr(j) + 1, col_ptr(j + 1) — 1 do

4 ‘ val(z) = val(z) /val(col ptr(j))
5 end
6 pl=j
7 for i = col_ptr(j) + 1, col_ptr(j +1) — 1 do
8 pl=pl+1
9 p2 = col_ptr(pl)
10 for h =4, col_ptr(j +1) — 1 do
11 val(p2) = val(p2) — val(i) * val(h)
12 p2=p2+1
13 end
14 end
15 end

FoTIHCCS DIV HEL B EEZ NS, 121ZL, T
RTOHDBERZ ML o> TWBEDT, N IRIZAE
THY, HEMBMOBERTIZICCSHERLDEEHL 25
e E MO TV

6. HIERER

6.1 EERICAWTA
PARD 2WGeR TV v A ZE 5 mZ2 0% W T
ZEIZDOWTEZD.
0u  O%*u .
5?+&F__m in Q=1[0,L] x [0,1] ©
u=0 on dfN

SEIOERTIE, L=32, L, x HAIKRWEKREZHS 2 7-.
One-way dissection A —&V) > 728 %Y THEB OB D
ZALITR U COFERBEZFHNS 72012, x AW, y AH
DREE ZTNTEN 2048, 64 & L, 7551 X&2FHEL
TEHM U 7z, FEigefF &2 BA R IT;R T,

o GHRETHL: 2047 x 63

o U JHHIDOH : 16, 64, 256, 1024

e thread ¥ : 1, 2, 4, 8, 16

6.2 ETEREEIOIVI LA

7127 Z Lk Fortran TEZ L, OpenMP % fH\WT 2R
Ly FiF{b %47 > 72 £ T, f#7 KFD r-computer (FU-
JITSU Supercomputer PRIMIEHPC FX10) TH#E% FF
fliL7z. m-computer D E Lk FH LT 8100 F
TvaviER LIGRT. TRZ I A, ZoksE o
TH& 70y 71752k % > NORMAL, CCS B % v

THEEL CCS, AN T4 VBINERE AN T4V
1 7R R & W TEEE U 72 SKYLINE O 3 D % fE i
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#% 1: Specification of m-computer(FX10)

CPU SPARC64™ IXfx

Cores 16

Clock 1.65GHz

Memory 32GB

Compiler ERR L Al =DV I/
Compile option | -Kopenmp -Kfast

3% 2: Amount of required memory

.| NORMAL CCS SKYLINE JEFEHHER
Iy EI
(MB) (MB) (MB) (%)
16 7931 272 184 0.235
64 1984 137 95 0.119
256 503 105 78 0.093
1024 155 103 96 0.102

U, TNENIZDOWTHEATR-ZFHIL 7.

6.3 HRAXE)EDLE

¥9, FhFNOTa S5 L2 0WT, [7h %2 5T 5
DIZBHERATY BRI T S, F/2, Y THEHEBEADHE
Bzk o T, THOFEIZ/L, IVAF—2fETED
L7 4N VOBNREBRLZDT, IhbHHETHEKT 3.
R 2IZTDERERT. b, BHAE 431 b, [SHE
FEHEE 8N PEUTEHEBELE, —FKELADOFNIE, aL A
F— R OIEFERR2 2 RUTVSE. EFEZERHIN
TTNEZNTEF T NA UV EINZATWEZ IS, #
X0, 256 DEITRE 74 VA VBBV Lhbhb
BBERAE)ZIEBET L, TRTOSEBIZE W
T, NORMAL, CCS, SKYLINE DJET/NX 725 T\
%. SKYLINE TIREZEZE2DLULEATLE S 2, EFl
row_ind MAERTD, CCS K W/NEXL ko7 EX 5N
5. NORMAL T EEZ X3 & AT Y &K
DAUTWD., IEFEHRERIT 16 2EID 5 64 2EITIE»AD
BALUTWBEHN, ZRUATIEALU UPELL TV,
DD, DEFEISDLNE ZIFAEY OMEEENL L, HE
BB W lEINTWL WS Z e THE., 2y
L, CCS & SKYLINE D X EVRETIE, DLEBENDD
HEDODHEFERLLUFIOBRIZHD L VZE. AEVZE
SRANFZTWEZ B bhb

6.4 BITHBEEBELEDOLLER

R 3IITUT T LEFIRTHET UL EOFERRZ R

3. I T,

o XMH1: AEYHEEHER, REATHOERK, >Ry
7 ofi (CCS & SKYLINE) D54 4T

o XM 2:BUHENME (2 VAF—0fE) DFEFTHRM

FEREHE
(2047x63)2 x 100

2 JEEFHRE (%) =
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%% 3: Computational time in the case of using 1 thread

Method Number of | K1 X[ 2 X 3 total
sub-regions | (sec.) (sec.) (sec.) (sec.)
NORMAL 16 3.5541  3449.3139 1.4344  3454.3024
64 0.8949 229.0601  0.4094 230.3644
256 0.2322 18.3945  0.1878 18.8145
1024 0.0747 1.8024  0.0912 1.9683
CCS 16 0.6258 23.0795  0.1895 23.8948
64 0.2365 12.1667  0.0667 12.4700
256 0.1875 11.5551  0.0574 11.8001
1024 0.1910 14.4351  0.0736 14.6997
SKYLINE 16 0.1722 6.8538  0.1334 7.1595
64 0.0891 1.5440  0.0555 1.6886
256 0.0724 0.9700 0.0471 1.0894
1024 0.0780 1.0716  0.0530 1.2026
o [X[H 3 : BIEREARA D RATIE

ELTWa., &P, FRBBRFOMRETTHIE COO (Coor-
dinate Format) FE:*3 THEZH6NEH DL LTV, £
7z, one-way dissection A —&XV ¥ F R BEHFA (F—X
VY THABOIEITEENRERZONS) L LTWA.

X[ 1 Tl&, NORMAL i, COORTEZ s Nz&T
Oy Z{THIDOERDE % H1TH] (RIS 12y b
%. CCS TlE, TOANT—RELAEHDOEINZFEM L,
YURY v IR U T & B 5. SKYLINE T,
EFNENDOHDEHRKDITES % row_maz Ty ML, ¥
VIR w I REIT o TR R KT 5.

LD, IRTOFE, FEKCTHERMDOZ < 25D
TVWADIFAVAF—RETHZDNDNS. £ T, B
FOFHETIET L AF—REOFHERFEIZDOWTHL < 3
fiid . 72, KEFBEOFELZEE AT, Ai#ELENARA
DOFHERMIZOWT HHIH < Ffli§ 5.

6.5 L AF—fEDIMH

FNENDOTH T T LDV AF— SRR
EALY NEEZZTCHIALZ., ZofRE2%K 4125
T. 16 2ELHEE, §RTOAL Y NET NORMAL,
CCS, SKYLINE DJIEIZ# < 7257z, 7273, 1024 2 EITlX
CCS, NORMAL, SKYLINE DJEIiZ# < 7> TW5. CCS
A SKYLINE & 0 iBWOIX, BUEASRIZEWT, CCS Tk
FMDIEPBED, SKYLINE ZARETH S Z L ER
HINTHBeHMlEN5, 72770, SKYLINE TI3EEZR
RELIELHED, TOEEZIZL>TIECCS DN
WL mBZEHBD. 16 ALy REFHEIZREE -7
DlE 64 734%], SKYLINE T 0.1369sec. £ 7> 7-. Z#ilx
NORMAL D EGETH % 1024 23 2D FHEREF DH 5.08 £
DERITH 5.

CCS, SKYLINE @ 3 L & ¥ — 312 5 5 IRl % 2 1K
oy, WHEHHSIZOIFTERILZ. Z0fRE2zhTh
X7, B 8IZRT. 777NN EIRE ALy NEL,
B REERO GRS, 759, #) 2EEEIELEERA
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# 4: Computational time of the Cholesky decomposition

Method Number of Number of threads(sec.)
sub-regions 1 2 4 8 16
NORMAL 16 3449.3139  1749.0685  894.3046  478.4436  414.1043
64 229.0601 125.6869 68.1501 38.4945 28.1965
256 18.3945 9.2547 4.6992 2.4411 1.4861
1024 1.8024 1.1920 0.8962 0.7525 0.6950
CCs 16 23.0795 12.0532 6.1236 3.1377 1.6362
64 12.1667 6.4386 3.5061 2.0293 1.2918
256 11.5551 6.9265 4.6000 3.4330 2.8504
1024 14.4351 11.7812 10.4548 9.7867 9.4545
SKYLINE 16 6.8538 3.5109 1.7647 0.8915 0.4530
64 1.5440 0.8005 0.4230 0.2320 0.1369
256 0.9700 0.5683 0.3671 0.2658 0.2154
1024 1.0716 0.8648 0.7628 0.7110 0.6860

N
o

L RiZlEiE
BEREB

N P |
O|I||.I||==II.|! il

12481612 481612 48161 2 4 816

B (sec.)
G 8

=
o

[0}

16 64 256 1024

EixLy FE Y 7R

7: Breakdown of the computational time of the
Cholesky decomposition (using CCS format)

w5 ER

Ez
m ERES

12481612 481612 48161 2 4 816

16 64 256 1024

i RLy F# T Y 7HEEE

8: Breakdown of the computational time of the

Cholesky decomposition (using skyline storage format)

eI HERMTH 5. MADTH T T LT, DERAE R
I ONT, BIRHABHEMLTWEZ ehbnrd, Z
ik v, 2Ly KOBINZ & 2 3 ERM OB RINES
TWa., £z, 7Y VAERADEE, BIERSIZET 55
51351 (M 6 DFF8] B;, C;) 1$a LV AX—3 BBz
BT 725, K oT, CCSIZBIFBBITHIDIL A ¥ —
DIRITIEEITENZ &9 5, 1024 HEITIE, NORMAL A
CCS &L oz BEZOND.

6.6 SKYLINE O & V) 37 574

SKYLINE OBE#MMER D> 72D T, FORMEIZOWT
FDHLLLERTE. OO0V THBOKRTEE a0, O
EODBREOK T EE b T B L, T A OV 1R
Faxa W, E,DFARXFbxasb. ZIT,
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6 B, Cid L X% —5R
55 Lilf, RiR{ L RY
g mL,ROILRF—5HR
I 4 B ADILRE—DR
g
i
e 2

' I

i A B RE

16 32 64 128 256 512 1024

B 7RI

9: Relationship between the number of sub-regions and
computational time in each step of the Cholesky decom-

position (using skyline storage format)

A, DXFIEZ w & T58, A, DIV AF—HREOE
BlX O(aw?) &5, fFHIW;, E; ®3VAF—HEDE
BRI, TNTNOFORBEZROVI%E h T dL,
O(ahw) &7 5. £7z, 1751 W;, E; DITHIROFHEEIZ,
O(ah?) &755. B T7HEH%Z 251295 L, a, b, widH
IR BN, b hiZ—ETHD. A;, W;, E; DENIT
OB 2FB e 2FEBTHE, A, DIVAF—
RO ERMOGEHE 1/4 6%, W, B, D3IV AF—4}
RO RO EEHE 1/2 £, 7O EREOAFH
—ETHB. /7, B;, C; DIFHIDOH A1 XF—TFTHEH 2
Rz B DT, B;,C; D3V AF—DEOFHERM DG
b 2512725, SKYLINE D2 L AF—2f% & b A
KENZ oV, ¥ 7 2L S TRRFET LI GED
SRR OMRER 9 1RT. Y THEEBEIES £ TO 16,
64, 256, 1024 (20X T 32, 128, 512 HBINSEERL 7=, &
IR Z 2 LHIEFERR B TWBDOR b 5.

6.7 RIERRK A DT

IV AF—AROF L, I HFREROBETHNED
570 (FURZ MVOIRMRED D) HEIL, —ENfRE
UTUERIE, &EIFadERBNRADATHBICFHETE
L2MTHD. LT, #0EUMS EBUIZ X - T,
IR RA DN EE L 5. ZNFhDTas I A
DOHEZBRRA D HR 2R 5 1I0RT. TRTOAL Y
R#, 4#%C SKYLINE i & 72 572, 16 ALy RE
f1H§1Z, NORMAL Tl 256 2], CCS & SKYLINE T
k64 REDE ENREEIRY, ZOFTHRE RERDI
SKYLINE T 0.0059sec. TH 5. Z ik NORMAL DFHH
TH 5 256 DE OB ON 3.85 D HEXTH 5.
CCS, SKYLINE O iR R A 2 5 I % Z U
5y, WHEBBI DI TEHEILZ. TO#EE%E, K 10,
B 11 RS, IVAF—RORFERU L, 2350k
PFIION, B, WHMHEELEL TWEON
b,
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# 5: Computational time of forward and backward sub-

stitution
Method Number of Number of threads(sec.)
sub-regions 1 2 4 8 16
NORMAL 16 1.4344 0.7216 0.3672 0.1951 0.1277
64 0.4094 0.2089 0.1082 0.0592 0.0415
256 0.1878  0.0990 0.0547 0.0327  0.0227
1024 0.0912  0.0651 0.0524 0.0457  0.0428
CCS 16 0.1895 0.0969 0.0500 0.0261 0.0156
64 0.0667 0.0349 0.0188 0.0110 0.0076
256 0.0574 0.0338 0.0218 0.0161 0.0134
1024 0.0736  0.0577 0.0501 0.0461 0.0444
SKYLINE 16 0.1334 0.0667 0.0352 0.0196 0.0113
64 0.0555 0.0291 0.0154 0.0089  0.0059
256 0.0471  0.0271 0.0170 0.0121  0.0098
1024 0.0530 0.0419 0.0363 0.0335 0.0323
0.25
RS

0.15

B (sec.)

0.1

0.05 ‘I I = II
0 Iii Il-ﬁlll=-| II!

12481612 481612 48161 2 4 816
16 64 256 1024
L ALy R T Y 7 5EE
10: Breakdown of the computational time of the or-

ward and backward substitution (using CCS format)

0.14

0.12

o mEFIERS
e BERES
g 0.08
Ig
E 0.06

0.04

| m |
0.02 - - B B
. IIIIIII--III==III!!
1248161 2481612481612 4816

16 64 256 1024

ErRLy F#U T Y 7EEE

11: Breakdown of the computational time of the for-
ward and backward substitution (using skyline storage

format)

7. FED

ARET, HEEESFOYIalb—va v itBn5id
N IR FFERIT one-way dissection A —& V) ¥ 7 & W
BATHIEEMREZ EH T 5720 0OREREE LT, KTV v
FHRER%E 5 RN L 7258123 2N — R AR
FAFEZEAL, BITFOKMIERDENZER L7 MhE
P 247 o 7SRRI DO W THE L7z, BARIIZIE, CCS B
X, AW T4V (E2A1T0 VT4 7) /iR %AW
=7u g5 LEERL, BT TKNT 256 L ik
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U7z, E£72, B ADIEL L & £1Z, one-way dissection
A =RV VBB THEIBAD S EREMEREDO BRI
DVWTHHEZITo 7.

BUEFEBROFER L 0, SEOFMTIX, AH1 T4 8
WIEREZHWBIGED, aVAXF—20 (BEL ) L
EZBRADOMAIZEWTRE L Ro72. £z, HEIE%E
%< T5L, Tuy IS OITHIY A X0RENNE < 7
50T, WMHILERA A HEZR R4 O FHE IR S e 3 5 23,
—HT, BIRGHERE D OB EMLTLES Z &M
MR, BURSEEEHRTT ILENDH DI LARE
ni-.

BRI, SHOFEICOVWTHERS. SEIK, FX10 ¥
AT L (fHF KFED m-computer) DA Tz 17> 72D
T, TOMOEEE (—#%iY72 Xeon EREEX KNL O & 5 72 A
=——2a7 CPU 8&5) TiMlizfr> BEXHB. £/, M
Rl ORERERE AT, AL Ty (RPAALTA Y
T4 7)) B RE R =212 & 0 RK R R % Bat
THERMBEZ>TWDBE., —F, WHIEBIEFIZLVERET
Y THEBOE L K TERBRENEL BH, TOHEITIE,
BIRGFHEDOWM I HBEMUTUL £, HEEMERT S, 22
T, BUREIERSORRELEZLEL, Wz X0 &ED
A=KV VT HEIZODWTHHT 20EEH 5. ED
EE MG 5 L FIRIC, EBRICEBEESS TI2ET 5
MHAEO 2LV —T 1 v H—ARNCHEHAL, HEROFHE
EBADVHE LTV A FREOEREER LIRS 5 Z L N5 HBD
FRRETHB.

HEE AWMRIZIOVWTHEZBHY £ LEZMERERTE
Bt 27 LG RF R O /NN R R dr B, & R
WEBFZ, BEKZFRF B T AMER OB ELHEBIRIZE
HALH U B ET. ARFESREDO—EBIX, JSPS BHfE
JP17H02828, JP15K16000 & U8 BE K KR ABL I i 2L A% 3 )
FIA - HEFFE R GREES @ jhl70053-NAJ) Ofk%
ZF72bDTY.
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