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Abstract: We discuss Nash equilibria in combinatorial auctions with item bidding. Specifically, we give a character-
ization for the existence of a Nash equilibrium in such a combinatorial auction when valuations by two bidders satisfy
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In a combinatorial auction, m items M = {1,2,...,m} are of-
fered for sale to n bidders N = {1,2,...,n}. Each bidder i has a
valuation f; that assigns a nonnegative real number to every sub-
set S of M. The objective is to find a partition S1,S5,...,5,
of M among the bidders such that the social welfare Y, fi(S;)
is maximized. The combinatorial auction problem is sometimes
called the social welfare problem when we disregard strategic is-
sues on bidders’ selfish concerns. VCG (Vickrey-Clarke-Groves)
mechanisms optimize the social welfare in a combinatorial auc-
tion with selfish bidders. However, it may take exponential time
in m and n. Actually, the social welfare problem is shown to be
NP-hard by Lehmann, Lehmann and Nisan, even if every val-
uation f; (i € N) satisfies submodularity [12] (f; : 2 — R, is
submodular if f;(SUT)+fi(SNT) < fi(S)+fi(T)forall S, T C M
and is subadditive if f;(S UT) < fi(S) + fi(T)forall S, T C M).

Therefore approximation algorithms have also been proposed
for the social welfare problem (in a combinatorial auction). Since
each valuation f; is defined by 2™ subsets of M, most proposed ap-
proximation algorithms are based on oracle models. Two oracle
models, the value queries oracle model and the demand queries
oracle model, are commonly used. Furthermore, in most pro-
posed approximation algorithms, each valuation f; is restricted
to satisfy some conditions. Two restrictions, submodularity and
subadditivity, are commonly used.

For the submodular social welfare problem (i.e., each valuation
is submodular) with the value queries oracle model, the follow-
ing are known. Lehmann, Lehmann and Nisan proposed a %-
approximation algorithm [12]. Khot et al. showed that this prob-
lem cannot be approximated to a factor better than 1 — % unless
P = NP [10], where e is the base of the natural logarithm. Vondrak
proposed a randomized (1— %)-approximation algorithm [15]. Us-
ing the more powerful demand queries oracle model, Dobzinski
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and Schapira proposed an improved (1 — %)—approximation algo-
rithm for the submodular social welfare problem [6].

For the more general subadditive social welfare problem
(where each valuation is subadditive), Dobzinski, Nisan, and
Schapira proposed an Q(1/logm)-approximation algorithm us-
ing the value queries oracle model [5]. Using the more powerful
demand queries oracle model, Feige proposed a %-approximation
algorithm for the subadditive social welfare problem and also
showed that it is NP-hard to approximate to a factor better than
% [8]. He also proposed a (1 — %)—approximation algorithm for the
fractional subadditive (more general than submodular, but more
restricted than subadditive) social welfare problem.

As suggested before, the social welfare problem we
overviewed above has a central administrator who has the
right to make a decision. The administrator makes a decision
by collecting valuations and then performing a centralized
computation based on approximation algorithms. Recently,
however, market-types of social welfare problems have been
actively considered in which there are no central administrators.
In these market-types of problems, bidders make decisions based
on prices and their own valuations, which involves much less
central coordination. Here prices can serve to decentralize the
markets, as can be seen in socio-economic activities in the real
world. If we replace the role of the central administrator by a
particular scheme for pricing items, then allowing bidders to
follow their own self-interests based on valuations and prices
can lead to good decisions. Thus a market-type of social
welfare problem, i.e., a combinatorial auction in this paper, is a
game theoretical version of traditional social welfare problem.
Bidders have incentives to maximize their own payoffs which
are determined based on valuations and prices. Thus, there is a
competition for items among bidders in a combinatorial auction.
In solutions obtained by algorithms for the traditional social
welfare problem, some bidders may feel that they are unfairly
treated. Thus, a solution is required so that, in some sense,
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all bidders are satisfied with items they obtain in the solution.
This leads to the concept of Nash equilibria (defined below).
For a market-type of social welfare problem (i.e., combinatorial
auction), a social optimal solution is very nice in a global sense,
however, in some cases, bidders may not be satisfied with the
solution from their own selfish concerns of view. Thus, a good
Nash equilibrium may be required in a combinatorial auction
from the stability point of view. Research on computing a good
Nash equilibrium and deciding the existence of Nash equilibria
is the most fundamental in a combinatorial auction and there has
been much recent research on this topic. The price of anarchy,
the ratio of the value of a social optimal solution to that of a
worst Nash equilibrium, plays a similar role as an approximation
ratio in approximation algorithms.

For a partition S 1, S, ..., S, of M where each bidder i obtains
the items in S;, the price, denoted by price(S;), is attached to S ;
in a combinatorial auction. The payoff of bidder i is defined by
fi(S;)—price(S ;). Each selfish bidder i/ wants to maximize his/her
own payoff. The combinatorial auctions that are used in practice
are different from VCG mechanisms. For example, eBay uses an
auction in which m items are sold in m independent second-price
auctions. Thus, item bidding, as a combinatorial auction scheme,
occurs rather “spontaneously” and this type of auction is called
a combinatorial auction with item bidding [3]. Thus, a bidder’s
strategy is the m-dimensional vector of bids that the bidder sub-
mits in the different single-item auctions. As mentioned above,
each selfish bidder i wants to maximize his/her own payoff. A
bid profile of all bidders’ bid vectors is a pure Nash equilibrium
if no bidder wants to change his/her own bid vector assuming that
any other bidders keep their own bid vectors.

For a combinatorial auction with item bidding where all bid-
ders’ valuations are submodular, Christodoulou, Kovacs, and
Schapira showed that there is always a pure Nash equilibrium and
proposed an algorithm for finding a pure Nash equilibrium which
isa %-approximation to the optimal social welfare in polynomial
time in n and m[3]. They also showed that the price of anarchy
is at most 2. Bhawalkar and Roughgarden considered a combi-
natorial auction with item bidding where all bidders’ valuations
are subadditive and showed that every pure Nash equilibrium has
a welfare at least % of the social optimal welfare (thus, the price
of anarchy is at most 2 if a pure Nash equilibrium exists) under
the assumption of no “overbidding” [1]. Furthermore, Bhawalkar
and Roughgarden suggested the following open problem: “Iden-
tify necessary and sufficient conditions for the existence of a pure
Nash equilibrium in a combinatorial auction with item bidding
and subadditive valuations.”

In this paper, we give a necessary and sufficient condition for
the existence of a pure Nash equilibrium in a combinatorial auc-
tion with item bidding by two bidders when both valuations are
subadditive and symmetric (i.e., fi(S) = f«(T) for all subsets
S,T € M with |S| = |T|) under the assumption of no “overbid-
ding.” Symmetric valuations were considered in Refs. [12], [13].
An auction with symmetric valuations is called a multi-unit auc-
tion and several results have been proposed in multi-unit auc-
tions [2], [9], [11]. The auction for the super-long-term Japanese
Goverment Bonds is an example of multi-unit auctions [7].
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1. Combinatorial Auctions and Item Bidding

As mentioned before, in a combinatorial auction, we are given
a set of n bidders N = {1,2,...,n} and a set of m items M =
{1,2,...,m}. In this paper, we only consider the case of n = 2.
Thus, N = {1,2}. Each bidder i € N has a valuation f; which
assigns, for each subset S € M, a nonnegative number f;(S). We
denote a valuation profile of two bidders by f = (fi,f2). In a
combinatorial auction with item bidding, each bidder i € N has a
nonnegative bid b;(j) for each item j € M and i’s bid is denoted
by

bi = (bi(1),bi(2), ..., bi(m)).

We denote a bid profile of two bidders by b = (b1, by). We also
write b_; for each i € N which is the bid of the bidder different
from bidder i in b = (by, by).

Feasibility of b = (b;, b,) (i.e., “no overbidding”) is defined as
follows.

Definition 1 Let f = (f1, f>) and b = (by, b>) be a valuation
profile and a bid profile of two bidders, respectively. For each
i € N, if there is a subset S C M such that }’ jcs bi(j) > fi(S) then
b; is called overbidding. Otherwise (i.e., 3 jcs bi(j) < fi(S) for
all subsets S C M), b; is called feasible. If both b; (i € N) are
feasible, then bid profile b = (b1, b,) is called feasible.

In a combinatorial auction with item bidding (by two or more
bidders) [1], [3], the second price auction is used. Thus, items are
allocated as follows. In a bid profile b = (b, b,), if bidderi € N
has bid b;(j) for j € M which is higher than the other bidder’s bid
b_;(j), then item j is allocated to i. That is, if b;(j) > b_;(j) then
bidder i will win and obtain j € M. In this case, the price of item
Jj € M, denoted by price(j), is defined by the second highest bid
among the bids of all bidders (i.e., the lower bid of two bidders).
Thus, price(j) = b_;(j). This implies that bidder i € N can obtain
no item j € M with b;(j) < b_;()).

For item j € M, if both bids for j are the same, then exactly one
bidder will win and obtain j. In this case, if i wins, then the price
of j will be price(j) = b_;(j) = b;(j). In this paper, we assume
that, for each item j € M, at least one bidder’s bid is positive.
(We can generalize the arguments in this paper for the case where
there can be some items j with b;(j) = O for both bidders i € N.)

For a bid profile b = (b;,b;) and for each bidder i € N,
let X;(b) be the set of items (i wins and) allocated to i. Then
Xi(b) € {j € M|b;(j)=max{b;(j), b2(j)}} by the argument above.
The payoff u;(X;(b)) of bidder i € N for X;(b) is defined by

ui(Xi(b)) = fi(Xi(b)) - Z price(j).
jexiby

Nash equilibrium is defined as follows. For a feasible bid pro-
file b = (b1, by), let X;(b) be the set of items allocated to bidder i.
If only bidder 1 changes bid b, to b/, then the resultant bid profile
of both bidders becomes b} = (b, b»). Similarly, if only bidder 2
changes bid b, to b}, then the resultant bid profile of both bidders
becomes b, = (b1, b)).

For convenience, if only i € N changes bid b; to b, the resul-
tant bid profile of both bidders will be written to be b} = (b, by).
Furthermore, let X;(b}) be the set of items allocated to i in bid
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profile b;. Suppose that, even if bidder i changes bid b; to ar-
bitrary feasible bid &, the i’s payoff u(X;(b})) will not become
strictly higher than u;(X;(b)). In this case, i does not want to
change the bid b; in b = (b;,b;). If no bidder i € N wants to
change the bid b; in the feasible bid profile b = (b, by), that is,
if ui(Xi(b)) > u;(X;(b})) for both bidders i € N and for all fea-
sible bid profiles b; = (b}, b_;) (and X;(b})) defined above, then
b = (by, by) is called a pure Nash equilibrium (Nash equilibrium
in short).
In this paper, we make the following assumptions on each val-
uation f; (i € N):
(i) (normalization) f;(0) = 0
(i) (monotonicity) 0 < fi(S) < f(T) for all subsets S, T € M
with@ # S C T,
(iii) (subadditivity) f;(S U T)
S, T C M, and
(iv) (symmetry) f;(S) = fi(T) for all subsets S,T C
ISI=1T1.
Thus, we can define v; : {0,1,2,...,m} = R, by v;(IS]) = fi(S)
for any subset S € M. Then v; is well defined by symmetry of f;

< fi(S) + f«(T) for all subsets

M with

in the assumption above. Using this symmetric valuation v;, we
can write (i), (ii) and (iii) in the assumption above and the payoff
as follows.
Assumption 1 For eachi € N, v; inv = (v, ;) satisfies the
following:
1. (Normalization) v;(0) = 0
2. (Monotonicity) 0 < v;(k) <
k' < m.
3. (Subadditivity) v;(min{k + k',
with 1 <k, k' < m.
Definition 2 Let v = (v,v2) and b = (by, b,) be a valuation
profile and a bid profile of two bidders, respectively. The payoff
u;(X;(b)) of bidder i € N is then defined by

(X)) = vi(IXiB)) = Y price(j). (M
jexib)

vi(k") for all k,k’'with 1 < k <

m}) < vi(k) + v;(k") for all k, K’

Since we will give a characterization of the existence of Nash
equilibria under the assumption of no “overbidding”, we first con-
sider the feasibility of a bid profile.

Definition 3 For each bidder i € N, let v; inv = (vy,v,) be a
valuation satisfying Assumption 1 and let w; be a function with
w;(0) = 0 and, for each k; € {1,2,...,m},

i(2 i(tki — 1) vik;
wi(k;) = k; min MU”()UWKL——l”(). )
ki—1 ki
Then each w; (i € N) has the following properties.
First we have
wi(0) =v;(0),  wi(1) = vi(D),
3)

wi(k,-) < l),'(kl‘) (kZ = 2, 3, ey m),
since w;(0) = v;(0) = 0 and, for all k; € {1,2,...,m},
wz(k) min {Ul(l), 01(2)7 . vitki — 1) Ui(ki)} < vi(k;)

k-1 " K ki

l

by the definition of w;(k;). Similarly, we have

. fwik; = 1) vik;)
i(ki) = ki —_
w;(k;) mm{ 1 I

} (ki =2,3,...,m), (4)
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and
w2 U 5 U, s)
m
since
wi(k,-) | 01(2) vilki = 1) v;(k;)
& e S s
— (1), @ U’(k D @
= min{ min{ v; TR T |k
. {wi(ki_ 1) Ui(ki)} wi(k; — 1)
= min 3 <
k-1 k k-1

for all k; € {2,3,
Eq. (4), we have

m}. Furthermore, if w;(k;) < v;(k;) then, by

k)= kwM

1) (k=2,3,...,m). (6)
Finally, we have
wi(1) S wi(2) < -+ <wj(m), @)
since w;(k;) = w,(k 1) or w;(k;) = v;(k;) for each k; €

{2,3,...,m}, and

wilki) = wilki = 1) + l Witk =Dz witk — 1),

or
wi(k;) = vi(k;) = vi(k; = 1) > w;(k; — 1)

by the monotonicity of v; and w;(k; — 1) < v;(k; — 1) in Eq. (3).
Throughout this paper, we use the following assumption.
Assumption 2 For each i € N, v; inv = (v, v;) satisfies As-

sumption 1 and w; in w = (w;, wy) is the function defined in Defi-

nition 3.

Then we have the following theorem, which will play a central
role in the proof of the main result in this paper.

Theorem 1 For any bid profile b = (b, b,) and for each bid-
der i € N, let the elements of each b; = (b;(1), b;j(2),...,b;(m))
be ordered in nondecreasing order by using a permutation 7; on

M ={1,2,...,m} as follows:
bi(ri(1)) < bi(mi(2)) < - -+ < bi(mi(m)). )]

Then bidder i’s bid b; = (b;(1), b;(2), ...
only if

, bj(m)) is feasible if and

m

D0 by < witk) (i =1,2,...,m), ©)

J=m—ki+1
that is, the sum of largest k; bids in b; = (b;(1), bi(2),. ..
at most w;(k;) for every k; € {1,2,...,m}.

Thus, the bid profile b = (b, b,) is feasible if and only if Eq. (9)
holds for every i € N and every k; € {1,2,...,m}.
Proof: (Sufficiency) Suppose Eq. (9) holds for i € N and every
ki € {1,2,...,m}. For any subset S; € M, let k; = |S;|. Then, in
bid vector b; = (b;(1), b;(2),...,bi(m)), the sum of the k; bids of
items in S; is at most the sum of the largest k; bids, i.e.,

»bi(m)) is

m

Db D b))

=3 jEm—ki+1
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by Eq. (8). Thus, by Egs. (9) and (3) (i.e., w;(k;) < v;(k;)), we have

Z bi(j) < Z bi(mi() < witk;) < vik;)
jesi Jj=m—ki+1
and b; = (b;(1),b;(2), ..., b;(m)) is feasible by Definition 1.
(Necessity) Suppose that, for i € N, bid vector b; =
(bi(1),b;(2),...,bi(m)) is feasible. Then, for any subset S; € M
withk; = 1S;] € {1,2,...,m},
D bi)) < viths).
JESi
LetS; = {m(m—k;+ 1), 7;(m — k; +2),...,m;(m)}. Then we have

D bilm() < vilky) (10)

Jj=m—ki+1

forall k; € {1,2,...,m} and

LS o < 4% ue, (1

J =m—k;+1
Furthermore, since, in b; = (bi(1),b(2),...
ki € {2,3,...
the average of the largest k7 — 1 bids, we have

,b;(m)), for each
,k;}, the average of the largest k] bids is at most

Z bimi(j)) < k, - Z bi(mi(j)

l Jj=m—k+1 / =m—k/+2

by Eq. (8). Thus, we have

Z bilmi() < 7 Z bilmi(j))
] m—k;+1 ] m—k;i+2
<-
<5 Z bilmi()
/ =m—1
< bi(mi(m)).

By combining this with Eq. (11), we have

Zb () < 5 Zb (ri(j ’( ) (12)

jmk+l ljm k+1

forany k = 1,2,...,k;. Thus, by combining this with the defini-

tion of w; in Eq. (2), we have

Z b)) < min {v,(l) 01(2) ’ Ui(ki)} _ wiki)

] =m—k;i+1 ki ki

and Eq. (9) for every k; € {1,2,...,m}. ]
By Theorem 1, we have the following corollary.
Corollary 1 A bid profile b = (b1, by) of two bidders can be
determined as to whether or not it is feasible in O(m) time, if the
elements of b; for both i € N are sorted as in Eq. (8) in advance.

2. Existence of Nash Equilibria

In this section, we first give some technical terms and lem-
mas for explaining the main result in this paper, and then give its
proof.

Definition4 Let P = (M, M) be a partition of M into two
subsets, i.e., M| "M, = ) and M; UM, = M. Foreachi € N, let
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d;=(d;(1),d;(2),...,d;(m)) be defined by
wi(|Mi) oo
. = (if j € M)),
di(j) = [M;] 13
@ { 0 (otherwise). (13)

Then we have the following lemma and the main result.

Lemma 1 The bid profile d = (d;,d,) defined by Eq. (13) is
feasible and X;(d) = M, for each i € N (i.e., the set of items (i
wins and) allocated to i in d = (dy,d>) is M;).
Proof: Clearly, X;(d) = M;, since P = (M,, M>) is the partition
of M into two subsets and d_;(j) = O for each j € M; by Eq. (13).

We will prove that d = (d}, d,) is feasible. To clarify the argu-
ment, we will give a proof for i = 1. By symmetry, a proof for
i = 2 is also obtained.

Let k; = |M,| and let the elements of bid vector d; be ordered
by using some permutation o} on M as follows:

di(o1(1) <di(01(2)) £ -+ < di(o1(m)). (14)
Then,

di(o (1) =di(01(2)) = -+~ =di(o1(m = k1)) =0

15
(@ i(m =y + 1) =+ = dy(orym)) = 260 (1)
and, for every k&’ with 1 < k" < k;, we have
m—ky+k’
D i) = —uu(kl) (16)
Jj=m—k;+1

The feasibility of d; can be obtained as follows. Since w;(1) >
@ > ... > W by Eq.(5), we have
S . K’ ’”
D, D@ = mwik) Swi(k”) foreach K < k.
JEm—k+1 !
On the other hand, if ¥/ > ky, then, since d;(o-1(m — k" + 1))
di(ocim—=k" +2))=---=d(o01(m—ky)) =0, we have

SodGn= Y di@i() = wiltk) < m®”),
J=m—k"+1 Jj=m—ky+1

where the last inequality is obtained from Eq. (7). Thus, d; is
feasible by Theorem 1. O

Theorem 2 A valuation profile v = (v, v;) satisfying As-
sumption 1 has a Nash equilibrium if and only if there is a par-
tition P = (M,, M») of M into two subsets such that the feasible
bid profile d = (d,,d>) of two bidders defined by Eq.(13) is a
Nash equilibrium.

Before giving a proof of Theorem 2, we give simple examples.
Example 1. Let N = {1,2}, M = {1,2,3} and let

v1(0)=0, v()=v1(2)=3, ©13)=6

amn
00) =0, »()=0@2)=2, nB)=4

Then each v; (i € N) satisfies Assumption 1, and

wi(0)=0, w(l)=3 22=15 215

w0 =0, wy(l)=2, “D-q w0 _q

In this case, by Theorem 2, there is no Nash equilibrium which
can be shown as follows.

By symmetry, we can assume there are only four distinct
partitions P® = (M®, M) of M (k = 0,1,2,3), where
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MP = {jeM]|j<kadM’=M-MP" Thus,
MO =0, M = (1), M? = (1,2}, M = {1,2,3}. Corre-
sponding to the partition P® = (M*, M¥) of M, the feasible
bid profiles d© = (d", d") defined by Eq. (13) are

d” =(0,0,0),

d" =(3,0,0),

d® =(1.5,15,0),
d? =(1.5,15,15),

d” =(1,1,1),
d" =(,1,1),
d? =(0,0,2),
d? =(0,0,0).

Thus, X;(d®) = M® forall k = 0,1,2,3 and i = 1,2. Now let
bidder 1 change bid dl(k) to d;(k) fork =0,1,2 as follows:

4 =3,0,0, & =0811,11), d? =(04,0422).

It can then be easily seen that bidder 1 can improve his payoft
in the feasible bid profile d'® = (d;*,d{"). Actually, X,(d'®)
and the payoft u; (X (d’ (k))) for k = 0, 1,2 become as follows.

Xi(d ) = {1}, (X1 (d ) =3 - 1> u(X;(d?)) =0,
and, fork =1,2,
Xi(d®) =1{1,2,3}, ui(Xi(d®)=6-2>u(X;(d")) = 3.

Similarly, for k = 3, if bidder 2 changes bid d.” to &, = (0,0, 2)
then bidder 2 can improve her payoff in the feasible bid profile
d’2(3) = (dl(3), d£(3 )) from 0 to 0.5. Actually,

Xo(d' @) = (3}, ua(Xa(d ) =2-1.5> ur(Xo(d?)) = 0.

By Theorem 2, the valuation profile v = (v, v;) in Eq. (17) has
no Nash equilibrium. O

Example 2. Let N = {1,2}, M = {1,2,3,4,5} and
vi(0) =0, v(1)=v:2)=0v:(3) =3, v:4) =v(5)=6

for each i € N. Then each v; (i € N) satisfies Assumption 1 and

wi(0) =0, wi(l)=3, U2 =15 2= uwd_ud -

As in Example 1, for k = 3 with M = {1,2,3} and M.’
{4,5),d® = (@, d”) defined by Eq. (13) is

4V =(1,1,1,0,0),  d;”=(0.0.0,15,1.5).

The feasible bid profile d® = (@,d”) with X @) =
MP = {1,2,3} and X@D) = M {4,5}) is not
Nash equilibrium: if bidder 2 changes bid d2(3) to d;G)
(0,1.2,1.2,0.3,0.3) then

IS

W

Xo(d'D)=1(2,3,4,5), i,(Xa(dP)=6-2 > ur(Xo(d)) =

7 (3)
2

and she can improve her payoff in the feasible bid profile d
@?,d,”) from 3 to 4.
However, dV = (dl(]),dz(])) with

d" =(3,0,0,0,0),
MV = {1,
Xy d™M) = (M) =3

dV =(0,1,1,1,1)
M =1{2,3,4,5)
w(X2(d D)) = upy(M") = 6)

andd¥ = (d,d") with

d® =(1,1,1,1,0),
M® =1{1,2,3,4},
(X (d@) = u; (M) = 6

d\¥ =(0,0,0,0,3)
MY = {(5))
ur(X2(d ™)) = (M) = 3)
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are both Nash equilibria. O

We give an outline of the proof of Theorem 2 using the follow-
ing notation.

Definition 5 For a bid profile b = (b, b), let Y; = X;(b) be
the set of items allocated to bidder i and let y; = |Y;| (i = 1,2).
Then, clearly P = (Y1, Y>) is a partition of M into two subsets,
ie,Y1NY,=0,Y,UY, =M and y; +y, = m. Foreachi € N,
let ¢; = (ci(1),¢i(2),...,ci(m)) be defined by

wi(yi) .
G = { o @aeh. (18)
0 (otherwise).

If we let M; = Y; then ¢; = (c;(1),¢;(2),...,ci(m)) is the bid d;
defined by Eq. (13) in Definition 4. Thus, we have the following
lemma (we will give its proof in Section 4).

Lemma 2 In a valuation profile v = (vy, v,), if a feasible bid
profile b = (b1, b,) is a Nash equilibrium, then ¢ = (cy,¢;) de-
fined by Eq. (18) is also a Nash equilibrium.

Using this lemma, we can easily prove Theorem 2 as follows.
Proof of Theorem 2: (Necessity) If there is a feasible bid pro-
file b = (by, by) which is a Nash equilibrium, then, by Lemma 2,
¢ = (cy, cp) defined by Eq. (18) is also a Nash equilibrium. Thus,
by setting M; = Y; and d; = ¢; for each i € N, we have a desired
partition of M into two subsets and the necessity for Theorem 2
is proved.

(Sufficiency) If there is a partition P = (M, M,) of M into two
subsets such that the feasible bid profile d = (d;, d,) of two bid-
ders defined by Eq. (13) is a Nash equilibrium, then it is clearly a
Nash equilibrium in the valuation profile v = (vy, v;). m]

3. Basic Properties of a Feasible Bid Profile b

To prove Lemma 2, we need the concept of prestability and sta-
bility. For a bid vector b = (b(1), b(2), ..., b(m)), let b(j < j') be
the bid vector obtained from b by swapping b(j) and b(j’). For ex-
ample, if b = (b(1),b(2), b(3)) then b(1 & 3) = (b(3), b(2), b(1)).

Definition 6 Let b = (b, b,) be a feasible bid profile. For
i € N, let X;(b) be the set of items allocated to bidder i. Then b;
is called prestable in b = (by, by), if

ui(Xi(b)) > u;(Xi(b}))

for all feasible bid profiles b, = (b},b_;) with b = bi(j < j)
(I < j# j < m)and X)) = |Xi(b)|. Otherwise, b; is called
unprestable in b = (by,b,). If both b; (i € N) are prestable in
b = (b1, b,), then b = (by, by) is called prestable.

Note that, by the definition, a prestable bid profile b = (by, by)
is always feasible and that, if b; is unprestable in a feasible bid
profile b = (by,by), then b = (by,b,) is not a Nash equilib-
rium. Furthermore, as mentioned in Corollary 1, we can deter-
mine whether a given bid profile b = (by, by) is feasible or not
in O(m) time (excluding O(mlogm) time for sorting). We can
also determine whether a given feasible bid profile b = (by, b,) is
prestable or not in O(m?) time based on Definition 6.

Furthermore, we have the following lemma (see Appendix for
its proof).

Lemma 3 For a prestable bid profile b = (by,b,), let ¥; =
Xi(b) be the set of items allocated to bidder i € N and let
y; = |Yi|. Then we can always choose a permutation 7_; on
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M ={1,2,...,m} appropriately such that
b_i(n_i(1)) < b_i(7_i(2)) < --- < b_i(n_;(m)), and (19)
Yi ={n(1),n(D), ..., m-i(yi)}. (20)

Based on these observations, from now on, we will consider
only a prestable bid profile b = (b;, by), and assume that, for each
i € N, the set of items Y; = X;(b) allocated to bidder i and a
permutation n_; satisfy Eqs. (19) and (20).

Definition 7 Let b = (b1, b,) be a prestable bid profile sat-
isfying Egs. (19) and (20), where Y; = X;(b) is the set of items
allocated to bidder i € N and y; = |Y;| (thus, P = (Y}, Y») is a
partition of M into two subsets and y; +y, = m). Fori e N, if

k
0y + K) = vily) < ) b iy + ) @
j=1
for all k with 1 <k <m —y; and
k-1
0iyr = K) < 0ily) = ) boiCrilyi = ) 22)
j=0
for all k" with 1 <k’ < y;, then b_; is called stable in b = (by, b,),
and otherwise it is called unstable. If both by and b, are stable in
b = (by,b,), then b = (by, b,) is called stable.

Note that, if a prestable bid profile b = (by, b,) is stable, then
even if bidder i changes b; to b; which may or may not be fea-
sible, the payoff of bidder i will not increase in (b, b_;), which
can be shown by Egs. (21), (22) and the definition of the payoff
of bidder i. Thus, if a prestable bid profile b = (b, b,) is stable,
then it is a Nash equilibrium. The converse is also true and we
have the following theorem (see Appendix for its proof).

Theorem 3 A prestable bid profile b = (b, by) of two bid-
ders with (X; (), X»(b)) satisfying Eqs. (19) and (20), where X;(b)
is the set of items allocated to bidder i with |X;(b)| = y; (i € N), is
a Nash equilibrium if and only if b = (b, b,) is stable.

By Theorem 3 (and Definition 7), we can determine whether a
prestable bid profile b = (by, b,) is a Nash equilibrium or not in
O(m) time. Furthermore, by combining this with Theorem 2, we
have the following corollary.

Corollary 2 We can determine whether a valuation profile
v = (vy,0y) satisfying Assumption 1 has a Nash equilibrium or
not in O(m?) time and, if it has, we can find such a Nash equilib-
rium in O(m?) time.

From this theorem, we can also obtain the proof of Lemma 2
without much difficulty.

4. Proof of Lemma 2

Finally, we study properties of ¢ = (¢, ¢3) defined by Eq. (18)
and complete the proof of Lemma 2. Note that, for each i € N,
Y; = X;(b) and y; = |Y;]. For each i € N, let X;(c) be the set of
items allocated to bidder i in ¢ = (cy, ¢3). Thus, we have

Xi(e)=Y;, |Xio)l=y; (€EN), (23)
yr+y2=m, (24)

by the definition of ¢ = (cy, ¢y) in Eq. (18). We order the items
not contained in X;(¢) in nondecreasing order in b_;. Thus, we
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can assume that the items in X_;(¢) = Y, = M — Xi(¢) =
—i)

{ jl(_i), jz( S ],(n__’;} are ordered as follows:

b)Y < boGY) < < LGS, (25)

Similarly, we consider c_; and order the items in Y_; =
{ jl(_’), jz(_’), - j,i,__’,)/,} in nondecreasing order in c_; by using a

permutation o _; as follows:
. (D < . (D < e < . (D 26
c-ilo—i(j; ) S c-ilo-i(jy ) <+ < ci(0=i(fpmy,))- (26)

Then the following lemma holds (see Appendix for its proof).
Lemmad4 Letie N and k; < m—y; be a nonnegative integer.
Then

ki ki
Db = ) eiloiGy ), @7
h=1 h=1

i.e., the sum of the k; smallest bids for the items in Y_; =
{jl(_i), jz(_i), e, ],(,,__’,)/} in b_; is at most the sum of the k; smallest
bids for the items in Y_; in c_;.

By using this lemma and Theorem 3, we can obtain the proof
of Lemma 2.
Proof of Lemma 2: Suppose to the contrary that, ¢ = (¢, ¢2)
is not a Nash equilibrium even though b = (by,b;) is a Nash
equilibrium. Then there would be a bidder i € N such that if
bidder i changes the bid then in the resulting bid profile bidder i
will obtain a greater payoff. Thus, by symmetry, we can assume
i = 1 and bidder 1 changes c; to ¢} so that his payoff u;(X(c"))
of X(c’) of items allocated to him in the bid profile ¢’ = (¢}, ¢2)
is greater than his payoft u;(X;(c;)) in the bid profile ¢ = (cy, ¢3).
Thus, we have

ur(X1(¢") = v1(1X1(cN)) - Z 2())

jexi(€’)
> ui(Xi(€))=vi(y1). (28)

We will show below that this leads to a contradiction.

We can assume X;(¢’) 2 Xj(c). Actually, for every j € X(c),
we have c(j) = 0 by the definition of ¢, and, by the mono-
tonicity of vy, we can modify ¢{(j) so that X;(¢’) may include
J without decreasing the value of u;(X;(¢’)) (by decreasing a
bid for some item in X;(c¢’) — Xi(c) if necessary). Now let
Y) = Xi(¢’) — Xi(c) € Y> and ky = |Y}|. Then we can write

ur(Xi(¢") = vi1(1X1 (")) - Z c2())- (29)

J€Y;

Since X;(¢’) = X1(¢) U Y; and |X;(c")| = X (c) + Y] = y1 + ki,
by applying Lemma 4, we have

0 (Xi(¢) = v (X1 () = > ea(j)

JeY;

ki
<o(Xi(eH) = > ba(?)

h=1

ki
=0 + k)= > ba(iY)
h=1

by Eq. (29). Moreover, since b = (b, b,) is a Nash equilibrium,
we have
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ki
vilyr + ki) —oiyn) < Z ba(ji)
h=1

by Definition 7 and Theorem 3. By combining these, we have
u(X1(c")) < v1(yy). However, this contradicts

uy(X1(e") > u (X, () = v1(y1)
in Eq. (28). Thus, ¢ = (¢}, ¢3) is a Nash equilibrium. O
5. Concluding Remarks

In this paper, we have given a necessary and sufficient condi-
tion for a valuation profile v = (v, v) satisfying Assumption 1 to
have a Nash equilibrium in Theorem 2. We give some remarks
below.

Note that, if all valuations v; are submodular and symmetric
then it is easily shown that we can obtain a Nash equilibrium
which also maximizes the social welfare (thus, it is optimal) in
polynomial time in n and m, however, the price of anarchy re-
mains 2[14]. This implies that the price of anarchy cannot be
improved even if we restrict valuations to be symmetric.

The results in this paper can be generalized to the case of n > 3.
That is, if n is fixed, we can decide in polynomial time whether a
combinatorial auction has a Nash equilibrium or not if all valua-
tions v; are subadditive and symmetric [14]. However, if n is not
fixed, our algorithm becomes exponential in n. Thus, we pose the
following questions: is there a polynomial time algorithm to de-
cide whether the model of the combinatorial auction in this paper
with general n > 3 has a Nash equilibrium or not? Is it possible
to relax the constraint of symmetry in a valuation and to obtain a
similar result which might lead to an answer to the open question
posed by Bhawalkar and Roughgarden in Ref. [1].

A recent paper by Dobzinski, Fu, and Kleinberg [4] revealed
that exponential communication is required in order to find a pure
no-overbidding Nash equilibrium in combinatorial auctions with
subadditive bidders, even if such an equilibrium is known to ex-
ist. However, this does not settle the open question posed by
Bhawalkar and Roughgarden. Note also that, this does not im-
ply that any algorithm for deciding whether there is a pure no-
overbidding equilibrium in combinatorial auctions with subaddi-
tive bidders requires exponential time.
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Appendix

A.1 Proof of Lemma 3

Suppose that Y; # {n_;(1),7_;2),...,m_i(y;)}. Then for some
jel{l,2,...,y;yand j’ € {y;+1,y;+2,...,m}, wehaven_;(j) ¢ ¥;
and 7_;(j’) € Y;. Thus,

J<Js boi(m(j) < bi(mi(j))s
bi(m_i() < b_i(m_i(j)), and b_i(m_i(j)) < bi(m_;i(j)).

Then b_;j(n_;(j)) = b_i(m_;(j')) holds, which will be shown be-
low. Now (let b_;(m_;(j)) = b_i(n_;(j)) and) let 7_;(j < j') be
the permutation obtained from 7_; by swapping 7_;(j) and 7_;(j’).
Thus,

i(j") G # LD
ni(j e G =1 () G =)
i(j) G =)

Then, by updating 7_; = n_;(j < j'), we obtain n_;(j) € Y; and
n_i(j') ¢ Y;. Note that, by this process, only n_; changes, but
none of by, by, Y1,Y,, and 7; changes, and Eq. (19) always holds.
By repeating this process, we can finally obtain a permutation 7_;
satisfying Eqgs. (19) and (20).

Now we prove b_;(m_;(j)) = b_i(m_;(j")). Suppose to the con-
trary that b_;(m_;()) < b_i(m_i(j)). Let b] = bi(n_i(j) & 7-i(j'))
be obtained from b; by swapping b;(r_;(j)) and b;(m_;(j')). Then
b; = (b, b_;) is a feasible bid profile and

bi(-i(j') < boi(m-i())) < bi(m-i(j")) < by(m-i()))-

Thus, X;(b7) = X;(b) — {7_;(j)} U {7_i(j)} and [Xi(b))| = [Xi(D)|,
and we have
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ui(X;(b))) = u;(Xi(b)) + b_i(n_i(j)) = b_i(w_i(j)) > u;(X;(b)).

However, this is a contradiction, because b; is prestable. Thus,
we have b_i(m_i()) = b_i(m_i(j")).

Now let i = 1, and let 7, be an identical permutation (i.e.,
my(j) = jforall j = 1,2,...,m) by changing labels of items if
necessary. Then by Egs. (19) and (20), we have

by(1) <by(2) <---<by(m) and Y, ={1,2,...,y1}, (A.1)
and
bi(ri(1)) < b1(m(2)) < -+ < by(r(m)) and (A2)

Y, = {m(D), 71 (2),....my2)} 2=m—-yp)

by choosing 7, appropriately. Such a permutation 7y is obtained
by the same argument above. O

A.2 Proof of Lemma 4

To clarify the argument, we will give a proof for i = 1. Thus,
bi=by,ci=c,m=m,0,=01,b=byci=crmi=m,
and o_; = 0;. By symmetry, a proof for i = 2 is also obtained
and we will omit it.

Let Y] be the set of k; items of ¥ = Xs(¢) = M — X(c) corre-
sponding to k; smallest bids in ¢y, i.e.,

Yy = {2(iP). 2G5, - (i)} € Yo (A3)

1

Note that ¢, (j) = % for each j € Y> = X3(¢). Thus,

3 eai) = by 22 (Ad)
Y2

J€Y;

Since Y, = X3(b) and b, is feasible, the sum of the smallest k;
bids of Y, in b, is at most k; % In fact, this can be obtained
as follows. If the sum of the smallest k; bids of Y, in b, were

greater than k; %, then the k;th smallest bid of Y, would be

greater than % (and each larger bid of Y, would also be greater

wa(y2)

than "’2;—2“)) and we would have 3 jcy, b2(j) > y2 =%

=w(y2), a
contradiction for the feasibility of b,.

Thus, we have the sum of the smallest k; bids of Y> in b, is at

most
. w
S eal) = by 22
jer; Y2
and Eq. (27) fori = 1. ]

A.3 Proof of Theorem 3
We assume Eq. (19), i.e.,

b_i(n—i(1)) < b_i(7-i(2)) < -+ < b_i(m_i(m)).

To prove Theorem 3, we need some notation.

Definition 8 For a feasible bid profile b = (b1, b,), let g;(b_;)
denote the maximum number of items which bidder i € N can
obtain by choosing his feasible bid vector b, appropriately. That
is, he can choose a feasible bid vector b; so that he can obtain
gi(b_;) items, however, he cannot obtain g;(b_;) + 1 items for any
feasible bid vector b}’

In the feasible bid profile b = (b1, b,), we will say, g; < g;(b—;)
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items are allocatable to bidder i, but h; > g;(b_;) + 1 items are un-
allocatable to bidder i using this notation g;(b—;). Then we have
the following lemma.

Lemma 5 Suppose that, in a feasible bid profile b = (b1, b,),
for each i € N, g;(b-;) items are allocatable to bidder i, but
gi(b_;) + 1 items are not. Then there is an integer h; with
1 < h; < gi(b_;) + 1 such that

hi—

—_

b_i(m_i(gi(b-p) + 1 = ))) > w;(hy).

Il
(=1

J

Let g; be the smallest such integer /;. Then

1<g; <gi(b-p) + 1, (A.5)
wi(g)) = vi(g)), (A.6)
g;-1
D boim i(gitb-) + 1= ) > wilg)), and (A7)
Jj=0

k=1

D b-ilnilgib-) + 1= j)) < wilk) forallk < g} ~ 1.
j=0
(A.8)

Proof: To clarify the argument, we will give a proof for i = 1.
Thus, b; = by, n; = my, b_; = by and n_; = m,. By symmetry, a
proof for i = 2 is also obtained. Furthermore, we can assume that
m is an identical permutation and 7,(j) = jforall j=1,2,...,m
by changing labels of items if necessary. Thus, Eq.(19) can be
written as follows:

by(1) < by(2) < -+ < by(m). (A9)
Suppose that there were no such iy with 1 < hy < g1(by) + 1.

Then

hi—

!
by(g1(b2) + 1 = j) S wy(hy),
=

(A.10)

foreach iy = 1,2,...,g1(b2) + 1. Let b} and n be defined by

b/( ) _ b2(]) (]= 1’2”g1(b2)+ 1)
0 (= g1(b2) + 2.g1(bs) +3.....m),

() = J+agi(b) +1 (=L2,....m=gi(by) — 1),
! J=m=gib)+1 (j=m-gi(b),...,m).
Then we have
bi(m (1)) < b\(71(2) < -+ < bi(m} (m)),
bi(mi(m— ) =bagib) +1=j) (j=0,1,...,91(b2)),
bi(mim—=j)=0 (G=g1b2)+1,91(b2) +2,....m—1).
Thus,

hi=1 hi=1

Db = ) = Y ba(gi(ha) + 1= j) < wi(hy)

=0 J=0

for all 4y with 1 < h; < gy(by) + 1 (and

hi=1 g1(b2)
b= )= Y bagib) + 1= ) < wilgi(b2) + 1)
Jj=0 j=0

for all by with gy(b2) + 2 < hy < m) would hold, and 5] would
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be a feasible bid of bidder i by Theorem 1. Thus, g;(by) + 1
items would be allocatable to bidder 1 in a feasible bid profile
b’ = (b}, by). However, this is a contradiction, since g;(b,) + 1
items are not allocatable to bidder 1. Thus, such an integer /;
exists, and 1 < g} < g1(b2) + 1, Egs. (A.7) and (A.8) hold.

Next, we prove wi(g}) = vi(g}). If g; = 1, then it is clear
that wi(g]) = wi(1) = vi(1) = wvi(g]) by the definition of
wi. Thus, from now on we can assume g > 2. Suppose that
wi(g}) # vi(g}). Then we have wi(g}) < v1(g}) by Eq. (3). Thus,
by Eq. (6), we have

,wilgy -1

wi(g)) = g; g 1

(A.11)

On the other hand, by the choice of g’l, we have

9,2

wilg = 1= ) ba(gi(ba) + 1= ).
j=0

Furthermore, by Inequality (A.9) and Eq. (A.11), we have

_wilg - S b+ 1- )
91 n-1 g9~ 1
> by(g1(b2) — g7 +3)
> ba(g1(b2) — g} +2).

wi(g})

Thus, we have

, ,wilgy — 1D
wig) =g\ ——— =
gl_l

wi(g; — 1)
g —1

wi(g; — 1)
g —1

(g) -1

g,-2
> [Z Da(gi(b2) + 1 - j)] + by(g1(D2) — gy +2)

Jj=0
g;-1
= > balgib) + 1= ).
=0
However, this is a contradiction by the choice of g since
Eq. (A.7) holds, as shown above. Note that, here in this argument,
Eq. (A7) is

g;-1
D a1 + 1= ) > wi(g)).
=0
Thus, we have wy(g7) = v1(g)). o

Now, we are ready to prove Theorem 3.
Proof of Theorem 3

Since we have already shown the sufficiency of Theorem 3, we
have only to show the necessity: If b = (b1, b,) is a Nash equilib-
rium then it is stable.

Suppose to the contrary that b = (by, by) is not stable even if it
is Nash equilibrium (and thus, prestable). Then, for some i € N
and some kK, k' (1 <k <m-y;, 1 <k <y;) withy, +y, = m,
Egs. (21) or (22) would not hold.

To clarify the argument, we will give a proof for i = 1. Thus,
b;i = by, m; = m, b_; = b, and n_; = m,. By symmetry, a proof for
i = 2 is also obtained and we will omit it. Furthermore, we can
assume that 7, is an identical permutation (i.e., m>(j) = j for all
j = 1,2,...,m) by changing labels of items if necessary. Thus,
Eqgs. (19) and (20), can be written by
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by(1) <by(2) <--- < by(m) and Y, ={1,2,...,y1} (A.12)
and we have
k
vy + k)=o) > Y by + ) (A.13)
j=1
for some k with 1 <k <m -y, or
k-1
vy —K) > viw) = Y by = ) (A.14)
j=0

for some k" with 1 < k¥ < y;. Now we can assume that, in a
prestable bid profile b = (b, by), g1(b,) items are allocatable to
bidder 1, but g(b;) + 1 items are not. Thus, y; < g,(b2). Since
b = (by,by) is a Nash equilibrium, Y, = X;(b) = {1,2,...,y1},
and

m(¥) = viy) = Y baj)
JeY
> (G (B)) =0 (X = D ba())
jexid)

for any feasible b’ = (b, by), we can assume

k
vy +K) =) < ) by + )
j=1

(A.15)
forall 1 <k < gi(by) —y; and

k-1
vy —K)+ Y bayr = ) < vilyn)
j=0

(A.16)

for all 1 < k' < y;. Thus, Eq.(A.14) never holds. Similarly,
Eq. (A.13) does not hold for any k with 1 < k < g;(b;)—y;. There-
fore, Eq. (A.13) holds for some k with g, (b;)—y;+1 < k <m—y,
(and this implies g;(by) < m).

Let k* be the smallest integer among such ks. Thus, we have

gib) —y1 + 1 < k" <m—yi, (A.17)
v
vy +K) = o) > ) by + ), (A.18)
j=1
k
0+ =0y < Y by + ) (A.19)
j=1
forall 0 < k < k* — 1. The last two inequalities imply
v
Dy + k) =0 + 0 > ) by + ) (A.20)

Jj=k+1

for all 0 < k < k* — 1. Similarly, by inequalities (A.16) and
(A.18), we have

k' k*
vy +k) =0y —K) > D halyr =K + )+ Y ba(yn + )
j=1 J=1
(A21)
forall 1 <k’ < y;. This is equivalent to
y1+k*
ny +K) =0 (K)> D b)) (A22)
Jj=k'+1



Electronic Preprint for Journal of Information Processing Vol.25

forall 0 < k’ < y; — 1. Combining inequalities (A.20) and (A.22),
we have

Y1+k*

vy + k)=o) > D b))

Jj=k+1

(A.23)

forall0 <k <y, +k" -1.

On the other hand, in prestable bid profile b = (b, by), g1(b>)
items are allocatable to bidder 1 but g;(b,) + 1 items are not allo-
catable to bidder 1. Thus, we can consider g’1 defined in Lemma 5.
That is, g] is the smallest k" such that 1 < k" < g1(b2) + 1 and
ba(g1(b2)—k"+2)+ba(g1(b2)—k" +3)++ - -+b2(g1(b2)+1) > wy (k).
Thus, we have

1<g) <gilby) + 1, (A.24)
wi(gy) = v1(g))s (A.25)
9,

bi(gi(b2) + 1 =g} + j) > wi(gy), and (A.26)

J=1

k
sz(g](b2)+ l—g,+j)<wkforalll <k<g| -1
=1
(A27)

Since g, (by) items are allocatable to bidder 1, we also have

k
D ba(gi(b) — k+ j) < wy (k) forall 1 < k < gi(b).
j=1
(A.28)

Now subtract g} from y; + k" several times, say g > 1 times, so
that y; + k™ — qg/, will be in the interval [g1(b2) + 1 - g/, g1(b2)]
of g} integers. Let k' = y; + k* — gg/. Then, we have

gi(by) + 1 —g| <k =y + k" — qg} < g1(by). (A.29)

Since 37, ba(gi(b2) + 1 = g} + j) > wi(g}) by Eq.(A.26),
giby) + 1 —g) < k' = yy + K - qg] by Eq.(A.29), and
y1 + k" > g1(by) + 1 by Eq. (A.17), we have

91
qui(g}) < g ) bagr(ba) + 1= gi + ))
j=1
g,
<q ) by +K —ag) + )
j=1
a9,
<) by +k —qg) + )
J=1

a9, y+k*
=D bk + =) b))
j=1 j=k+1

by Eq. (A.12) and 0 < k" < y; +k*—1. Thus, by inequality (A.23),
we have

y+k*

qui(g) < Y. ba(j) <viyr +K) =0y (K),
j=k'+1

(A.30)

Furthermore, since v; is subadditive and y; + k* — k" = qg}, we
have

vi(yr + k) — o1 (k") <oy + k= k') = v1(gg)) < qui(g)),
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y1+k
qui(g)) < D ba(i) <viyr +K) = viK) < qui(gh)
Jj=k'+1
(A31)
and
wi(gy) < vi(g)) (A.32)

However, this contradicts w(g}) = v1(g}) in Eq. (A.25).

Thus, for i = 1, both Egs. (21) and (22) hold. By symmetry,
both Egs. (21) and (22) also hold for i = 2. Thus, b = (by,b,) is
stable. O
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