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A Product-type Krylov Subspace Method Based on Conjugate
Residual Method for Nonsymmetric Coefficient Matrices

KuNIYOsHI ABE,! TOMOHIRO SOGABE,t SELJI FUJINOt
and SHAO-LIANG ZHANGHt

We propose a product-type Krylov subspace method based on the conjugate residual (CR)
method for nonsymmetric coefficient matrices. The recurrence formulas for updating an ap-
proximation and a residual vector are the same as those of the original product-type Krylov
subspace method, while the recurrence coefficients aj, and (3 are determined so as to compute
the coefficients of the residual polynomial of CR for nonsymmetric coefficient matrices. Nu-
merical experiments show that our proposed product-type Krylov subspace method is more

effective than the original.
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Table 1 Computational costs of several iterative methods
per iteration.

M-v products Inner add or scaling

CGS 2 2 12
CRS 2 12
BiCGSTAB | 2 4 12
BiCRSTAB | 2 4 12
GPBiCG 2 7 27
GPBiCR 2 7 27
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Fig.1 The coefficients for Eq. (12).
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Fig.2 Convergence history of CGS, CRS (on the left) and BICGSTAB, BiCRSTAB
(on the right) when using the coefficients of the case 2 of Fig. 1.
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Table 2 Number of iterations, computation time and ex-
plicitly computed relative residual norm when us-
ing the coefficients of the case 1 (on upper table)
and the case 2 (on lower table) of Fig. 1.

case 1 of Fig. 1 Iterations  Time  True res.
CGS 1257 1.24  —105
CRS 1206 1.28 —12.0
BiCGSTAB 1227 1.11 —12.0
BiCRSTAB 1129 1.03 —12.0
GPBiCG 1102 1.73 —12.2
GPBiCR 1085 1.72 —12.0
case 2 of Fig. 1 Iterations  Time  True res.
CGS 1337 1.34 —12.0
CRS 1265 1.33 —12.0
BiCGSTAB 1408 1.32 —12.1
BiCRSTAB 1280 1.22 —12.0
GPBIiCG 1284 1.98 —12.3
GPBiCR 1202 1.92 —12.1
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Fig.4 Convergence history of CGS, CRS (on the left) and BiCGSTAB,
BiCRSTAB (on the right) for (v, 3) = (50, —50).
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Table 3 Number of iterations, computation time and ex-
plicitly computed relative residual norm (dis-
played in order of (50, —30), (50, —50), (100, —30)

and (100, —50)).

(50, —30) Iterations  Time  True res.
CGS 203 0.207 —12.0
CRS 201 0.218 —12.4
BiCGSTAB | 245 0.226 —12.5
BiCRSTAB | 230 0214 —12.2
GPBIiCG 306 0464 —12.2
GPBIiCR 237 0.359 —12.0
(50, —50) Iterations  Time True res.
CGS 314 0.320 —10.3
CRS 217 0.242 —12.4
BiCGSTAB | 427 0395 —123
BiCRSTAB | 231 0.214 —12.0
GPBiCG 312 0.492  —12.0
GPBIiCR 231 0.371  —12.0
(100, —30) Iterations  Time  True res.
CGS 242 0.257 —11.7
CRS 238 0.257 —12.0
BiCGSTAB | 437 0.398 —12.3
BiCRSTAB 295 0.277 —13.2
GPBICG 343 0.535 —12.2
GPBiCR 281 0.453 —12.6
(100, —50) Iterations  Time True res.
CGS 259 0.265 —11.6
CRS 227 0.253 —12.0
BiCGSTAB | 386 0.355 —12.0
BiCRSTAB 302 0.300 —12.0
GPBiCG 444 0.695 —12.9
GPBiCR 297 0.468 —12.4

53 0 OO 3
00 14) 00O O Harwell-Boeing collectionl] NEP
collectiondSPARSKIT collectiond Tim Davis’s col-
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Fig.5 Convergence history of GPBiCG, GPBIiCR for (v, 8) = (50, —50) (on the
left) and CGS, CRS for (v, 8) = (100, —50) (on the right).
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Fig.6 Convergence history of BICGSTAB, BiCRSTAB (on the left) and
GPBIiCG, GPBICR (on the right) for (v, 3) = (100, —50).
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Table 4 Characteristic of coefficient matrices.

Matrix N NNZ Ave. NNZ
ADD20 2395 17319 7.23
ADD32 4960 23884 4.82
CAVITYO05 1182 32747 27.71
CDDE1 961 4681 4.87
DW2048 2048 10114 4.94
MEMPLUS | 17758 126150 7.10
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Table 5 Number of iterations, computation time and ex-

plicitly computed relative residual norm (dis-
played in order of ADD20, ADD32, CAVITYO05,
CDDE1, DW2048, MEMPLUS).

ADD20 Iterations Time True res.
cas 374 0.06 -88
CRS 319 0.05 —10.0
BiCGSTAB | 649 0.11 —12.1
BiCRSTAB 698 0.12 —11.9
GPBiCG 507 0.10 —11.0
GPBiCR 440 0.09 —11.9
ADD32 Iterations Time True res.
CGS 75 0.03 —12.0
CRS 69 0.02 —12.9
BiCGSTAB | 67 0.02 —12.0
BiCRSTAB 73 0.02 —12.1
GPBiCG 64 0.02 —12.1
GPBiCR 67 0.03 —12.3
CAVITYO05 Iterations  Time  True res.
cas 723 013 -89
CRS 552 0.10 —10.9
BiCGSTAB | 979 0.17 —12.0
BiCRSTAB | 973 0.18 —12.0
GPBiCG 958 0.19 —11.8
GPBiCR 1092 0.21 —10.6
CDDE1 Iterations Time True res.
CGS 150 0.00 —9.6
CRS 127 0.01 —11.5
BiCGSTAB 116 0.00 —12.2
BiCRSTAB 120 0.00 —13.3
GPBiCG 121 0.00 —12.1
GPBiCR 129 0.01 —12.1
DW2048 Iterations Time True res.
CGS 1448 0.18 —11.6
CRS 1390 0.18 —12.1
BiCGSTAB | 2708 0.35 —12.1
BiCRSTAB | 2190 0.29 —12.0
GPBiCG 1859 0.37 —12.0
GPBIiCR 1936 0.40 —12.0
MEMPLUS Iterations Time True res.
CGS 918 1.21 —4.8
CRS 999 1.32 —11.8
BiCGSTAB | 2217 2.94 —12.1
BiCRSTAB | 1644 2.19 —12.0
GPBiCG 1390 2.22 —11.7
GPBiCR 1355 2.20 —11.9
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