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Discrete Inference Approaches to
Image Segmentation and Dense Correspondence
Tatsunori Taniai1,2,a)

Yoichi Sato1,b)

Abstract: We consider discrete inference approaches to image segmentation and dense correspondence. The two
problems cover diverse tasks such as image segmentation, binarization, cosegmentation, motion segmentation, binocular stereo vision, optical flow and general dense correspondence, which are addressed sorely or jointly in this work as
energy minimization problems on Markov random fields. Discrete inference approaches are employed to effectively
optimize inherently discrete functions or highly non-convex continuous functions. The contributions of this work are
two folds: proposal of novel joint frameworks of image segmentation and dense correspondence problems, and development of new inference techniques for sole or joint tasks. Specifically, we comprehensively address three challenges
of discrete inference, that is, label space size, higher-order energy, and non-submodular energy, which are posed in
various forms in four tasks involving image segmentation and dense correspondence problems.
Keywords: Markov random field, energy minimization, higher-order energy, discrete-continuous optimization, seg-

mentation, stereo, optical flow, dense correspondence

1.

Introduction

Markov random fields (MRFs) [21] are considered a fundamental probabilistic model for various low and middle-level computer vision tasks such as image restoration [10], image segmentation [12, 61], stereo vision [80], optical flow [14] and super resolution [59]. In this approach, an unknown solution is formulated
as a mapping function f p = f (p) : Ω → L that assigns each site
p ∈ Ω a value from a label space L. The sites p often represent
the pixels of a reference image. Figure 1.1 shows examples of
mapping functions in segmentation, stereo and optical flow.
MRF-based approaches infer desired solutions by minimizing
energy functions that are generally formulated as follows.
E( f ) =

X

φp( fp) +

p∈Ω
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φc ( fc1 , fc2 , ..., fcn ) .
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Stereo vision. Defined on a reference image (left), a solution f : Ω →

(b) R+ represents a depth map (right).
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(1.1)
Here, N is a set of node pairs that represents a neighborhood system for Ω. C is a set of cliques that represents subsets of nodes
having mutual dependencies. The first term defined for individual
nodes p ∈ Ω is called a unary term, and the second term defined
for neighbor pairs (p, q) ∈ N is called a pairwise term. The last
term involving more than two nodes in cliques c ∈ C, is called
a higher-oder term. MRFs with only unary and pairwise terms
are called pairwise MRFs or first-order MRFs, while MRFs containing higher-order terms are called higher-order MRFs. These
terms are often used for specific purposes as explained below.
1

Image segmentation. Defined on a reference image (left), a solution
f : Ω → {1, 2, · · · , K} represents a discrete object labeling (right).
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Optical flow. Given an image sequence, a solution f : Ω → R2 repre-

(c) sents a 2D-motion vector field or flow map (right), which is visualized
by green lines in left and by color-code in right.
Fig. 1.1 Examples of labeling problems in computer vision.

Unary Term: The unary term is often called a data term, because it is typically used for evaluating (dis)likelihood that each
node p takes some value f p given observed data. The unary data
terms provide direct cues for desired solutions, but they are usually noisy. This leads to introducing additional terms below.
Pairwise Term: The pairwise term is typically defined for pixel
neighbor pairs (p, q) ∈ N on the image pixel grid. This form of
term is often called a smoothness term or regularization term, be1
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cause φ pq ( f p , fq ) is usually used for enforcing two values f p and
fq of neighboring nodes to be spatially smooth.
Higher-order Term: Although pairwise MRFs are widely used
for their well-balanced trade-off between efficiency and accuracy,
their expressive power is limited. When data terms are noisy and
provide only weak cues for desired solutions, the minimizers of
such simple energy functions are strongly biased toward undesired solutions. Such a bias is well known as a front-parallel bias
in stereo [80] and a short-boundary bias in segmentation [38].
Higher-order terms are used to overcome this limitation.
Generally, more sophisticated models have higher expressive
power that can capture more realistic behaviors of desired solutions and data structures. This is in turn traded-off by lower
efficiency due to difficulty of inference on complicated models.
1.1 Inference on Markov Random Fields
Depending on what type of optimizers we use to minimize the
energy function in Eq. (1.1), there are mainly two groups of approaches for inference on MRFs: continuous and discrete inference approaches. Continuous inference approaches use continuous optimizers that are based on the principle of gradient descent.
Since the energy functions of our interests are mostly highly
non-convex, they often require good initialization. On the other
hand, discrete inference approaches use discrete optimizers such
as graph cuts (GC) [48] and message passing algorithms [18, 45]
that are based on combinatorial optimization. While it is straightforward to apply discrete optimizers for the inference of discretevalued solutions (e.g., segmentation labeling), they are also used
to infer solutions that reside in continuous spaces. This type of
approach is called discrete-continuous optimization. In contrast
to pure continuous optimization, discrete-continuous optimization is more insensitive to initializations and has better ability to
avoid bad local minimums of non-convex functions [14, 49].
In this paper, we study discrete inference approaches in various applications regarding image segmentation and dense correspondence. Generally, discrete inference approaches have the
following three challenges that we comprehensively address.
Label Space Size: When we naively use a discrete optimizer
for a labeling problem, we take an exhaustive search approach
where all possible labels in the label space L are enumerated
as candidates for combinatorial optimization. Hence, when the
label space L is enormous, such exhaustive approaches become
computationally intractable. Discrete-continuous optimization is
considered a typical instance of this case where L is a continuous
space and the number of candidate labels is essentially infinite.
Higher-order Energy: In principle, the order of an energy function also exponentially influences the computation amount of discrete optimization methods [35], except for some special forms
of higher-order terms [16, 44]. While optimization of higherorder terms with a clique size of three [80] or four [35] may
be computationally tractable, more higher-order energies will require proper approximations for efficient inference.
Non-submodular Energy: For discrete functions (especially,
functions with the binary label space S = {0, 1}), there is a special property named submodularity, which is a similar concept to
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convexity of continuous functions. It is well known that submodular functions can be minimized in polynomial times [36, 64].
However, when the energy functions contain non-submodular
terms, minimization of those functions generally becomes NPhard problems.
1.2 Contributions
In this paper, we study discrete inference approaches to image segmentation and dense correspondence estimation. The
two problems cover a variety of tasks such as image segmentation, binarization, cosegmentation, motion segmentation, binocular stereo vision, optical flow and general dense correspondence,
which are addressed sorely or jointly in this work as energy minimization problems on MRFs.
The contributions of this work are two folds: proposal of novel
joint frameworks of multiple tasks, and development of new inference techniques for sole or joint tasks. As contributions on
frameworks, we propose unified methods for new joint problems
of image segmentation and dense correspondence. As contributions on inference algorithms, we comprehensively address the
aforementioned three difficulties of discrete inference that are
posed by individual tasks in different way. Here, instead of directly applying existing core optimizers, we carefully tailor them
to individual tasks in order to account for the properties of optimizers as well as the properties specific to the tasks. We summarize the contributions of this work in Table 1.1 and explain more
details below. This also provides an overview of the main four
sections of this paper.
Section 3: Binary MRF Inference for Low Level Vision
First, we study inference on binary MRFs that have the binary
label space L = {0, 1}. Particularly, inference on higher-order
and non-submodular MRFs is addressed. Such problems naturally appear in image segmentation, binarization and deconvolution [68] and become crucial in medical image processing [43].
Furthermore, optimization of binary MRFs is a central problem
in more general multi-valued MRF inference. In this study, we
show theoretical links between several existing optimization techniques [2, 3, 22, 56, 68] and propose a new method by unifying
them. The proposed method has a mechanism to better avoid
bad local minimums of non-submodular discrete functions and is
more robust to initializations compared to other methods.
Section 4: Continuous MRF Inference for Stereo
Second, we study discrete-continuous optimization for a binocular stereo vision problem. Employing an accurate stereo matching data term of [7] and a pairwise smoothness term of [57],
stereo matching is formulated as recovery of per-pixel local 3D
surface planes. Hence, a pairwise MRF used here has a continuous and three-dimensional label space L that represents the
parameter space of surface planes. For this inference problem,
we propose a new optimization technique that extends the wellknown expansion move algorithm [11] by incorporating fast inference mechanisms of PatchMatch [4, 5]. The proposed method
was evaluated on the Middlebury benchmark (version 2) [63] and
ranked first among more than 160 stereo methods.
2
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Table 1.1 Summary of tasks and inference challenges addressed in this work. In the left side, we show
which tasks in computer vision are addressed in this work. We mainly focus on three tasks:
image segmentation, binocular stereo vision, and optical flow. In the right side, we also show
which of the three challenges – label space size, higher-order energy, non-submodular energy –
are posed and addressed in each work.

Sec. 3
Sec. 4
Sec. 5
Sec. 6

Publications
[70]
[69, 71]
[73]
[74]

Seg.
X
–
X
X

Tasks
Stereo
–
X
–
X

Flow
–
–
X
X

Label space
Binary
Continuous 3D
Bin. + Cont. 4D
Bin. + 1D + 2D

Inference challenges
MRF form
Non-submodular
Higher-order
Yes
Pairwise
(Non-convex)
Hierarchical
(Non-convex)
Pairwise
(Non-convex)

Section 5: Joint Hierarchical MRF Inference for General
Dense Correspondence and Cosegmentation
Third, a novel joint problem of general dense correspondence
and cosegmentation is addressed. General dense correspondence [51] is a problem of aligning the regions of same or similar
objects in two images showing different scenes. This imposes a
fundamental difficulty of robustly aligning objects whose appearances may significantly differ. We solve this problem in a more
proper setting where we jointly estimate valid correspondence regions or cosegmentation [60] in the two images. The proposed
method is useful, e.g., for data augmentation [51, 66] by transferring labelings on annotated images to unlabeled images, or for estimating 3D shapes from images that are obtained through the Internet search [76]. For this task, we propose a novel hierarchical
MRF with joint labels of segmentation and correspondence. The
proposed method was quantitatively evaluated on a new dataset
outperforming state-of-the-art methods designed specifically for
either cosegmentation or correspondence estimation.

label space L = {0, 1}. Submodularity is a mathematical concept
describing a property of discrete functions [20]. In the form of
pairwise MRFs, the energy functions E( f ) in Eq. (1.1) are submodular, if and only if all the pairwise terms φ pq satisfy the following inequity:

Section 6: Joint MRF Inference for Stereo Scene Flow and
Motion Segmentation
Finally, we propose a fast stereo scene flow method that unifies four tasks of stereo, optical flow, motion segmentation and
visual odometry. Hence, the proposed method provides at every
pixel its depth value, 2D flow vector, and binary segmentation label indicating moving objects in a rigid scene. It also estimates
the 6-DOF camera-ego motion. This rich information is useful in
various applications such as video analysis and editing, 3D mapping, autonomous driving [55] and mobile robotics. Despite the
high dimensionality of the overall label space, the inference is
efficiently carried out through a proposed multi-staged process.
The proposed method was evaluated on KITTI 2015 scene flow
benchmark [55] and was ranked third by overall accuracy. Furthermore, a CPU implementation of our method is efficient taking
2–3 seconds per frame, while other state-of-the-art methods take
1–50 minutes per frame.

2.2 Expansion Moves for Discrete MRFs
Boykov et al. [11] have proposed the expansion move algorithm for efficiently optimizing multi-labeling MRFs using graph
cuts. In this algorithm, a multi-labeling problem is reduced to
a sequence of binary-labeling problems, where each node is allowed to either retain at its current value f p or take a new proposal
label α ∈ L. This is done by repeatedly solving the following
problem using s-t max-flow min-cut for all possible ∀ α ∈ L:

2.

Related Work

In this section, we review well-established inference methods
for pairwise MRFs that use graph cuts [9, 48] as a core optimizer.
2.1 S-T Max-Flow Min-Cut for Binary Submodular MRFs
Most of the inference methods based on graph cuts are rooted
to the optimization problem of energy functions based on binary
submodular MRFs. Binary MRFs refer to MRFs with the binary

φ pq (0, 0) + φ pq (1, 1) ≤ φ pq (1, 0) + φ pq (0, 1)

When E( f ) is submodular, its minimization can be replaced by
the max-flow min-cut problem on a specific graph [48] called s-t
graph, which can be exactly solved in a polynomial time using an
max-flow min-cut solver [9].
When binary MRF energies are non-submodular, their minimization is NP-hard and thus cannot be optimally solved. As a
surrogation to this problem, the roof duality [8,26] or often known
in the computer vision community as quadratic pseudo boolean
optimization (QPBO), was introduced to the community by [46].
This technique tells us a partial solution indicating the optimal
labels for a subset of the nodes.

f (t+1) ← argmin E( f 0 | f p0 ∈ { f p(t) , α}).

(2.2)

This minimization problem is optimally solved, if only the pairwise terms φ pq in E( f ) meet the following submodularity of expansion moves [11, 46]:
φ pq (α, α) + φ pq (β, γ) ≤ φ pq (β, α) + φ pq (α, γ).

(2.3)

2.3 Fusion Moves for Continuous MRFs
As generalization to the expansion move algorithm [11], Lempitsky et al. [49] have proposed the fusion move algorithm for efficiently optimizing continuous MRFs. In this algorithm, we first
generate many weak solution proposals P = {g(0) , g(1) , ..., g(K−1) }
using simple external methods. While visiting each proposal
g ∈ P, the fusion move algorithm sequentially fuses each proposal g to the current solution f , by solving the following binary
labeling problem:
f (t+1) ← argmin E( f 0 | f p0 ∈ { f p(t) , g p }).
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Unlike expansion moves, we cannot generally guarantee that the
energies in Eq. (2.4) are submodular. Therefore, it is essential
that we use QPBO for fusion moves.

Binary MRF Inference for Low Level Vision

E(S ) = R(S ) + Q(S ),

(3.1)

where R(S ) describes appearance consistencies between resulting segments S and given information about target regions, and
Q(S ) enforces smoothness on segment-boundaries. The form of
R(S ) is often restricted to simple linear (i.e., pixelwise unary)
forms [11, 61] because graph cuts allow globally optimal inference only for unary and submodular pairwise forms of energies [48]. However, recent studies [2, 3, 23, 24, 60, 68, 72] have
shown that the use of higher-order information (or non-linear
terms) can yield outstanding improvements over conventional
pixelwise consistency measures.
In general, higher-order terms involve difficult optimization
problems. Recent promising approaches try reducing energies by
iteratively minimizing either first-order approximations (gradient
descent approach) [23, 24] or upper-bounds (bound optimization
approach) [2, 3, 68, 72] of non-linear functions using graph cuts.
The bound optimization approach has some advantages over the
gradient descent approach [3]: It requires no parameters (e.g.,
step-size) and never worsens the solutions during iterations. But
we must in turn derive appropriate bounds for individual functions. A notable work is auxiliary cuts (AC) by [3], where they
derive general bounds for broad classes of non-linear functionals
for segmentation. However, the bounds derived in [3] are formulated to successively reduce target regions; thus the resulting
segments are restricted within initial segments. Such a property
actually limits the applications and accuracy of the method.
In order to derive more accurate and useful bounds, we revisit a submodular-supermodular procedure (SSP) [56], a general
bound optimization scheme for supermodular functions. We then
propose a bound optimization method as generalization of SSP.
Unlike SSP, our method can be used even for non-supermodular
functions; and unlike AC, it allows bi-directional optimization
(see Figure 3.1 for an illustration in segmentation) and can produce more accurate approximation bounds. We further show that
our method can be seen as generalization of AC and some stateof-the-art method [22] for pairwise non-submodular functions.
When compared with gradient descent methods (e.g., FTR [23]
and LSA-TR [22] that are based on the trust region principle), our
method has advantages of faster convergence and better ability to
avoid bad local minimums (see Figure 3.2 for illustrations).
In this study, we make the following contributions:
• We propose an optimization method for broad classes of
ⓒ 2017 Information Processing Society of Japan

SDC-GEO

Initialization

pPBC [68]

FTR [23]

Fig. 3.1 Matching foreground color distribution using the proposed SDCGEO, parametric pseudo bound cuts (pPBC) [68], and fast trust
region (FTR) [23] with two types of initialization. pPBC can only
successively reduce the initial segment, while our method allows
arbitrary directions of optimization and is thus robust to initialization. (L2 distance for 643 bins of RGB histograms are used)

�0

Taylor-based
local approximations

�1

Energy

3.1 Introduction
Many low-level vision problems such as image segmentation,
binarization, denoising, and tracking are often formulated as binary energy minimization [2, 9, 60, 68]. For example, in image
segmentation, the use of Markov random field formulations [21]
and graph cuts [9, 48] has been becoming one of primary approaches [2, 3, 12, 22–24, 60, 61, 68, 72]. In this approach, the
energy function is typically formulated as

�2

�

(a) Gradient-based approximations
�0

coarse-to-fine
approximation bounds

Energy

3.

�1

�2

�

(b) Proposed piecewise linear approximations
Fig. 3.2 Intuitive illustration of the proposed piecewise linear approximations in comparison with the gradient-based approximations. The
blue and red lines, and orange points show the energy function
E(S ), its approximations, and solutions S 0 , S 1 , S 2 obtained at
each iteration, respectively. (a) In the gradient descent approach
(e.g., FTR [23] and LSA-TR [22]), the energy function is approximated by local gradients (green) with trust region constraints (or
step-size). The overall approximation at S 1 is depicted as the red
curve, and its minimization results in falling in a bad local minimum S 2 . (b) In our approach, the energy function is approximated
by piecewise linear upper-bound functions. Here, the approximation bounds are updated in a coarse-to-fine manner (i.e., solid to
dashed red lines) in order to avoid bad local minimums.

higher-order and pairwise non-submodular functions that allows arbitrary directions of convergence and outperforms the
state-of-the-art [3, 22, 23, 68].
• Our method unifies existing optimization methods including
from early [56] to state-of-the-art [2, 3, 22, 68] methods.
3.1.1 Scope of the Problems
Our objective is to seek the binary variable S such that it minimizes E(S ) of Eq. (3.1). While in our original work [70] we
present three types of energy functions as our focus, we here only
consider a primary type of energy functions E(S ) with pairwise
submodular Q(S ) and the following form of R(S ):
Rtype1 (S ) =

X
z

Rz (S ) =

X

fz (hgz , S i)

(3.2)

z

where fz (x) is convex and gz (i) : Ω → R+ is a positive function.
Hence, Rz (S ) is supermodular, i.e., if it satisfies the following in4
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equality for any X, Y ⊆ Ω:
Rz (X) + Rz (Y) ≤ Rz (X ∩ Y) + Rz (X ∪ Y).

Global op�ma

(3.3)

Note that R0z (S ) = −Rz (S ) is submodular, if Rz (S ) is supermodular. While any submodular functions can be minimized in polynomial time [64], minimizing supermodular functions is NP-hard.
3.2 Submodular-Supermodular Procedure
Before presenting our method, we review SSP [56], an optimization method for general supermodular functions, and later
propose our method as its generalization.
SSP is classified as a bound optimization approach, where a
tight upper bound function Ê(S |S t ) given an auxiliary variable S t
is derived for E(S ), i.e.,
E(S ) ≤ Ê(S |S t ) and E(S t ) = Ê(S t |S t ).

(3.4)

Then, the bound is iteratively minimized as
S t+1 = arg min Ê(S |S t ), (t = 0, 1, 2, ...).

(3.5)

Here, it is guaranteed that the energy does not go
up, i.e. E(S t ) ≥ E(S t+1 ) holds for any t, because
E(S t ) = Ê(S t |S t ) ≥ Ê(S t+1 |S t ) ≥ E(S t+1 ).
3.2.1 Permutation Bounds
SSP derives tight bounds for supermodular functions based
on the superdifferential [20, 37], which is a similar concept to
the subderivative of continuous functions. Given a supermodular functions R(S ) and S t ⊆ Ω, a modular (or linear) function
H(S ) := hh, S i + R(∅) that satisfies
H(S ) − H(S t ) ≥ R(S ) − R(S t )

(3.6)

for any S ⊆ Ω, is called a supergradient of R at S t .
SSP [56] derives a supergradient H σ (S |S t ) of R(S ) at S t by the
following greedy algorithm. Let σ( j) : {1, 2, ..., |Ω|} → Ω be a
permutation of Ω that assigns the elements in S t to the first |S t |
positions, i.e., σ( j) ∈ S t if and only if j ≤ |S t |. A maximal chain
C σ is then defined as S 0σ = ∅ and S σj = {σ(1), σ(2), ..., σ( j)}, so
S |Sσ t | = S t . See Figure 3.3 (a) for an illustration. Using this chain
C σ , a supergradient H σ (S |S t ) is obtained as
H σ (S |S t ) = hhσ , S i + R(∅),

(3.7)

where each unary cost hσ (i) is given by
hσ (σ( j)) = R(S σj ) − R(S σj−1 ), ( j = 1, 2, .., |Ω|).

(3.8)

Figure 3.5 (a) illustrates how hσ (σ( j)) are computed. Since R(S )
is supermodular, variables in earlier positions of σ are assigned
lower unary costs, i.e., more prone to be labeled as 1 via cost
minimization. Therefore, if we knew a priori how likely each
variable is 1, the ideal permutation would arrange variables in order of decreasing likelihood so as to maximize the likelihood via
cost minimization. Here, the bounds H σ (S ) approximate R(S )
tightly at along the chain of solutions {S σj }. However, because
H σ (S ) can largely deviate from R(S ) at other than {S σj }, SSP is
problematic when likelihood or permutation is given inaccurate.
ⓒ 2017 Information Processing Society of Japan

(a) Non-submodular function

(b) Our grouped permutation bound

(c) SSP’s bound (best perm.)

(d) SSP’s bound (worst perm.)

Fig. 3.6 Illustrations of our grouped permutation bound and SSP’s bound.
(a) A supermodular function with two variables, whose optimal solution is (s1 , s2 ) = (1, 0) or S = {1}. (b) Our grouped permutation
bound with the full grouping π = {1, 2}. (c) SSP’s bound with the
best permutation σ1 (1 → 2). (d) SSP’s bound with the worst permutation σ2 (2 → 1). Notice that the SSP’s bounds are tight to the
function E(S ) along the chain of solutions determined by the permutations (red arrows). If the optimal solution exists on the chain
such as shown in (c), the SSP’s bound is tight at the optimal solution. However, when the permutation is inaccurate as shown in (d),
our grouped permutation produces a tighter bound than SSP.

3.3 Proposed Permutation Bounds
In this section, we derive general bounds for Type-1 terms
R(S ) = f (hg, S i) by extending the SSP’s permutation scheme.
First, we introduce a grouped permutation π, which is made by
grouping SSP’s ordered-elements σ = {σ(1), σ(2), · · · , σ(|Ω|)}
into M (M ≤ |Ω|) groups: π(1), π(2), · · · , π(M) ⊆ Ω. Each
group π( j) contains some consecutive elements of σ: π( j) =
{σ( j0 ), σ( j0 + 1), · · · , σ( j0 + m)}, and groups are mutually disjoint: π( j) ∩ π( j0 ) = ∅ if j , j0 . Using this grouped permutation π
we define a chain C π : S 0π = ∅ and S πj = π(1) ∪ π(2) ∪ ... ∪ π( j) as
illustrated in Figure 3.3 (b). Here, we make sure that any group
does not across σ(|S t |) and σ(|S t | + 1), so there exists S πj = S t for
some j. Then, our bound for R(S ) is defined similarly to that of
SSP in Eq. (3.7) as
H π (S |S t ) = hhπ , S i + R(∅),

(3.9)

where unary costs hπ (i) : Ω → R are defined for i ∈ π( j) and
j = 1, 2, ..., M as
h
i
hπ (i) = g(i) R(S πj ) − R(S πj−1 ) / hg, π( j)i .
(3.10)
The essence of this formulation becomes clearer if we assume
g = 1 so that H π (S |S t ) becomes piecewise-mean-approximations
of SSP’s bound H σ (S |S t ), which is visualized in Figure 3.5 (b)
using the example permutation π shown in Figure 3.3 (b). Note
that our bound H π (S |S t ) becomes equivalent to the supergradients H σ (S |S t ) of SSP, if π( j) = {σ( j)}.
One may wonder why our grouped permutation bound is better
than SSP’s bound that looks tighter than ours. To intuitively illustrate this, let us consider a supersubmodular function defined with
two binary variables s1 , s2 ∈ {0, 1} as E(S ) = 2|s1 + s2 − 1| + s2 .
This function is visualized in Figure 3.6 (a). By approximating
the supermodular term |s1 + s2 − 1| using our bound, we obtain a
5
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�(2)

�(3)

�(3)

�(4)

�(4)
�(5)

�(6)

�2�

�3�
(b) Our generalized chain

Segments

Fig. 3.3 Illustration of the chain and permutation.

Geodesic [15]
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Fig. 3.4 Examples of Euclidean and geodesic distance [15].

Unary cost ℎ� (�)
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(a) Bound in SSP [56]
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(b) Our generalized bound

Ω

(c) Bound in AC [3]

Fig. 3.5 Illustration of upper bounds for supermodular functions. The supermodular function R(S ) and
its bounds are visualized by blue and red lines, respectively. The green arrows in (a) show the
unary costs h(σ( j)) of a supergradient H σ (S |S t ).

3.4 Relationship with Prior Art
Although we omit the details, our method also generalizes
existing bound optimization methods such as Auxiliary Cuts
(AC) [3], Parametric Pseudo Boolean Cuts (pPBC) [68] and Local Submodular Approximations (LSA-AUX) [22]. Intuitively,
these methods aways produce the coarsest bounds that are equivalent to our bound with full grouping. Figure 3.5 (c) illustrates a
bound by AC [3]. See also [70] for more discussions.
3.5 Experiments
We evaluate our method SDC-GEO that is described in Section 3.3. As a baseline method, SSP-DIST is SSP [56] that
follows the implementations by [60] using the Euclidean dis-
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SDC-GEO
pPBC
AC
FTR

4.0F
ErrorCRateC(F)

linear approximation as shown in Figure 3.6 (b). Similarly, SSP’s
bounds with the best and worst permutations are shown in Figures 3.6 (c) and (d). When the permutation of SSP is inaccurate,
our method produces a better approximation bound.
This analysis gives us a strategy of how to make the
grouped permutation. That is, we make fine/coarse approximation bounds when elementwise permutations σ are accurate/inaccurate. Specifically, when the permutation of σ( j) and
σ( j + 1) is unreliable, we do not take the risk of making a bad
bound by explicitly permuting the two. Instead, we put them into
the same group in order to treat them equally. In our iterative
algorithm, we make coarse-to-fine approximation bounds over iterations. This helps to avoid weak local minimums at early iterations and reach a strong local minimum at convergence.
We make permutations σ and π according to the signed distance from the boundary of S t . In [60], the Euclidean distance
was used, but we use geodesic distance [15] for more effectively
creating the permutations. Figure 3.4 shows examples of both
distances. See [70] for more details about details of the definition
of geodesic distance, grouping scheme of nodes, etc.
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1.0F
0.0F

32
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Fig. 3.7 Error rate transitions w.r.t. the number of bins (L2 )

Ground Truth

SDC-GEO

SSP-DIST [60]

pPBC [68]

AC [3]

FTR [23]

Fig. 3.8

L2 -distance examples. The segments are initialized as all foreground, and 643 bins of histograms are used.

tance. We also compare with three state-of-the-art methods for
higher-order energies: AC [3] and pPBC [68] are bound optimizers. FTR [23] is the state-of-the-art of gradient-descent method.
For pairwise energies, we compare with LSA-AUX,-TR [22] and
pPBC-T,-B,-L [68] as state-of-the-art. All the methods are implemented in C++, and run on a system with a 3.5GHz Core i7
CPU and 16GB RAM.
3.5.1 Segmentation via Distribution Matching
Similarly to [3, 60, 68], we evaluate the performances of the
methods using the GrabCut dataset [61]. For pure evaluations
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Fig. 3.9 Image deconvolution results for two images with noise levels of σ = 0.30.
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Fig. 3.10 Performance comparisons of image deconvolution. Convergence
energies (left) and squared errors (right) w.r.t. noise levels are
shown. The values are averaged over 30 random noise images
at each point. Notice that our method obtains more accurate solutions in spite of their higher energies, because our course-to-fine
scheme avoids bad local minimums.

of optimization performances, we learn the target histograms
from the ground truth*1 . We use a standard 16-neighbor pairwise smoothness term similar to [61]. We use the L2 distances
between RGB-histograms. S t is trivially initialized as S 0 ← Ω.
Figure 3.7 shows the plots of the accuracy transitions w.r.t. the
number of bins. As shown, our SDC-GEO significantly outperforms other state-of-the-art methods. In Figure 3.8, we show example results with 64 bins. In order to show robustness to initialization, we compare SDC-GEO, pPBC, and FTR using two types
of initialization shown in Figure 3.1. Unlike pPBC (and AC) that
can only reduce the target regions, our method is robust to initialization and finds very accurate solutions even for such difficult
camouflage images.
3.5.2 Image Deconvolution
Our method can be also applied to pairwise non-submodular
MRF optimization. We make a blurred image I˜ by a mean filter
P
and additive Gaussian noises: I˜i = 19 j∈Wi I j + N(0, σ2 ), where
Wi is a 3 × 3 window centered at i. We recover the original image
P
P
I by minimizing E(S ) = i∈Ω (I˜i − 91 j∈Wi s j )2 . In Figure 3.9, we
show example results of our method, pPBC [68], and LSA [22]
for two noise levels σ = 0.15, 0.30. In Figure 3.10, we show the
P
plots of energies and squared errors ( i |si − Ii |2 ). LSA-TR and
pPBC-T,-L reach the lower energies but inaccurate results. Our
method and LSA-AUX achieve best accuracy.

4.

Continuous MRF Inference for Stereo

4.1 Introduction
Recent years have seen significant progress in accuracy of
stereo vision. One of the breakthroughs is the use of slanted patch
matching [6, 7, 29, 52, 57]. In this approach, the disparity d p of
each pixel p is over-parameterized by a local disparity plane
dp = apu + bpv + cp
*1

(4.1)

If the target histograms are inaccurate, the minimum solutions of E(S )
are deviated from the ground truth [72], and the error rate criteria thus
does not reflect the actual performances of the optimization methods.
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defined on the image domain (u, v), and rather than directly estimating d p , the triplet (a p , b p , c p ) is estimated for each pixel p.
The matching window is then transformed according to this disparity plane, which produces linearly-varying disparities within
the window and thereby achieves accurate photo-consistency
measures between matching pixels even with large matching
windows. While stereo with standard 1D discrete disparity labels [11, 47] can be directly solved by discrete optimizers such as
graph cuts (GC) [9,48] and belief propagation (BP) [19,82], such
approaches cannot be directly used for continuous 3D labels due
to the huge or infinite label space (a, b, c) ∈ R3 .
Recent successful methods [6, 7, 29, 52] use PatchMatch inference [4, 5] to efficiently infer correct 3D planes using spatial
propagation; each pixel’s candidate label is, in raster-scan order,
refined and then propagated to next pixels. Further in [6], this sequential algorithm is combined with BP yielding an efficient optimizer PMBP for pairwise Markov random fields (MRFs) [21]. In
terms of MRF optimization, however, BP is considered a sequential optimizer, which improves each variable individually keeping
others conditioned at the current state. In contrast, GC improves
all variables simultaneously by accounting for interactions across
variables, and this global property helps optimization avoid local
minimas [67, 80]. In order to take this advantage and efficiently
infer 3D planes by GC, it is important to use spatial propagation. Nevertheless, incorporating such spatial propagation into
GC-based optimization is not straightforward, because inference
using GC proceeds rather all-nodes-simultaneously, not one-byone-sequentially like PatchMatch and BP.
In this study, we introduce a new move making scheme, local expansion moves, that enables spatial propagation in GC optimization. The local expansion moves are presented as many αexpansions [11] defined for a small extend of regions at different
locations. Each of this small or local α-expansion tries improving the current labels in its local region in an energy minimization
manner using GC. Here, those current labels are allowed to move
to a candidate label α, which is given uniquely to each local αexpansion in order to achieve efficient label searching. At the
same time, this procedure is designed to propagate a current label
in a local region for nearby pixels. For natural scenes that often
exhibit locally planar structures, the joint use of local expansion
moves and GC has a useful property. It allows multiple pixels in
a local region to be assigned the same disparity plane by a single
min-cut in order to find a smooth solution. Being able to simultaneously update multiple variables also helps to avoid trapped at a
bad local minima.
The advantages of our method are as follows.
• Unlike fusion moves [49], our local expansion move method
produces submodular moves that guarantee the optimal la-
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Fig. 4.1 Evolution of our stereo matching estimates. We show disparity
maps (top) and error maps with 0.5 pixel threshold (bottom). In our
framework, we start with random disparities that are represented by
per-pixel 3D planes. We then iteratively apply our local expansion
moves using GC (middles) to update and propagate local disparity planes. Finally, the resulting disparity map is further refined
at a post-processing stage using left-right consistency check and
weighted median filtering (rightmost).

beling at each min-cut (subproblem optimal).
• Unlike fusion based approaches [49,57,80], our randomized
search scheme does not require external methods to generate
plausible initial proposals.
• Our method achieves greater accuracy than BP [6] thanks to
the good properties of GC and local expansion moves.
• Unlike other PatchMatch based methods [6, 7, 29], our
method can effectively incorporate the fast cost filtering
technique of [52]. This reduces the computation complexity
of unary terms from O(|W|) to approximately O(1), removing the dependency from the support window size |W|.
• Unlike PMBP [6], our method is well suited for parallelization using both CPU and GPU.*2
4.2 Proposed Method
This section describes our proposed method. Given two input
images IL and IR , our purpose is to estimate the disparities of both
images.
4.2.1 Formulation
We follow the slanted patch matching approach of [7]. Here,
each pixel p’s disparity d p is over-parameterized by a 3D plane
d p = a p u + b p v + c p . More specifically, each patch is warped by
the following form of affine transformation

1 − a

0
u =  0

0

−b
1
0


−c

0  u,

1

(4.2)

Improved

Local α-expansions

Choose Perturb
+Δ
, ,
Current

(1) Produce local α-expansions
(3x3 cells)

Proposal

Fusion
via GC

(2) Apply local α-expansions

Fig. 4.2 Illustration of the proposed local expansion moves. The local expansion moves consist of many small α-expansions (or local αexpansions), which are defined using grid structures such shown in
the left part. These local α-expansions are defined at each grid-cell
and applied for 3 × 3 cells of regions (or expansion regions). In the
bottom part, we illustrate how each of local α-expansions works.
(1) The candidate label α (i.e., α = (a, b, c) representing a disparity plane d = au + bv + c) is produced by randomly choosing and
perturbing one of the currently assigned labels in its center cell.
(2) The current labels in the expansion region are updated by α in
an energy minimization manner using GC. Consequently, a current
label in the center cell of each local α-expansion can be propagated
for its surrounding cells. In the right part, local α-expansions are
visualized as small patches on stacked layers with three different
sizes of grid structures.

photo-consistency between patches in left and right images. We
use a matching term by [7] using the per-pixel disparity plane formulation. The second term is called the smoothness term or pairwise term, which penalizes discontinuity of disparities between
neighboring pixel pairs (p, q) ∈ N. We use a curvature-based,
second-order smoothness regularization term [57], which is submodular under expansion moves.
4.2.2 Local Expansion Moves
In this section, we describe the fundamental idea of our
method, local expansion moves, as the main contribution of this
study. We first briefly review the original expansion move algorithm [11], and then describe how we extend it for efficiently
optimizing continuous MRFs.
The expansion move algorithm [11] is a discrete optimization
method for pairwise MRFs of Eq. (4.3), which iteratively solves
a sequence of the following binary labeling problems
f (t+1) = argmin E( f 0 | f p0 ∈ { f p(t) , α})

(4.4)

f0

0

where u and u are homogeneous pixel coordinates in the
left and right view images, respectively. Therefore, we seek
a mapping f p = f (p) : Ω → L that assigns a disparity plane
f p = (a p , b p , c p ) ∈ L for every pixel p in the left and right images.
To estimate f , we use a pairwise MRF formulation by following
conventional stereo matching methods [47, 57, 80]. In the MRF
framework, we seek f such that minimizes
X
X
E( f ) =
φp( fp) + λ
ψ pq ( f p , fq ).
(4.3)
p∈Ω

(p,q)∈N

The first term, called the data term or unary term, measures the
*2

Although BP is usually parallelizable on GPU as well as CPU, PMBP
differs from BP’s standard settings in that it defines label space uniquely
and distinctively for each pixel and propagate it; both make parallelization indeed non-trivial.
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for all possible candidate labels ∀ α ∈ L. However, the label space
L in our setting is a three dimensional continuous space (a, b, c);
therefore, such an exhaustive approach cannot be employed.
Our local expansion moves extend traditional expansion moves
by two ways; localization and spatial propagation. By localization, we use different candidate labels α depending on the locations of pixels p in Eq. (4.4), rather than using the same α label
for all pixels. This is reasonable because the distributions of disparities should be different from location to location, therefore
the selection of candidate labels α should be accordingly different. By spatial propagation, we incorporate label propagation
similar to the PatchMatch inference [4, 5, 7] into GC optimization, and propagate currently assigned labels to nearby pixels via
GC. The assumption behind this propagation is that, if a good la8
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i.e., 3 × 3 cells consisting of the center region Ci j and its eight
neighbor cells.
In the bottom part of Figure 4.2, we focus on an expansion
region and illustrate how an αi j -expansion works. We first randomly select a pixel r from the center region Ci j , and take its
currently assigned label as (a, b, c) = fr . We then make a candidate label αi j by perturbing this current label as αi j = (a, b, c) + ∆.
Finally, we update the current labels of pixels p in the expansion
region Ri j , by choosing either their current labels f p or the candidate label αi j . Here, similarly to Eq. (4.4), we update the partial
labeling by minimizing E( f 0 ) with binary variables: f p0 ∈ { f p , αi j }
for p ∈ Ri j , and f p0 = f p for p < Ri j . Consequently, we obtain an
improved solution as its minimizer with a lower or equal energy.
Notice that making the expansion region Ri j larger than the label selection region Ci j is the key idea for achieving spatial propagation. We can see this since, in an αi j -expansion without perturbation (∆ = 0), a current label f p in Ci j can be propagated for
its nearby pixels in Ri j as the candidate label αi j .
We iteratively repeat this αi j -expansion at every cell (i, j). This
local α-expansion method has the following useful properties.
• Piecewise linearity: It helps to obtain smooth solutions. In
each αi j -expansion, multiple pixels in the expansion region
Ri j are allowed to move-at-once to the same candidate label
αi j at one binary-energy minimization, which contrasts to
BP that updates only one pixel at once. This helps to obtain
piecewise linear disparity maps.
• Cost filtering acceleration: We can accelerate the computation of matching costs φ p ( f p ) by cost-volume filtering. To
do this, we replace the unary term from [7] to [52], which
can be computed in O(1) independently of the window size.
• Optimality and parallelizability: With our energy formulation, it is guaranteed that each binary-energy minimization
can be optimally solved via GC. In addition, we can effi-

Ground truth

Fig. 4.3 The results of the proposed LE-GF method on the Middlebury
benchmark. From left to right, one of the input images, our results, the ground truth, and 0.5-pixel error maps are shown. In the
error maps, white and black pixels indicate correct and incorrect
disparities, while gray indicates incorrect but occluded pixels.

ErrorPRateP[+]

bel is assigned to a pixel, this label is likely a good estimate for
nearby pixels as well. The localization and spatial propagation
together make it possible for us to use a powerful randomized
search scheme, where we no longer need to produce initial solution proposals as usually done in the fusion based approach [49].
Below we provide the detailed descriptions of our algorithm.
Local α-Expansions for Spatial Propagation
We first define a grid structure that divides the image domain Ω
into grid regions Ci j ⊂ Ω, which are indexed by 2D integer coordinates (i, j) ∈ Z2 . We refer to each of these grid regions as a cell.
We assume a regular square cell and its size can be as small as
1 × 1 pixel. At a high level, the size of cells balances between the
level of localization and the range of spatial propagation. Smaller
sizes of cells can achieve finer localization but result in shorter
ranges of spatial propagation.
Given a grid structure, we define a local α-expansion at each
cell (i, j), which we specifically denote as αi j -expansion. We further define two types of regions for each αi j -expansion: its center
region Ci j and expansion region
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Fig. 4.4 Temporal error rate transitions.

ciently perform many αi j -expansions in a parallel manner.
4.3 Experiments
In the experiments, we first evaluate our method on the Middlebury benchmark. We further assess the effectiveness of the
proposed acceleration schemes.
Settings: We use the following settings throughout the experiments. We use a desktop computer with a Core i7 CPU (3.5 GHz
× 4 physical cores) and NVIDIA GeForce GTX Titan Black GPU.
All methods are implemented using C++ and OpenCV. For our
algorithm, we use three grid structures with cell sizes of 5 × 5,
15 × 15, and 25 × 25 pixels. We use two variants of our method.
LE-BF uses the bilateral filtering weight for the adaptive windows. Therefore, the computation of matching costs is as slow as
O(|W|). LE-GF uses the guided image filtering [28] allowing the
computation of unary costs in O(1).
4.3.1 Evaluation on the Middlebury Benchmark
We show in Table 4.1 selected rankings on the Middlebury
stereo benchmark for 0.5-pixel accuracy. The proposed LE-GF
method achieved the best average rank (3.9) and bad-pixel-rate
(5.97%) amongst more than 150 stereo methods including our
previous method (GC+LSL) [69]. Even without post-processing,
our LE-GF method still outperformed the other methods in average rank, despite that methods [6, 7, 29, 52, 69] use the postprocessing. We summarize the results of our LE-GF in Figure 4.3.
4.3.2 Efficiency Evaluation
In this section, we evaluate the effectiveness of the three acceleration techniques. For evaluation, we compare following six
variants of our method: LE-BF and LE-GF using one or four
9
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Table 4.1 Middlebury stereo benchmark results. In the top part, we compare the proposed method (LEGF) with our previous method (GC+LSL) [69], PM-Huber [29], PMF [52], PMBP [6], and
PatchMatch [7]. In the bottom part, we also compare results of our LE-GF and LE-BF with
and without post-processing. Error rates using the threshold of 0.5-pixel are shown. Our
method using the guided image filtering (GF) achieves the current best average rank 3.9. The
rankings were evaluated on April 22nd, 2015. In all, results are evaluated for all pixels where
the ground truth is given, while only for non-occluded pixels in nonocc, and around depth
discontinuities in disc.

CPU cores (denoted as CPUx1 and CPUx4), and LE-BF using
GPU and one or four CPU cores (denoted as GPU+CPUx1 and
GPU+CPUx4). Figure 4.4 shows the temporal transitions of the
subpixel error rates. Parallelization of local α-expansions on
CPU: Comparing CPUx1 and CPUx4, we observe about 3.5x of
speed-up for both LE-BF and LE-GF. Parallelization of unary
cost computation on GPU: By comparing GPU+CPUx1 and
CPUx1 of LE-BF, we obtain about 19x of speed-up. Fast cost
filtering: By comparing LE-GF and LE-BF methods, we observe
about 5.3x speed-up for both CPUx1 and CPUx4 versions.

5.

Joint Hierarchical MRF Inference for General Dense Correspondence and Cosegmentation

5.1 Introduction
Recovering dense per-pixel correspondence between image regions in two or more images is a central problem in computer
vision. While correspondence estimation for images of the same
scene (stereo, optical flow, etc.) is well studied, there has been
growing interest in the case where the images portray semantically similar but different scenes or depict semantically related
but different object instances [51]. Due to the variability in appearance, shape and pose of distinct object instances, camera
viewpoint, scene lighting and backgrounds in the images, the task
is quite challenging in the unsupervised setting. Yet, correspondence estimation enables fine-grained image alignment crucial
in tasks such as non-parametric scene parsing and label transfer [51], 3D shape recovery [76], image editing [25] and unsupervised visual object discovery [62].
In parallel to advances in correspondence estimation, there has
also been rapid progress in image cosegmentation [17, 40, 60, 68]
methods that automatically segment similar “foreground” areas
in two or more images. These methods often require the foregrounds depicting common objects to have similar region statistics. Most cosegmentation methods do not explicitly recover
dense pixel correspondence and alignment in the region labeled
foreground. On the other hand, correspondence estimation methods [34, 42, 51, 81] align all the pixels without explicitly inferⓒ 2017 Information Processing Society of Japan

ring which pixels in the two images actually have valid correspondence. Thus, recovering cosegmentation along with a dense
alignment of the common foregrounds can be viewed as a holistic
approach to solving both tasks.
In this study, we present insight into how image cosegmentation and correspondence (or flow) estimation can be tackled
within a unified framework by framing it as a labeling problem
(Figure 5.1). We show that jointly solving the two tasks in this
way can improve performance on both of them. This study deals
with the case where only two input images are given. The setting
is unsupervised and we do not assume a priori information about
the objects or the scene.
Our contributions are three folds. First, we propose a new hierarchical Markov random field (MRF) model for joint cosegmentation and correspondence recovery. The hierarchy is defined
over nested image regions in the reference image and the nodes
representing these regions take segmentation and flow labels. In
our method, the hierarchy itself is inferred in conjunction with the
labeling and is crucial for achieving robustness to dissimilar appearance of different object instances. Precomputed hierarchical
structures [34, 41, 42] are unsuitable for our task because pixels
inferred as background must be excluded from matching.
Second, we propose a new optimization technique for the joint
inference of the graph structure and labeling. Performing exact inference jointly on the whole hierarchical structure is intractable. In the proposed approach, layers of the hierarchy are
incrementally estimated with the labeling in an energy minimization framework using iterated graph cuts [71].
Finally, we release a new dataset with 400 image pairs for
which we provide ground truth cosegmentation masks and flow
maps. The original images and some of the segmentation masks
are taken from existing datasets [27, 50, 62]. The remaining segmentation masks were obtained using interactive image segmentation. The flow maps were obtained by selecting sparse keypoint
correspondence with our interactive annotation tool and applying
natural neighbor interpolation [65] on the sparse data.
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Fig. 5.1 Joint recovery of dense correspondence and cosegmentation where
foregrounds are segmented and aligned. We show our results and
corresponding ground truth (GT) from our new dataset.

…
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Hierarchical graph
Fig. 5.2

Flow and alpha maps

Hierarchical model. Each layer (2D MRF) estimates a dense flow
and alpha map f , which is regularized by higher-level estimates
and the final estimates are obtained at the bottom layer.

5.2 Proposed Model
Given two images I and I0 our goal is to find dense correspondence and cosegmentation of a common object shown in the two
images. The reference image I is represented by a set of superpixel nodes i ∈ V.
In the reference image, we seek a labeling involving a geometric transformation Ti ∈ T and a foreground alpha-matte value
αi ∈ [0, 1] for each superpixel i ∈ V. We formulate this as a
mapping function fi = f (i) : V → {T × [0, 1]} that assigns each
node a pair of labels fi = (Ti , αi ). Here, αi is continuous during
inference and binarized at the final step. Ti denotes a similarity
transform parameterized using a quadruplet (tu , tv , s, r).
5.2.1 Hierarchical Model
Now we introduce the notion of a layered graph to present
our hierarchical model. As illustrated in Figure 5.2, our hierarchical graph G = (V, E) consists of multiple layered subgraphs
{L0 , L1 , · · · , LH }. Each layer Ll = (Vl , El ) represents a 2D MRF
based on a superpixel graph of the image. In addition to spatial
edges within each layer El , our hierarchy G contains parent-child
pc
edges (p, c) ∈ El that connect parent nodes p ∈ Vl to their children nodes c ∈ Vl−1 (green edges in Figure 5.2).
Using a layered graph G, we define our hierarchical model as
E( f, G) =

H h
X

i
Emrf ( f |Ll ) + Elreg ( f |G) + Elgra (Vl ) ,

(5.1)

l=0

where Emrf evaluates flow and cosegmentation labelings on each
layer, Elreg defines parent-child regularization terms, and Elgra evaluates the structure of each superpixel layer. Here, we treat the
hierarchical graph G as a variable that is dynamically estimated
together with f . Our construction is fundamentally different from
prior work [34, 41, 42], where the hierarchical structure is computed before flow inference.
ⓒ 2017 Information Processing Society of Japan

5.3 Optimization
Optimizing E( f, G) in Eq. (5.1) has two main difficulties. 1)
The joint inference of f and G is intractable due to the dependency of f on G. 2) The label space of f resides in a 5dimensional continuous domain and the number of candidate labels is essentially infinite. To practically address these issues,
we propose two-pass bottom-up and top-down optimizing procedures that approximately optimize the energy. In the bottom-up
phase, we construct a hierarchical structure G by incrementally
adding layers from lower to higher levels, while simultaneously
estimating the labeling f . In the top-down phase, we refine the
labeling f while keeping the structure G fixed.
5.3.1 Bottom-Up Hierarchy Construction
To formally describe our bottom-up procedure, we denote
Gk = (V k , E k ) as a hierarchy consisting of k+1 layered subgraphs
{L0 , · · · , Lk } where Ll = (Vl , El ). We also define it sequentially,
i.e., Gk and Gk+1 share the same structure for the bottom k + 1
layers.
At a high level, our bottom-up procedure is presented as a sequence of subtasks, where given a current solution { f, Gk } we
estimate { f, Gk+1 } as illustrated in Figures 5.3 (a) and (d), respectively. We estimate { f, Gk+1 } as approximate minimizers of
E( f, Gk+1 ) in Eq. (5.1). Here, E( f, Gk+1 ) given Gk can be separated into two parts
E( f, Gk+1 ) = E( f |Gk ) + Etop ( f, Lk+1 ),

(5.2)

where E( f |Gk ) is energy involved in the known graph Gk while
Etop ( f, Lk+1 ) refers to the unknown top layer Lk+1 .
k+1
Etop ( f, Lk+1 ) = Emrf ( f |Lk+1 ) + Ek+1
) + Ek+1
reg ( f |G
gra (Vk+1 ). (5.3)

Jointly inferring Gk+1 and f is difficult. Therefore, we assume a
known temporary graph Ĝk+1 for unknown Gk+1 , and replace this
joint problem by a simpler labeling problem fˆ on Ĝk+1 .
Ê( fˆ|Ĝk+1 ) = E( fˆ|Gk ) + A( fˆ).

(5.4)

Here, E( fˆ|Gk ) is equivalent to E( f |Gk ) in Eq. (5.2), and A is an
approximation of the top layer energy Etop . We use the local expansion move method [69, 71] for optimizing Ê.
5.3.2 Top-Down Labeling Refinement
After the bottom-up phase, we further refine the labeling f during the top-down phase. Since G is held fixed during this step, we
can directly optimize E( f |G) using local expansion moves without requiring the energy conversion described in Section 5.3.1.
During this phase, we visit layers Vk in G in top-down order (from
k = H to k = 1) and apply local expansion moves with Vk as a target layer VT . Here, the labeling f for the higher layers Vl (l > k)
does not change, because the expansion regions Ri only contain
nodes in layers Vk and below.
5.4 Experiments
We evaluate our method for flow and segmentation accuracy
and compare it to existing methods on our new dataset.
Dataset. Our dataset comprises of 400 image pairs divided into
three groups – FG3DCar contains 195 image pairs of vehicles
from [50]. JODS contains 81 image pairs of airplanes, horses,
11

Vol.2017-CVIM-207 No.37
2017/5/10

IPSJ SIG Technical Report
Optimization on temporary graph

(a) Graph Gk and its labeling f
Fig. 5.3

(b) Temporary graph Ĝk+1

(c) Ĝk+1 and optimized labeling fˆ

(d) Graph Gk+1 with new layer

Bottom-up Graph Construction (one step). Each rectangular cell in the illustration represents
a node i ∈ Vl and a set of contiguous cells represents a graph layer Vl . The arrows and colors
denote flow and alpha labels fi (red: foreground, blue: background). (a) Graph Gk and its labeling f . (b) By duplicating the top layer Vk of Gk , we create a temporary graph Ĝk+1 as an
approximation of Gk+1 . (c) We optimize the labeling fˆ on Ĝk+1 . The number of unique labels in
Vk0 is reduced by label costs [16] to induce region merging. (d) Vk0 is converted into a new layer
Vk+1 , by merging nodes of Vk0 assigned the same label that form connected components in Ĝk+1 .

and cars from [62]. PASCAL contains 124 image pairs of bicycles, motorbikes, buses, cars, trains from [27]. See Figure 5.5 for
an example.
Flow Accuracy. We evaluate flow accuracy by the percentage of
pixels in the true foreground region that have an error measure
below a certain threshold. Here, we compute the absolute flow
endpoint error (i.e., the Euclidean distance between estimated and
true flow vectors) in a normalized scale where the larger dimensions of images are 100 pixels.
Segmentation Accuracy. We use the standard intersection-overunion ratio metric for segmentation accuracy. As existing flow
estimation methods do not recover common foreground regions,
we compute them by post-processing the estimated flow maps.
Specifically, given the two flow maps, we do a left-right consistency check with a suitable threshold and treat pixels that pass
this test as foreground.
Settings. We strictly fixed all the parameters throughout the experiments. Our method is implemented using C++ and run by a
single thread on a Core i7 CPU of 3.5 GHz.
5.4.1 Comparison with Existing Approaches
For correspondence, we compare our method with SIFT
Flow [51], DSP [42] and DFF [81]. We also evaluate our method
using only the single layer model without hierarchy, which can
be done by skipping the bottom-up construction step. This single
layer method can be seen as a variant of [71]. For cosegmentation, we compare our method with [39] and [17] based only on
segmentation accuracies.
We summarize average accuracy scores for each subset in the
upper part of Table 5.1, where flow accuracy is evaluated using a
threshold of 5 pixels. The plots in Figure 5.4 show average flow
accuracies with varying thresholds. As shown here, our method
achieves the best performance on all three groups at all thresholds. Superior results to our single layer method shows the effectiveness of our hierarchical model and inference. DFF [81]
cannot handle large appearance differences of objects due to lack
of explicit regularization. We show qualitative comparisons with
SIFT Flow [51] and DSP [42] in Figures 5.6.
We report average segmentation scores in the lower part of
Table 5.1. Figure 5.7 shows qualitative comparisons with [17]
and [39]. Although our model for segmentation is quite simple
compared to others, our method is competitive or has higher accuracy due to joint inference of foreground correspondence.
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Table 5.1 Benchmark results. FAcc is flow accuracy rate for an error threshold of 5 pixels in a normalized scale. SAcc is segmentation accuracy by intersection-over-union ratios. SAcc scores (?) of optic
flow mothods are computed by post-processing using left right
consistency check.
Optical flow /
coseg. methods
Ours
Single layer ( [71])
SIFT Flow [51]
DSP [42]
DFF [81]
Factor and Irani [17]
Joulin et al. [39]
1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

FG3DCar

JODS
FAcc
SAcc
0.595
0.495
0.473
0.500
0.522
(0.242)
0.465
(0.224)
0.304
(0.210)
–
0.539
–
0.318

JODS

0.9
0.8

0

5
10
15
Error threshold [pixels]

0.5

0.4

0.4

0.3

0.3

0.2

0.2

0.1

0.1
0.0

PASCAL

0.7

0.5

0.6

Ours
Single layer
SIFT Flow
DSP
DFF

PASCAL
FAcc
SAcc
0.483
0.624
0.414
0.616
0.453
(0.392)
0.382
(0.329)
0.224
(0.195)
–
0.492
–
0.389

0.6

0.7

Fig. 5.4

6.

FG3DCar
FAcc
SAcc
0.830
0.744
0.728
0.746
0.634
(0.405)
0.487
(0.279)
0.495
(0.312)
–
0.678
–
0.450

0

5
10
15
Error threshold [pixels]

0.0

0

5
10
15
Error threshold [pixels]

Average flow accuracies evaluated by endpoint errors with varying
thresholds. Ours always shows best scores. DFF [81] is not robust
due to lack of explicit regularization.

Joint MRF Inference for Stereo Scene Flow
and Motion Segmentation

6.1 Introduction
Scene flow refers to 3D flow or equivalently the dense 3D motion field of a scene [75]. It can be estimated from video acquired
with synchronized cameras from multiple viewpoints [54, 55, 78]
or with RGB-D sensors [32, 58] and has applications in video
analysis and editing, 3D mapping, autonomous driving [55] and
mobile robotics.
Scene flow estimation builds upon two tasks central to computer vision – stereo matching and optical flow estimation. Even
though many existing methods can already solve these two tasks
independently [14, 30, 31, 47, 53, 69], a naive combination of
stereo and optical flow methods for computing scene flow is unable to exploit inherent redundancies in the two tasks or leverage
additional scene information which may be available. Specifically, it is well known that the optical flow between consecutive
image pairs for stationary (rigid) 3D points are constrained by
their depths and the associated 6-DOF motion of the camera rig.
12
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Input

Ground Truth

Ours

Fig. 5.5 Dataset.

SIFT Flow [51]

Ours

Fig. 5.6 Correspondence results.

However, this idea has not been fully exploited by existing scene
flow methods. Perhaps, this is due to the additional complexity
involved in simultaneously estimating camera motion and detecting moving objects in the scene.
Recent renewed interest in stereoscopic scene flow estimation
has led to improved accuracy on challenging benchmarks, which
stems from better representations, priors, optimization objectives
as well as the use of better optimization methods [33, 54, 55, 78,
79]. However, those state of the art methods are computationally
expensive which limits their practical usage. In addition, other
than a few exceptions [78], most existing scene flow methods
process every two consecutive frames independently and cannot
efficiently propagate information across long sequences.
In this study, we propose a new technique to estimate scene
flow from a multi-frame sequence acquired by a calibrated stereo
camera on a moving rig. We simultaneously compute dense disparity and optical flow maps on every frame. In addition, the
6-DOF relative camera pose between consecutive frames is estimated along with a per-pixel binary mask that indicates which
pixels correspond to either rigid or non-rigid independently moving objects (see Figure 6.1).
We exploit the fact that even in dynamic scenes, many observed
pixels often correspond to static rigid surfaces. Given disparity maps estimated from stereo images, we robustly compute the
6-DOF camera motion using visual odometry robust to outliers
(moving objects in the scene). Given the ego-motion estimate, we
improve the depth estimates at occluded pixels via epipolar stereo
matching. Then, we identify image regions inconsistent with the
camera motion and compute an explicit optical flow proposal for
these regions. Finally, this flow proposal is fused with the camera motion-based flow proposal using fusion moves to obtain the
final flow map and motion segmentation.
While these four tasks – stereo, optical flow, visual odometry
and motion segmentation have been extensively studied, most of
the existing methods solve these tasks independently. As our primary contribution, we present a single unified framework where
the solution to one task benefits the other tasks. In contrast to
some joint methods [54, 55, 78] that try to optimize single complex objective functions, we decompose the problem into simpler
optimization problems leading to increased computational efficiency. Our method is significantly faster than top six methods on
KITTI taking about 2–3 seconds per frame (on the CPU), whereas
state-of-the-art methods take 1–50 minutes per-frame [54,55,78].
Not only is our method faster but it also explicitly recovers the
camera motion and motion segmentation. We now discuss how
our unified framework benefits each of the four individual tasks.
ⓒ 2017 Information Processing Society of Japan

DSP [42]

Faktor et al. [17]

Joulin et al. [39]

Fig. 5.7 Cosegmentation results.

Le� t+1

Right t+1

Le� t

Right t

(a) Left input frame (reference)

(b) Zoom-in on stereo frames

(c) Ground truth disparity

(d) Estimated disparity D

(e) Ground truth flow

(f) Estimated flow F

(g) Ground truth segmentation

(h) Estimated segmentation S

Fig. 6.1

Our method estimates dense disparity and optical flow from stereo
pairs, which is equivalent to stereoscopic scene flow estimation.
The camera motion is simultaneously recovered and allows moving objects to be explicitly segmented in our approach.

6.2 Proposed Method
Let It0 and It1 , t ∈ {1, 2, · · · , N +1} be the input image sequences
captured by the left and right cameras of a calibrated stereo system, respectively. We sequentially process the first to N-th frames
and estimate their disparity maps Dt , flow maps Ft , camera motions Pt and motion segmentation masks St for the left (reference)
images. We call moving and stationary objects as foreground and
background, respectively. Below we focus on processing the t-th
frame and omit the subscript t when it is not needed.
At a high level, our method is designed to implicitly minimize
image residuals
X
0
E(Θ) =
kIt0 (p) − It+1
(w(p; Θ))k
(6.1)
p

by estimating the parameters Θ of the warping function w
Θ = {D, P, S, Fnon }.

(6.2)

The warping function is defined, in the form of the flow map
w(p; Θ) = p + F (p), using the binary segmentation S on the
reference image It0 as follows.



 Frig (p) if S(p) = background
F (p) = 
(6.3)

 Fnon (p) if S(p) = foreground
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Table 6.2
Binocular
stereo

D Init. disparity

Visual
odometry

Epipolar
stereo

Ini�al mo�on
segmenta�on

Op�cal ﬂow

Ego-mo�on
alley_1
alley_2
ambush_2
ambush_4
ambush_5
ambush_6
ambush_7
bamboo_1
bamboo_2
bandage_1
bandage_2
cave_4
market_2
market_5
market_6
mountain_1
shaman_2
shaman_3
sleeping_2
temple_2
temple_3
AVERAGE

D Disparity

F

Rigid ﬂow

S Init. segmenta�on

F

Non-rigid ﬂow

F Flow
,

+F

,F

Flow fusion

Ours
5.92
2.08
36.93
23.30
18.54
30.33
23.47
9.67
19.27
20.93
22.69
6.22
6.81
13.25
10.63
0.23
24.77
27.09
3.52
5.96
10.65
15.35

D1-all
OSF
5.28
1.31
55.13
24.05
19.54
26.18
71.58
9.71
18.08
19.37
23.53
5.86
6.61
13.67
10.29
0.78
28.27
52.22
2.97
5.54
16.62
19.84

PRSM
7.43
0.79
41.77
24.09
17.72
29.41
35.07
7.34
17.06
21.22
22.44
4.27
5.27
15.38
8.99
0.42
25.49
33.92
1.74
4.92
11.04
15.99

Ours
2.11
1.20
72.68
45.23
24.82
44.05
27.87
4.11
3.65
4.00
4.76
14.62
5.17
26.31
13.13
17.05
0.56
1.31
0.02
9.66
62.34
18.32

Fl-all
OSF
7.33
1.44
87.37
49.16
44.70
54.75
22.47
4.04
4.86
18.40
13.12
33.94
10.08
29.58
16.39
88.60
1.67
11.45
0.01
10.52
81.39
28.16

PRSM
1.58
1.08
51.33
41.99
25.23
41.98
3.35
2.41
3.58
3.30
4.06
16.32
4.77
28.38
10.72
3.71
0.46
1.75
0.00
9.51
32.10
13.70

Ours
6.91
2.99
80.33
49.81
35.15
49.93
44.51
11.05
21.39
23.72
24.19
17.53
10.38
29.93
18.07
17.05
25.07
27.61
3.52
9.82
63.56
27.26

SF-all
OSF
10.04
2.49
90.96
53.25
52.26
58.46
77.94
10.81
21.24
36.57
32.33
36.04
14.52
31.60
20.18
88.61
29.43
55.51
2.97
10.55
81.86
38.93

PRSM
7.90
1.63
61.92
46.14
34.12
47.08
36.92
8.35
19.23
23.37
23.62
17.71
8.54
32.00
15.09
3.85
25.75
34.43
1.74
9.87
34.60
23.52

MS-all
Ours
OSF
5.40
17.45
1.31
1.94
1.72
32.76
19.82
20.98
2.50
19.39
24.98
53.95
26.77
36.08
4.17
4.43
4.08
4.54
33.32
46.66
16.37
41.14
16.13
16.92
8.97
13.90
15.26
15.33
3.59
37.63
0.00
31.63
27.04
30.98
3.81
29.64
0.00
0.54
1.32
4.13
4.20
25.42
13.68
19.95

S Segmenta�on

Fig. 6.2 Overview of the proposed method. In the first three steps, we estimate the disparity D and camera motion P using stereo matching
and visual odometry techniques. We then detect moving object regions by using the rigid flow Frig computed from D and P. Optical
flow is performed only for the detected regions, and the resulting
non-rigid flow Fnon is fused with Frig to obtain final flow F and
segmentation S.

Here, Frig (p) is the rigid flow computed from the disparity map
D and the camera motion P using perspective projection, and
Fnon (p) is the non-rigid flow defined non-parametrically. Directly
estimating this full model is computationally expensive. Instead,
we start with a simpler rigid motion model computed from the reduced model parameters Θ = {D, P}, and then increase the complexity of the motion model by adding non-rigid motion regions
S and their flow Fnon . Instead of directly comparing pixel intensities, at various steps of our method, we robustly evaluate the
image residuals kI(p) − I 0 (p0 ))k by truncated normalized crosscorrelation
TNCCτ (p, p0 ) = min{1 − NCC(p, p0 ), τ}.

(6.4)

Here, NCC is normalized cross-correlation computed for 5 × 5
grayscale image patches centered at I(p) and I 0 (p0 ), respectively.
Below we describe the proposed pipeline of our method, which
is also summarized in Figure 6.2. Binocular Stereo. Given left
and right images I 0 and I 1 , we first estimate an initial disparity
map D̃ of the left image. As a defacto standard method, we estimate disparity maps by using semi-global matching (SGM) [30].
Stereo Visual Odometry. Given the current and next image It0
0
and It+1
and the initial disparity map D̃t of It0 , we estimate the relative camera motion P between the current and next frame. We
use an existing stereo visual odometry method [1] with modifications to exploit moving object mask and multiple diverse initializations for more stable pose estimation. Epipolar Stereo
Refinement. The initial disparity map D̃ computed from the
current stereo pair {It0 , It1 } can have errors at pixels occluded
in right image. To address this issue, we use the multi-view
epipolar stereo technique on temporarily adjacent six images
0
1
0
1
{It−1
, It−1
, It0 , It1 , It+1
, It+1
} using estimated camera poses P, and
obtain the final disparity map D. Initial Segmentation. During
ⓒ 2017 Information Processing Society of Japan

Sintel evaluation [13]: We show error rates (%) for disparity (D1), flow (Fl), scene flow (SF) and motion segmentation
(MS) averaged over the frames. Cell colors in OSF [55] and
PRSM [78] columns show performances relative to ours; blue
shows where our method is better, red shows where it is worse.
We outperform OSF most of the time.

the initial segmentation step, the goal is to find a binary segmentation S̃ in the reference image It0 , which shows where the rigid
flow proposal Frig is inaccurate and hence optical flow must be recomputed. We estimate S̃ by using image residuals as soft seeds
in the GrabCut [61] algorithm. Optical Flow. Next, we estimate
the non-rigid flow proposal Fnon for the moving foreground regions estimated as the initial segmentation S̃. We pose optical
flow as a discrete labeling problem where the labels represent 2D
translational shifts with in a 2D search range. We here apply the
SGM algorithm as a discrete optimizer. Flow Fusion and Final
Segmentation. Given the rigid and non-rigid flow proposals Frig
and Fnon , we fuse them to obtain the final flow estimate F . This
fusion step also produces the final segmentation S.
6.3 Experiments
We evaluate our method on the KITTI 2015 scene flow benchmark [55] and further extensively evaluate on the challenging Sintel (stereo) datasets [13]. On Sintel we compare with the top two
state of the art methods – PRSM [78] and OSF [55]. PRSM is
a multi-frame method like ours. Our method was implemented
in C++ and running times were measured on a computer with a
quadcore 3.5GHz CPU. All parameter settings were determined
using KITTI training data for validation. Only two parameters
were re-tuned for Sintel.
6.3.1 KITTI 2015 Scene Flow Benchmark
We show a selected ranking of KITTI benchmark results in Table 6.1, where our method is ranked third. Our method is much
faster than all the top methods. Results of our method on four
sequences are shown in Figure 6.3. Motion segmentation results
are visually quite accurate.
6.3.2 Evaluation on Sintel Dataset
We also evaluated our method on Sintel and compared it with
OSF [55] and PRSM [78] (see Table 6.2 – best viewed in color).
Recall, PRSM does not perform motion segmentation. Although
OSF and PRSM are more accurate on KITTI, our method outperforms OSF on Sintel on all metrics.

7.

Conclusion
In this paper, we have presented discrete inference approaches
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Table 6.1 KITTI 2015 scene flow benchmark results [55]. We show the error rates (%) for the disparity
on the reference frame (D1) and second frame (D2), the optical flow (Fl) and the scene flow
(SF) at background (bg), foreground (fg) and all pixels. Disparity or flow is considered correctly estimated if the end-point error is < 3px or < 5%. Scene flow is considered correct if
D1, D2 and Fl are correct. The table is a snapshot taken in November 2016.
Rank
1
2
3
4
5

Method
PRSM [78]
OSF [55]
FSF+MS (ours)
CSF [54]
PR-Sceneflow [77]

(a) Reference image

D1-bg
3.02
4.54
5.72
4.57
4.74

D1-fg
10.52
12.03
11.84
13.04
13.74

D1-all
4.27
5.79
6.74
5.98
6.24

D2-bg
5.13
5.45
7.57
7.92
11.14

D2-fg
15.11
19.41
21.28
20.76
20.47

D2-all
6.79
7.77
9.85
10.06
12.69

Fl-bg
5.33
5.62
8.48
10.40
11.73

Fl-fg
17.02
22.17
29.62
30.33
27.73

(b) Motion segmentation S (c) Disparity map D
(d) Disparity error map
Fig. 6.3 Our results on a KITTI testing sequence 002.

to image segmentation and dense correspondence problems. We
solve the two types of problems solved sorely or jointly as four
individual tasks, where we also tackle three challenges of discrete
inference approaches.
In the first study, we tackle higher-order binary MRF optimization. Our method is presented by extending SSP [56], an early
approach to higher-order energy optimization, which is further
shown to unify some state-of-the-art methods [3, 22, 68]. The
proposed coarse-to-fine approximation scheme has better ability
to avoid local minimums and is shown to outperform state-of-theart methods [3, 22, 23, 68].
In the second study, we have presented an accurate and efficient stereo matching method for continuous disparity estimation. By incorporating randomized search of PatchMatch [4] into
graph cut based framework, our method has advantages over previous fusion-based approaches [49,57,80] and a message passing
method [6]. Our method can be easily accelerated by parallelization and cost-map filtering. Our method was shown to perform
best on the Middlebury benchmark.
In the third study, we have presented a joint method for cosegmentation and dense correspondence estimation in two images.
Our method uses a hierarchical MRF model and jointly infers
the hierarchy as well as segmentation and correspondence using iterated graph cuts. Our method outperforms state-of-the-art
methods designed specifically either for correspondence recovery [42, 51, 81] or cosegmentation [17, 39].
In the last study, we have proposed an efficient scene flow
method that unifies dense stereo, optical flow, visual odometry,
and motion segmentation estimation. Even though simple optimization methods are used in our technique, the unified framework led to higher overall accuracy and efficiency. Our method
was ranked third on the KITTI 2015 scene flow benchmark after
PRSM [78] and OSF [55] and is 1–3 orders of magnitude faster
than the top six methods.
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SF-bg
6.61
7.01
11.17
12.21
13.49

(e) Flow map F

SF-fg
23.60
28.76
37.40
36.97
33.72

SF-all
9.44
10.63
15.54
16.33
16.85

Time
300 s
50 min
2.7 s
80 s
150 s

(f) Flow error map
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