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Generation of Japanese Cursive Sentences
Using Optimal Smoothing Splines
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A problem of designing and generating cursive characters and sentences is considered. Based
on the concept of “dynamic font”, we developed an interactive font design system with various
functions for designing and manipulating characters. Such a system provides us with an
eﬃcient development environment, and is used to produce Japanese cursive Kana characters.
We then developed a smoothing operation on characters by employing the theory of optimal
smoothing splines, which can be used for transforming their typefaces to the omitted running
style. Some examples show that such an operation eventually generates naturally-smoothed
cursive sentences.

synthesizing free motions of robotic arm 5) , the
concept of “dynamic font” for designing fonts
has been introduced 6) . Here, the idea is that
characters are generated by intersecting a virtual writing device with a virtual writing plane
and moving the device continuously in both
space and time according to the designed writing motion. Such a motion is synthesized by
a time-shifted and weighted sum of normalized
uniform B-spline functions 7) .
The purpose of this paper is
(I) to provide an eﬃcient designing environment for dynamic fonts, and
(II) to generate brush-written Japanese cursive
sentences in some systematic way.
In particular, we develop a font designing system, called font editor, together with a descriptive language for font data. Using the editor,
we design cursive Kana characters and generate successive scripts. We also develop a novel
re-designing scheme of characters by introducing smoothing operation on fonts based on the
theory of optimal smoothing splines 8),9) . It is
shown that such a scheme transforms the typefaces of characters to the omitted running style,
and eventually generates naturally-smoothed
cursive sentences 10)∼13) .
This paper is organized as follows. The model
for generating characters is described in Section 2. Then, Section 3 presents the font design
system, Section 4 shows a method for generating words or sentences, Section 5 introduces
a smoothing operation, and ﬁnally, concluding
remarks are given in Section 6.

1. Introduction
With a rising interest in desktop publishing (DTP), symbolized by the widespread use
of Nengajo (New Year’s card) printing softwares in recent years, a variety of characteristic Japanese brush-written fonts have been developed together with the designing tools. In
general, the methods for generating fonts have
been classiﬁed into three categories 1) as: i)
dot matrix, ii) outline vector, and iii) skeleton vector font schemes. In DTP, dot matrix fonts (e.g., bitmap font) and outline vector fonts (e.g., TrueType) have been used for
designing characters. The skeleton vector font
scheme is believed to be more suited for designing brush-written characters, and some generation methods based on this scheme have been
reported 2)∼4) .
However, in these schemes, characters are designed essentially as some static planar patterns, and thus they are not very suited to further treatments such as concatenating characters or changing the typefaces systematically.
In addition, if we consider the case of hand written characters, the characters are obtained obviously by moving a pen or some other writing
device on the paper continuously in both time
and space. In other words, they are obtained as
the result of hand motions. It is thus signiﬁcant
to develop a scheme for generating and designing hand-written characters, Japanese cursive
characters in particular, in a dynamical as well
as systematic fashion.
Inspired by the concept of “unit motions” for

2. Generation of Characters
2.1 Writing Motion and Characters
Figure 1 illustrates a model for generating
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Fig. 1 Process of generating characters.

Fig. 2 Motion composed of unit motions.

characters 6) . A virtual writing plane is deﬁned as 2-dimensional O − XY plane, and a
virtual writing device is deﬁned as a circular
cone with the axis parallel to Z-axis. The character is obtained by moving the device in 3dimensional space O − XY Z according to the
designed writing motion and then by deriving
the cross-sectional area on the plane. Hence,
as the device moves downwards, the resulting
stroke becomes thicker, and while it is not intersecting with the writing plane, nothing is
printed.
The motion of the writing device tip, p(t) ∈
R3 , is assumed to be given by time-shifted and
weighted sum of B-splines 5) as,
m+k−1

pi Bk (α(t − ti )).
(1)
p(t) =

for i = 1, 2, · · · , k with the initial function
N0,0 (t) = 1. Cubic splines are most frequently
used in practice, and Nj,3 (t) deﬁning B3 (t) is
computed as
N3,3 (t) = t3 / 6
N2,3 (t) = (1 + 3t + 3t2 − 3t3 )/ 6
N1,3 (t) = (4 − 6t2 + 3t3 )/ 6
N0,3 (t) = (1 − t)3 / 6.
(3)
Note that the three dimensional motion
1Bk (·), where 1 = (1 1 1)T , is called “unit motion”, and the series of unit motions: 1Bk (α(t−
tl−k+1 )), · · · , 1Bk (α(t − tm+k−1 )) form a basis
having the local and minimal support for the
space of spline functions of degree k. The motion p(t) in (1), synthesized by taking a superposition of weighted unit motions, thus has the
smoothness property of spline functions of degree k. Figure 2 shows an example of motion
composed of unit motions, where x-component
of p(t) is shown together with the control points
(‘cross’ mark) for the case k = 3 and α = 1.
The motion can be an arbitrary spline of degree k only in the interval [tl+1 , tm+k ], since
here we have overlaps of k + 1 B-splines. In
this sense, we consider [tl+1 , tm+k ] as the time
interval of speciﬁc interest of the motion, and
p(t) in such an interval is computed easily as
p(t) = p Ak t ,
where


p = pi pi−1 · · · pi−k ∈ R3×(k+1) ,

i=l−k+1

Here, l and m (≥ l) are integers that determine the time interval of motion, pi ’s are 3dimensional weighting vectors called “control
points”, Bk (·) is a normalized uniform B-spline
function of degree k with integer knot points,
and α is a positive constant scalar employed
for scaling the interval between equally-spaced
knot points ti with ti+1 − ti = 1/α. It is noted
that the Bk (·) can be generated recursively by
the following algorithm 7) :

 Nk−j,k (t − j) j ≤ t < j + 1
(j = 0, · · · , k)
Bk (t) =
0
t < 0, k + 1 ≤ t,
(2)
where Nj,k (t) are the base functions derived by
1−t
N0,i−1 (t)
N0,i (t) =
i
t
Ni,i (t) = Ni−1,i−1 (t)
i
i−j+t
Nj−1,i−1 (t)
Nj,i (t) =
i
1+j−t
Nj,i−1 (t), j = 1, · · · , i − 1,
+
i

t=



1 t − i · · · (t − i)k

T

∈ R(k+1) ,

i is an integer that satisﬁes i ≤ t < i + 1 (i.e.,
the integer part of t), and Ak ∈ R(k+1)×(k+1)
is a constant coeﬃcient matrix. In particular,
A3 is determined from (3) as


0 0
0
1
1 1 3
3 −3 
A3 = 
.
6 4 0 −6 3
1 −3 3
1
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Table 1 Development environment.
CPU
Architecture
OS
Graphics library
XML library

600 MHz Intel Pentium III
IBM PC compatible
Laser5 Linux 6.4
GTK+
libxml

Fig. 3 Control polygon and resulting character.

2.2 Control Points and Polygon
We can design a desirable writing motion by
specifying an appropriate set of control points:
pl−k+1 , pl−k+2 , · · · , pm+k−1 .
Such a sequence of the control points then
yields a polygonal line called “control polygon”,
and it represents a geometrical outline of the
writing motion. Moreover, the control polygon
M denoted by
M = pl−k+1 pl−k+2 · · · pm+k−1
can be regarded as a formal representation of
the writing motion 5) .
On the other hand, we are often interested
in a writing motion that starts and terminates
stationary, and such a motion can be realized
by imposing the boundary conditions
dj p( tl+1 )
= 0,
dtj
j
d p(tm+k )
= 0, j = 1, · · · , k − 1. (4)
dtj
In the case of k = 3, (4) indicates that the velocity and the acceleration of p(t) at the boundaries are zeros. In general, such a motion can be
obtained by forcing the ﬁrst, and similarly the
last, k weighting vectors to be identical (i.e. by
taking multiple control point with multiplicity
k ), namely
(5)
pl−k+1 = pl−k+2 = · · · = pl
and
(6)
pm = pm+1 = · · · = pm+k−1 .
In the following, we assume unless otherwise
stated that cubic splines (k = 3) are used for
planning writing motions, and also that the
condition (4) i.e. (5) and (6) are speciﬁed. Figure 3 shows an example of generated character ‘wo’ together with the corresponding control polygon projected onto the O − XY plane,

Fig. 4 Screen shot of the font editor.

where cross, triangle and square marks respectively denote single, double, and triple control
points. It may be observed that single and
double control points are arranged close to the
character’s body, and triple control points are
placed at the starts and goals of each stroke.
3. Interactive Font Design System
As we have seen, writing motion is generated by specifying an appropriate set of weighting vectors, or equivalently a control polygon.
Thus, any operations on dynamic fonts reduce
to those on control polygons, and can be used
for designing and editing fonts. Translation,
scaling, rotation, and concatenation are examples of basic operations, and moreover more advanced operations such as smoothing (see Section 5) can be deﬁned as well.
3.1 Font Editor
Based on such an idea, we developed an interactive design software, a font editor, and named
“CE” (Calligraphy Editor). A development environment of the software is shown in Table 1,
and an example of a screen shot is shown in
Fig. 4. CE provides graphical and interactive user interfaces with various basic functions.
They include addition or removal, displacement
in XY Z direction, and changing multiplicities,
of control points. Most of these operations are
achieved as mouse operations. In terms of the
characters, these operations respectively enable
us to
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Table 2 CML speciﬁcation.
Name of tag
<control-polygon>
<point>
<ref>
<scale>
<translate>
<rotate>
<concatenate>
<smooth>

Attributes
width, height
x, y, z
m (multiplicity)
w (reliability)
file
x, y, z
x, y, z
phi, theta, psi
kappa (joint strength)
lambda (smoothing parameter)

(F1) manipulate more precisely or straighten
the relevant stroke,
(F2) adjust the curvature as well as the thickness, and
(F3) change the cursiveness or speed of the
writing motion.
Computational amount for editing fonts is
small and the computational time may be considered negligibly small in nowadays computers. This is due essentially to the simple form
in (1) for generating the trajectory. For example, let us consider displacing the i-th control
point by mouse dragging to re-design the cursiveness of certain stroke partially. Since the
eﬀect of adjusting the weight pi for the unit
motion 1B3 (α(t − ti )) remains only in the time
interval [ti , ti+4 ], trajectories outside of this interval need not be renewed. The resulting fonts
are visualized almost instantaneously, and it enables us to design fonts easier.
Various operations on control polygons, both
basic and advanced ones mentioned above, are
also incorporated in CE by specifying appropriate parameters on pop-up dialogue box, or by
some interactive operations. Thus a larger size
of font for instance is obtained readily by specifying a scalar greater than one, which corresponds to enlarge the original control polygon.
In addition, the speed of writing motion can
be changed by adjusting the time-scaling parameter α in (1) and the motion can be visualized. Such functions are also implemented in
CE as ‘animation view’, and it visualizes the
writing process of characters dynamically as if
they are being written by human in real time.
3.2 Descriptive Language for Font
Data
In order to record the control polygonal data
edited by the software, we need to design a certain format suitable for the font development
environment. The speciﬁc requirements here
are that not only the font data are stored but

Values
width, height > 0
x, y, z ∈ R
m ∈ {1, 2, 3}
w ∈ (0, 1]
f ile name
x, y, z > 0
x, y, z ∈ R
φ, θ, ψ ∈ [−π, π]
κ ∈ [0, 1]
λ>0

Description
root node of document
control point
external data reference
scaling operation
translating operation
rotating operation
concatenating operation
smoothing operation

<?xml version="1.0"?>
<control-polygon canvas="500x500">
<point x="15" y="217" z="0" m="3"/>
<point x="-49" y="99" z="-48" m="1"/>
<point x="-73" y="21" z="-12" m="2"/>
<point x="-27" y="127" z="-5" m="1"/>
<point x="3" y="-215" z="0" m="3"/>
</control-polygon>
Fig. 5 Example of primitive data.

<?xml version="1.0"?>
<control-polygon canvas="700x700">
<scale x="1.5" y="1.6" z="1.5">
<ref file="ma.cml"/>
</scale>
</control-polygon>
Fig. 6 Example of an external reference with an
operation.

various operations on fonts can be realized easily and eﬃciently. With these considerations,
we propose a descriptive language for font data
for use in CE, and named “CML” (Calligraphy
Markup Language). CML is designed subject
to the speciﬁcation of XML. Using the hierarchical data structure of XML, the relationship
between font and operations on font can be described as the relationship between the child
node and the parent node in XML tree.
Table 2 shows the speciﬁcation of the language, where name of tags, attributes, and values with their domains are shown. Figures 5
and 6 are description examples, showing how
CML can be used in practice. Figure 5 describes the data of a character using the set of
ordered <point> tags which corresponds to the
control polygon. In Fig. 6, such a primitive form
of data is reused and operated, where <ref> tag
denotes an external reference to stored CML
data speciﬁed in ‘file’ attributes, and <scale>
· · · </scale> represent a scaling operation on
the bracketed data, resulting in scaled charac-
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Table 3 Statistics of cursive Kana font data.
Number of characters
Number of strokes
Number of distinct control points
Data size (bytes)
Standard output size (pixel)

48
1.85 (average)
13.4 (average)
615 (average)
500 × 500

ters. Such references and operations in Fig. 6
are readily processed, and the data is converted
into the primitive form consisting merely of
<point> tags (e.g., Fig. 5).
Such an interpretation of CML is also implemented in the software, and it is used for producing various transformed characters, moreover words and sentences.
4. Smooth Connection of Characters
Using the editor CE, we designed Japanese
cursive font as summarized in Table 3. The
font includes forty-eight basic Kana characters,
and it is designed so as to resemble traditional
brush-written style script based on a calligraphy textbook 16) .
Every character in this set can be linked in
arbitrary combinations to generate arbitrary
words or sentences. It is obvious that the ﬁrst
step for generating successive characters is to
translate each characters or control polygons in
XY direction, since they are originally designed
in some default position. This is a straightforward task, and thus our main concern here is
how to connect the control polygons in a systematic fashion, and this process can be best
described by example.
Figure 7 illustrates the process of generating the word ‘tori’ from characters ‘to’ and ‘ri’,
where ‘tori’ is generated by obtaining another
CML code shown in Fig. 8. First, two control polygons corresponding to ‘to’ and ‘ri’ are
translated in Y direction and then connected
to produce one larger control polygon. Here, as
the left ﬁgure of Fig. 7 shows, straightforward
connection does not yield smooth cursive word.
This is due to the fact that, although we now
have one larger control polygon, all the initial
and terminal points of the original control polygons have been designed as triple control points.
When connecting the control polygons, we thus
need to remove or reduce multiplicities of those
control points. The function of connecting control polygons with such a care is realized as
the operation represented by <concatenate>
· · · </concatenate>. At present, we designed
the operator so as to remove the last control

Fig. 7 Japanese cursive characters, ‘to’, ‘ri’ and the
word ‘tori’.

<?xml version="1.0"?>
<control-polygon canvas="500x1000">
<concatenate>
<translate y="250">
<ref file="to.cml"/>
</translate>
<translate y="-250">
<ref file="ri.cml"/>
</translate>
</concatenate>
</control-polygon>
Fig. 8 Data for generating successive characters.

point of the preceding control polygon and reduce the multiplicity of the ﬁrst control point
of the succeeding polygon from triple to single. Applying such an operation, we have continuous non-stationary writing motion yielding
smooth successive string (See the right ﬁgure in
Fig. 7).
It is noted that the locality property of the
writing motion (1) again plays important roles
for generating successive characters. The eﬀect
by linking two control polygons with the modiﬁed boundary control points is limited to only
a local time interval, and the trajectory outside
of the interval is left unchanged. The process of
connecting characters is thus stable numerically
without producing any oscillations as often observed in interpolation-based method.
5. Cursive Fonts and Sentences
In Japanese calligraphy, Kana characters are
often written in omitted style to make con-
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catenations smooth and continuous, and it is
believed that the best way for learning techniques of writing such scripts is by copying ancestor’s works over and over again. Although
the omitted scripts have been generated by humans in some sensitive or artistic way, it may
be useful for font designer if they could produce
characteristic cursive characters in a systematic
way. Here we propose a smoothing operation
on fonts using the theory of optimal smoothing
splines 8),9) . The operation can also be represented as the operation on writing motion, or
equivalently on control polygon.
5.1 Smoothing Operation
From a given motion p(t) in (1) corresponding
to a ‘standard’ writing motion, we consider to
construct a family of motions X consisting of
motions x(t) of the same form as p(t), namely

m+k−1

τi Bk (α(t − ti )) ,
X = x(t) : x(t) =
i=l−k+1

where τi ∈ R3 .
Equivalently, given a
set of control points {pl−k+1 , · · · , pm+k−1 },
we reconstruct other sets of control points
{τl−k+1 , · · · , τm+k−1 } in such a way that it corresponds to the ‘smoothed’ writing motions.
Note that, in this stage, there are no diﬀerences between a character and a sequence of
characters since they can be treated in the same
framework, namely as one control polygon. In
other words, the smoothing operation to be deﬁned below can be applied to both characters
and character strings.
For simplicity, we construct motions x(t) in
three-dimensional space from one-dimensional
motions smoothed for each of the three elements independently. Employing a notational
abuse, namely with the understanding that
x(t), pi , τi represent typical elements of the
original vectors, such a smoothing operation is
formulated as the following optimization problem.
 
tm+k
2
{x (t)} dt
min λ
x∈X

tl+1

+

m+k−1



wi (pi − τi )2

.

(7)

i=l−k+1

Here λ is a positive constant scalar employed
for adjusting smoothness property of x(t), and
wi ∈ (0, 1] (i = l − k + 1, · · · , m + k − 1) is a
parameter that represent the reliability of each
i-th control point pi . Note that analogous cri-
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teria are used in the theory of splines 8),9) , and
edge detection problem in image processing 14) .
It can then be shown that Eq. (7) is rewritten
simply as


min λα3 τ T V τ + (p − τ )T W (p − τ )
τ ∈RN

where N = (m + k − 1) − (l − k + 1) + 1 =
m − l + 2k − 1,
τ = [ τl−k+1 · · · τm+k−1 ]T ∈ RN ,
p = [ pl−k+1 · · · pm+k−1 ]T ∈ RN ,
W = diag {wl−k+1 , · · · , wm+k−1 } ∈ RN ×N ,
and V ∈ RN ×N is a symmetric nonnegativedeﬁnite matrix with the ij-th element vi,j deﬁned by
 tm+k
vi,j =
Bk (t − i)Bk (t − j)dt.
tl+1

Using (2) and (3), the matrix V is obtained
explicitly as
V = V̄ − (V1 + V2 ),
where the ij-th element v̄ij of V̄ is deﬁned by

i−j =0
 8/3


|i − j| = 1
 −3/2
0
|i − j| = 2 ,
v̄ij =


1/6
|i − j| = 3


0
otherwise
and


14
−6
0
1  −6
8
−3
03,N−3 
V1 = 
,
0
−3
2
6
0N −3,3
0N −3,N−3


0N −3,N−3
0N −3,3
1
2
−3
0 
V2 = 
.
−3
8
−6 
03,N−3
6
0
−6
14
Then, the solution to this minimization problem is uniquely given by
τ = (λα3 V + W )−1 W p.
Actually we solve the system of linear algebraic
equations
(λα3 V + W )τ = W p,
which is stable numerically since the coeﬃcient
matrix is positive-deﬁnite and banded matrix.
This process is repeated for each of the three
elements of p(t), all with the same values of
design parameters λ and w’s.
5.2 Examples of Smoothing
Here we present some examples showing how
such a smoothing operation is utilized for
changing the style of characters. Figure 9
illustrates the word ‘aki’. Shown in Fig. 9
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Fig. 10 Three Japanese sentences generated by translation, concatenation,
and smoothing operations (from left).

Fig. 9 Original word and two reconstructed words by
smoothing operation with λ = 2.0 and 8.0 (from
left).

are, from the left, standard word with original
control points {pl−k+1 , · · · , pm+k−1 }, and two
smoothed words together with re-constructed
control points {τl−k+1 , · · · , τm+k−1 }, obtained
by specifying parameters λ = 2.0 and 8.0 both
for W = I. It may be observed that, as λ increases or as we put more weight on the smoothness term in (7), more cursive characters are
produced.
Figure 10 shows Japanese poem ‘tanka’

written in four lines. The left ﬁgure shows the
sentence generated by only translation operation, the middle one is generated by concatenation, and the right ﬁgure shows transformed
sentence obtained by applying the smoothing
operation with λ = 1.2 and W = I. It is noted
that the smoothness of each character itself, as
well as the smoothness between the characters
are increased. We observe that such naturally
smoothed sentences as if brush-written by humans can be produced by employing the simple,
mathematical operation, i.e. smoothing. Obviously, larger values of the smoothing parameter
λ result in sentences in more deformed style.
For the practical use of the proposed scheme,
it is useful to store output sentences in some
graphic formats, such as SVG (Scalable Vector Graphics) 15) . Using SVG, the authors have
thus developed an experimental system on a
web site, and named ‘Calligraphy on Demand’.
In the web site☆ , user can input any tanka
regardless of his original or well-known ones.
Then by specifying the continuousness, smoothness, color of ink, and background paper, the
user can create original writing works as is
shown in Fig. 10 interactively.
☆

Calligraphy on Demand
URL: http://kanolab.j.dendai.ac.jp/˜hiro/cod/
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6. Concluding Remarks
Based on the generation method of dynamic
fonts, we developed an interactive font design
software together with a descriptive language
for control polygonal data. Using the editor,
we designed brush-written Kana font and we
have shown that the characters in the font can
be concatenated easily by applying the operations on respective control polygons. We also
developed smoothing operation on writing motion, or control polygon representing either a
character or a sequence of characters, by introducing the theory of optimal smoothing splines.
Some examples have shown that the operation is eﬀectively used for generating naturally
smoothed brush-written sentences which resembles artworks often seen in Japanese calligraphy.
The novelty of the method lies in the fact that
whole of the process, namely from designing
each characters up to generating cursive sentences, can be treated in a uniﬁed framework as
well as in a systematic way. More speciﬁcally,
in the present method, there are no essential
diﬀerences in treating a character, a word, a
sentence and sentences, since they are all represented in the same framework, namely by a
control polygon either small or large. As the
result, any operators developed for a control
polygon such as smoothing can be applied irrespective whether it represents a character, a
word, and a sentence. Such a systematic treatment could not be possible in the conventional
methods. Although our attension has been focussed on Kana characters, we believe that the
scheme can be applied to other types of characters as well. In particular, Chinese characters certainly seem to be suited to the present
scheme, since each character in general is constituted from several basic elements that may
be modeled by control polygons.
Further studies are needed in the following
points. One is to develop a proper method
for evaluating generated characters. Kana invented in Japan in 12th century by nobles has
the long history. Various techniques that have
been practiced traditionally in Kana calligraphy, such as arrangement, concatenation, and
omission of characters are due in most part to
a sense of beauty 16),17) . It is thus desirable if
we could analyze such a sense of beauty mathematically, and devise some aesthetic evaluation method of output sentences. The other
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important point is to develop a more realistic
generation model mimicking writing device and
process in calligraphy. For example, we may
consider a virtual writing brush device which
changes its shape dynamically 18) , or writing
motions generated by virtual robotic arm holding the device.
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