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Abstract: We analyzed a light-field super-resolution problem in which the 3-D scene is reconstructed with a higher
resolution using super-resolution (SR) reconstruction with a given set of multi-view images with a low resolution. The
arrangement of the multi-view cameras is important because it determines the quality of the reconstruction. To simplify the analysis, we considered a situation in which a plane is located at a certain depth and a texture on that plane is
super-resolved. We formulated the SR reconstruction process in the frequency domain, where the camera arrangement
can be independently expressed as a matrix in the image formation model. We then evaluated the condition number
of the matrix to quantify the quality of the SR reconstruction. We clarified that when the cameras are arranged in a
regular grid, there exist singular depths in which the SR reconstruction becomes ill-posed. We also determined that
this singularity can be avoided if the arrangement is randomly perturbed.
Keywords: multi-view cameras, super-resolution, camera arrangement, condition number

1. Introduction
The reconstruction of a 3-D scene from multi-view images
is a challenging problem and currently the focus of active research. To improve the quality of reconstruction, recent methods [1], [2], [3] use the framework of super-resolution (SR) reconstruction, which is a process of restoring an underlying highresolution (HR) image from multiple low-resolution (LR) images.
The quality of SR reconstruction is determined by the number,
the point spread function (PSF), and the arrangement of cameras.
The last factor, which has rarely been discussed, is the main focus
of this paper.
An intuition of how the camera arrangement aﬀects SR reconstruction can be gotten as follows. The arrangement of the cameras determines the disparities (pixel shifts) between the camera
images given a certain depth. These disparities aﬀect the stability
of the SR reconstruction; for example, the SR reconstruction is
ill-posed if all the disparities are integers. Therefore, the cameras
should be arranged in such a way to avoid this ill-posed situation
and improve the well-posedness of the SR reconstruction.
The purpose of this study is to analyze the relation between the
arrangement of cameras and the well-posedness of an SR reconstruction. A general framework in which a high-resolution 3-D
scene is reconstructed from multi-view images with a lower resolution is referred to as light-field super-resolution (LFSR). To
simplify the analysis, we consider a situation in which a target
plane is located at a certain depth and a texture on that plane is
super-resolved, as illustrated in Fig. 1. Although we only con1
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sider a single plane at a certain depth, our analysis is applicable to
general scenes with multiple objects placed at various depths because the target plane can be placed at an arbitrary depth. Our theoretical model is constructed in the frequency domain, where the
camera arrangements are independently expressed as a matrix in
the image formation model of the SR reconstruction. The condition number of that matrix is used to measure the well-posedness
of the SR reconstruction. We determined that when the cameras
are placed on a regular grid, some depths are singular, meaning
that the SR reconstruction at these depths is ill-posed. Singular depths can be avoided by randomly perturbing the cameras,
which is a key finding in our study.

Fig. 1

Framework of LFSR.
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A preliminary version of this study was presented in Ref. [4]
and at MIRU2011. In this paper, we present new experimental
results to confirm our theory, while the previous version was limited to a numerical analysis. This paper is organized as follows.
Section 2 introduces related work. We formulate the SR reconstruction process in Section 3, followed by descriptions of the
condition number in Section 4. In Section 5, we evaluate specific
camera arrangements based on our theory. Experimental results
with a simplified situation and a more practical situation are presented in Sections 6 and 7, respectively. Section 8 concludes the
paper.

2. Related Work
SR reconstruction generally consists of two steps [5]: the registration of LR images and the reconstruction of an HR image from
the registered LR images. In this paper, we assume that registration has been done in advance, and hence, we shall focus on the
reconstruction step.
The numerical performance of SR reconstruction is mainly affected by three factors: the number of LR images, subpixel shifts
between LR images, and the PSF of the LR images. The first and
second factors are closely related; if we have a greater number of
images, we are more likely to have more varied subpixel shifts,
resulting in more stable SR reconstruction. However, SR reconstruction will be ill-posed if all the pixel shifts are integers, no
matter how many images are available.
The pixel-shifts factor has been analyzed in several studies.
Robinson et al. [6] evaluated the numerical performance of SR
reconstruction using the Cramér-Rao lower bound and demonstrated that reconstruction quality is maximized when the sampling points of the LR images are evenly distributed. Champagnat
et al. [7] used Monte Carlo simulations to analyze the quality of
SR reconstruction when fractional parts of shifts are distributed
uniformly in 0–1 pixel. They found that the reconstruction quality
with random pixel shifts is moderate on average and comparable
to that of optimal pixel shifts. In this study, we also analyzed the
pixel shifts, but they were bounded by the camera arrangement
and the depth of the scene in our problem. We used Monte Carlo
simulations to analyze the arrangement of the cameras because
analytical optimization is diﬃcult for our problem.
The PSF factor has also been studied using the condition number, which is widely used in linear algebra to measure the wellposedness of linear equations. Baker et al. [8] analyzed boxshaped PSFs and discovered a relation between the condition
number and the magnification ratio. Tanaka et al. [9] derived condition numbers for general space-invariant PSFs assuming that an
infinite number of LR images are available. Inspired by these
studies, we also used the condition number as a measure of the
well-posedness of the SR reconstruction, although we focused on
the arrangement of cameras rather than the PSF. More specifically, we formulate the SR reconstruction model as the product
of the PSF matrix and the camera arrangement matrix, and further analyze the camera arrangement matrix without considering
the PSF matrix. In contrast, Tanaka et al. [9] actually ignored the
camera arrangement matrix by assuming that the number of LR
images is infinite, and analyzed only the PSF matrix. Therefore,
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this paper and Ref. [9] complement to each other for evaluating
the quality of SR reconstruction.
Our theoretical analysis can also be applied to SR reconstruction from light-field cameras [10], [11], [12], [13] because a lightfield camera is optically equivalent to a set of multi-view cameras [14]. For example, in Ref. [11] it was pointed out that several depths cannot be super-resolved, which are equivalent to the
singular depths in our theoretical analysis. Mohan et al. [13] proposed the use of aperture masks for SR reconstruction. They designed masks so that sub-pixel shifts between images are equally
distributed between 0–1 pixel length assuming the depth of a
scene is constant. Since the location of openings in masks corresponds to a multi-view camera arrangement, their optimization
principle is closely related to our theory. However, our theory
aims for a more general scene with arbitrary depths.

3. Formulation of SR Reconstruction
We formulated an SR reconstruction in the frequency domain.
Our formulation is equivalent to Ref. [15], although some parameters were rearranged to fit to our problem.
See Fig. 2 for the configuration. Let (x, y, z) be the spatial coordinate. We assume that K cameras that capture LR images are
placed on the camera plane at z = 0. The position of the k-th camera is denoted as (xk , yk , 0). We also assume that all the cameras
have the same focal length, pixel size, and PSF. A target plane is
placed at z = zd in parallel to the camera plane. The goal of the
SR reconstruction is to obtain a texture on the target plane with a
resolution higher than the input LR images. We assume that the
magnification ratio is 2, but our analysis can easily be extended
to more general cases.
3.1 Configuration
Let (u, v) be the image coordinate on the target plane. The texture on it is denoted by h(u, v) as a continuous 2-D signal. The
HR image, which we want to synthesize by SR reconstruction, is
denoted by gH (u, v). The LR image captured by the k-th camera is
denoted as gL,k (u, v). Both gH (u, v) and gL,k (u, v) are the discrete
signals sampled from h(u, v). The pixel pitches are written as Δ
and Δ/2 for the LR and HR images, respectively.
3.2 Image Formation Model
The k-th LR image gL,k (u, v) is generated by sampling the lightrays on the focal plane. This process is equivalent to sampling the
continuous texture on the target plane z = zd with intervals Δd (zd ),

Fig. 2

Configuration analyzed in this study.
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(a) Continuous image.

(b) HR image.

(c) LR image.

Fig. 3 Frequency spectra of continuous, HR, and LR images.

where Δd (zd ) is defined as
zd
Δd (zd ) = Δ,
f

(1)

where f is the focal length of the cameras, as shown in Fig. 2.
Note that Δd (zd ) depends on the depth of the target plane zd . To
simplify the notations, we abbreviate Δd (zd ) as Δd in this section.
Using Δd , the k-th LR image gL,k (u, v) is defined as
gL,k (u, v) = (h(u, v) ∗ bL (u, v)) δΔd (u − xk , v − yk )
+ nk (u, v),

(2)

(m,n)∈Z

where δ(u, v) is the Dirac delta function.
Since the resolution of the HR image is double that of the LR
images, the sampling interval of the HR image is Δd /2. Therefore, the HR image gH (u, v), whose position of the viewpoint is
set to (u, v) = (xH , yH ), is defined as
(4)

where bH (u, v) denotes a PSF of the HR image.
3.3 SR Reconstruction in the Frequency Domain
Assume that the underlying continuous image h(u, v) is bandlimited within (−2π/Δd , 2π/Δd ). In other words, the sampling
interval of the HR image satisfies the Nyquist condition. This situation is illustrated in Fig. 3 (a). The circular region in the figure
represents the spectral support of the underlying continuous image ĥ(û, v̂), where ˆ denotes the frequency-domain representation
of the corresponding symbol.
Here, we want to obtain the Fourier transform of Eqs. (4) and
(2). First, we obtain the Fourier transform of Eq. (3) as


4π2 
2mπ
2nπ
δ̂Δ (û, v̂) = 2
(5)
δ û −  , v̂ −  .
Δ
Δ
Δ {m,n}∈Z
This equation represents a spectral replication in the frequency
domain caused by discretization. For the case of the HR image,
where Δ = Δd /2, the repeating cycle is (4π/Δd , 4π/Δd ), as shown
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ĝH (û, v̂)
 

16π2 
= 2 ĥ(û, v̂)b̂H (û, v̂) ∗ δ (û, v̂) e− j(xH û+yH v̂)
Δd
=

where ∗ denotes convolution, bL (u, v) is a camera PSF, and nk (u, v)
is the observation noise. δΔ (u, v) represents the sampling grid that
is defined as

δ(u − mΔ , v − nΔ ),
(3)
δΔ (u, v) =

gH (u, v) = (h(u, v)∗ bH (u, v)) δΔd /2 (u− xH , v−yH ),

in Fig. 3 (b). Since the original signal ĥ(û, v̂) is band-limited
within (−2π/Δd , 2π/Δd ), no overlapping occurs in the frequency
domain. Consequently, for the frequency û, v̂ ∈ (−2π/Δd , 2π/Δd ),
ĝH (û, v̂) can be written as

16π2
ĥ(û, v̂)b̂H (û, v̂).
Δ2d

(6)
(7)

Note that for the frequency range û, v̂ ∈ (−2π/Δd , 2π/Δd ), ĝH (û, v̂)
does not depend on the viewpoint of the HR image, (xH , yH ).
Meanwhile, for the case of the LR image, where Δ = Δd ,
the repeating cycle is (2π/Δd , 2π/Δd ). As shown in Fig. 3 (c),
four spectral components overlap in the range û, v̂ ∈ (0, 2π/Δd ).
Therefore, for this range, ĝL,k (û, v̂) is described as

4π2 
ĝL,k (û, v̂) = 2 ĥ (û, v̂) b̂L (û, v̂)
Δd



2mπ
2nπ − j(xk û+yk v̂)
e
∗
δ û −
, v̂ −
+ n̂(û, v̂)
Δd
Δd
m,n∈{0,1}
 

2mπ
4π2 
2nπ
ĥ û −
= 2
, v̂ −
Δd
Δd
Δd m,n∈{0,1}



2mπ
2nπ −2π j mxkΔ+nyk
d
e
+ n̂(û, v̂).
(8)
· b̂L û −
, v̂ −
Δd
Δd
Using Eq. (7), we obtain
⎧ 

⎪
⎪
2mπ
1  ⎪
2nπ
⎨
ĝH û −
, v̂ −
ĝL,k (û, v̂) =
⎪
⎪
4 m,n∈{0,1} ⎪
Δd
Δd
⎩
⎫


2nπ
⎪
mx +ny ⎪
b̂L û − 2mπ
⎬
Δd , v̂ − Δd
−2π j kΔ k ⎪
d

e
+ n̂(û, v̂).
·
⎪
⎪
⎪
⎭
b̂ û − 2mπ , v̂ − 2nπ
H

Δd

(9)

Δd

Equation (9) can be rearranged into a linear equation:
1
ĝL = Ŵ ĝH + n̂,
(10)
4
where ĝL represents the spectra of all LR images and ĝH represents the four overlapping spectral components of the HR image:
⎞
⎛
⎞
⎛
⎜⎜⎜ ĝL,1 (û, v̂) ⎟⎟⎟
⎜⎜⎜ ĝH (û
, v̂
) ⎟⎟⎟
⎟⎟⎟
⎜⎜⎜
⎟
⎜
⎜⎜⎜ ĝ (û − 2π , v̂
⎜⎜⎜ ĝL,2 (û, v̂) ⎟⎟⎟
) ⎟⎟⎟⎟⎟
⎜⎜⎜ H
Δd
⎟
⎟
⎟⎟ .
,
ĝ
(11)
ĝL = ⎜⎜⎜⎜
=
⎟⎟⎟ H ⎜⎜⎜
..
⎜⎜⎜
, v̂ − Δ2πd ) ⎟⎟⎟⎟
⎟⎟⎟
⎜⎜⎜ ĝH (û
.
⎜⎜⎝
⎟
⎟⎠
⎠
⎝
ĝH (û − Δ2πd , v̂ − Δ2πd )
ĝL,K (û, v̂)
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Ŵ represents the image formation model, expressed as
Ŵ = M̂B̂ ,

(12)

where

⎛
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎜
M̂ = ⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎜⎜⎝

y

x

1

e

−2 jπ Δ1

1
..
.

e

−2 jπ Δ2

1

e

d

e

−2 jπ Δ1

e

−2 jπ Δ2

x

d

d

y

d

..
.

..
.
x

−2 jπ ΔK

e

d

⎛
⎜⎜⎜ b̂L (û
⎜⎜⎜
⎜⎜ b̂L (û −
B̂ = diag ⎜⎜⎜⎜
⎜⎜⎜ b̂L (û
⎜⎝
b̂L (û −

2π
Δd
2π
Δd

e

−2 jπ

x1 +y1
Δd

−2 jπ

x2 +y2
Δd

..
.

y

−2 jπ ΔK

, v̂
, v̂
, v̂ −
, v̂ −

e

d

2π
Δd
2π
Δd

e

−2 jπ

xK +yK
Δd

)/b̂H (û
)/b̂H (û −
)/b̂H (û
)/b̂H (û −

⎞
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟ ,
⎟⎟⎟⎟
⎟⎟⎠

2π
Δd
2π
Δd

, v̂
, v̂
, v̂ −
, v̂ −

(13)

2π
Δd
2π
Δd

⎞
) ⎟⎟⎟
⎟
) ⎟⎟⎟⎟⎟
⎟⎟ .
) ⎟⎟⎟⎟
⎟⎠
)

M̂ is a K × 4 matrix and represents the camera arrangement. The
k-th row of M̂ corresponds to the position of the k-th camera. We
refer to this matrix as a camera arrangement matrix. B̂ is a 4 × 4
matrix and represents the PSF. We call this matrix a PSF matrix.
n̂ represents the observation noises.
⎛
⎞
⎜⎜⎜ n̂1 (û, v̂) ⎟⎟⎟
⎜⎜⎜⎜ n̂ (û, v̂) ⎟⎟⎟⎟
⎜⎜ 2
⎟⎟⎟
⎟⎟⎟ .
n̂ = ⎜⎜⎜⎜
(14)
..
⎜⎜⎜
⎟⎟⎟
.
⎜⎝⎜
⎟⎠⎟
n̂K (û, v̂)
The SR reconstruction is formulated as the problem of estimating ĝH given Ŵ and ĝL in Eq. (10), where Ŵ determines the
well-posedness.

4. Condition Number of the SR
Reconstruction
Given a coeﬃcient matrix of a linear equation, the condition
number of the matrix determines the stability of the solution.
When the condition number is low, the linear equation is wellposed and is robust against noise. In contrast, if the number is
high, the system is ill-posed and is sensitive to noise. The linear
system is singular when the condition number is infinite.
The condition number of Ŵ is defined as

λmax (Ŵ∗ Ŵ)
+
cond(Ŵ) =  Ŵ  ·  Ŵ  =
,
(15)
λmin (Ŵ∗ Ŵ)
where  ·  denotes operator norm, ∗ denotes conjugate transpose,
+
denotes the Moore-Penrose pseudoinverse, and λmax (Ŵ∗ Ŵ)
and λmin (Ŵ∗ Ŵ) are the maximum and minimum eigenvalues of
Ŵ∗ Ŵ, respectively.
The condition number gives the upper bound of the relative
errors as
 ê 2
 n̂ 2
≤ cond(Ŵ)
,
(16)
 ĝH 2
 ĝL 2
where ê is the estimation error of ĝH . This equation shows that
the condition number can be used to estimate the reconstruction
quality.
Direct evaluation of cond(Ŵ) is diﬃcult because it is aﬀected
by two independent factors, the PSF matrix B̂ and the camera
arrangement matrix M̂. We believe that it is a reasonable strategy to evaluate these factors one by one. While several previous
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studies [8], [9] evaluated only the PSF, we want to focus on the
camera arrangement in this study. A key feature of our formulation is that Ŵ is expressed as the product of M̂ and B̂, as shown
in Eq. (12). This enables us to evaluate the camera arrangement
by using the condition number of M̂ separately from the PSFs
represented by B̂. The condition number of Ŵ is upper-bounded
by the condition numbers of M̂ and B̂ as
cond(Ŵ) =  M̂B̂  ·  (M̂B̂)+ 


≤  M̂  ·  B̂   M̂+  ·  B̂−1


=  M̂  ·  M̂+   B̂  ·  B̂−1







= cond(M̂) · cond(B̂)

(17)

by using sub-multiplicativity of the operator norm. The above
equation means that when the PSF is fixed, cond(B̂) becomes a
constant and the reconstruction error can be upper-bounded by
cond(M̂) alone. Experimental results show that our theoretical
analysis with cond(M̂) is still practical to predict the SR reconstruction quality although cond(B̂) is not considered. We also use
the inverse condition number 1/cond(M̂) for convenience.

5. Analyses of Camera Arrangements
In this section, we analyze specific camera arrangements in
terms of the condition number. In Section 5.1, we analyze regular grid arrangements and show that the condition number becomes infinite at periodic depths. In Section 5.2, we analyze
grid-and-perturbation arrangements by performing Monte Carlo
simulations.
5.1 Analysis of a Regular Grid Arrangement
Assume that four cameras are placed on a 2 × 2 regular grid.
Let the camera positions be (±A/2, ±A/2, 0), where the distance
between the cameras is A, as illustrated in Fig. 4.
Using Eq. (13), the camera arrangement matrix M̂ is written as
⎛
⎜⎜⎜ 1
⎜⎜⎜
⎜ 1
M̂ = ⎜⎜⎜⎜⎜
⎜⎜⎜ 1
⎝
1

e− jπA/Δd
e− jπA/Δd
e jπA/Δd
e jπA/Δd

e− jπA/Δd
e jπA/Δd
e− jπA/Δd
e jπA/Δd

e−2 jπA/Δd
1
1
e2 jπA/Δd

⎞
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟ ,
⎟⎟⎟
⎠

(18)

whose condition number (see Appendix A.1.1 for the derivation)
is

Fig. 4

A grid arrangement of four cameras.
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Fig. 6

Fig. 5 Inverse condition number of a grid arrangement.



1 + cos π ΔdA(zd ) 
 .

cond(M̂) =
1 − cos π ΔdA(zd ) 

(19)

Now let us analyze a case in which 16 cameras are arranged on
a 4 × 4 regular grid. The condition number of M̂ (see Appendix
A.1.2 for the derivation) is


πA 
cos
1 + cos Δ2πA

(z
)
Δ
(z
)
d d
d d
 .

(20)
cond(M̂) =

1 − cos Δ2πA
cos ΔdπA
(zd ) 
d (zd )
Figure 5 shows the inverse condition number of the camera
arrangement matrix for the regular grid arrangement of four cameras and 16 cameras. The horizontal axis represents the value
of A/Δd (zd ). Note that A/Δd (zd ) is inversely proportional to the
depth of the target plane zd and corresponds to the disparity between the input LR images.
As shown in the figure, the inverse condition number takes zero
at periodic depths where A/Δd (zd ) is an integer. When the target
plane is located at these depths, the sampling points of all input
cameras coincide with each other. We refer to these depths as
singular depths. It should be noted that the singular depths exist
regardless of the number of cameras as long as they are arranged
in regular grids.
It is obvious that the inverse condition number takes the maximum value at periodic depths, where the disparity is a half-integer
in the case of the 2 × 2 grid and a quarter-integer in the case of
the 4 × 4 grid. These depths, where the SR reconstruction is the
most stable, are referred to as the best depths.
To summarize, when the cameras are arranged in a regular grid,
SR reconstruction becomes ill-posed at some depths yet wellposed at other depths. This situation is undesirable in terms of
reconstructing an entire 3-D scene.
5.2 Analysis of a Grid-and-Perturbation Arrangement
The periodic structure of the condition number along A/Δd
comes from the regularity of the camera arrangement. Thereby,
randomizing the camera arrangement should decrease the periodicity and might be helpful to avoid the singular depth problem. In
this subsection, we analyze a case where the camera arrangement
is randomly perturbed from the regular grid.
For this case, an analytical derivation of the condition number
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Example of grid-and-perturbation arrangements of four cameras.

is diﬃcult, so we used Monte Carlo simulations. We randomly
generated many camera arrangements and numerically computed
the condition numbers of the camera arrangement matrices M̂.
5.2.1 Monte Carlo Simulation
The number of cameras was set to either four or 16. The cameras were shifted from the 2 × 2 or 4 × 4 regular grid arrangements, as shown in Fig. 6. The shift of the k-th camera is denoted
as (ζk , ηk , 0), where ζk and ηk were independently sampled from
the uniform distribution over (−rA, rA). r > 0 is the parameter
that defines the range of the distribution and was used to control
the randomness of the camera arrangement.
We exponentially varied r from 10−10 to 1 and generated 1,000
shifts for each r value. We then numerically computed the condition number of each arrangement for the range of 0 < A/Δd (zd ) ≤
10.
5.2.2 Relation between Depth and Condition Number
For each r value, we computed the geometric average of the
inverse condition numbers over 1,000 arrangements. The results
for r = 6.3 × 10−3 , 2.5 × 10−2 , 0.1, 0.25 and 0.63 are shown in
Fig. 7 (a). Note that the horizontal axis is A/Δd (zd ). When we
set r > 0, the inverse condition number became larger than zero
for the depths where they were singular with the original regular
grid arrangement. As r increased, the inverse condition number
also increased at these depths. For instance, when A/Δd (zd ) = 2,
the inverse condition numbers for r = 6.3 × 10−3 , 2.5 × 10−2 ,
0.1, 0.25 and 0.63 were 10−4.5 , 10−2.5 , 10−1.5 , 0.1 and 0.1, respectively. Meanwhile, as r increased, the inverse condition number
decreased at the best depths. For instance, when A/Δd (zd ) = 3.5,
the inverse condition numbers for r = 6.3 × 10−3 , 2.5 × 10−2 , 0.1,
0.25 and 0.63 were 1, 10−0.5 , 0.1, 0.1 and 0.1, respectively. This
tendency indicates that there is a trade-oﬀ between the improvement at the singular depths and the decline at the best depths.
Randomizing the arrangement is likely to flatten the performance
of the inverse condition number over the depths. This trade-oﬀ is
discussed in more detail in the next subsection.
We also analyzed the relation between the number of cameras
and the inverse condition number. Figure 7 (b) shows the results
when the number of cameras was four or 16 and r = 6.3 × 10−3
or 0.1. The grid-and-perturbation arrangement was eﬀective for
four cameras and for 16 cameras. As a whole, the inverse condition numbers with 16 cameras were larger than those with four
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(a) Varying r.
Fig. 8

(b) Varying the number of cameras.
Fig. 7

Inverse condition number of a grid-and-perturbation arrangement.

cameras.
5.2.3 Relation between Randomness and Overall Image
Quality
As mentioned above, randomizing the camera arrangements
raised the inverse condition numbers at singular depths, but lowered them at best depths. Therefore, we introduced a new measure, referred to as overall image quality, which is the geometric
average of the inverse condition numbers over the range of the
entire 3-D scene. The physical meaning of overall image quality is as follows. As shown in Eq. (16), the condition number
is the bound of relative reconstruction error, thus the logarithm
of the inverse condition number is proportional to the bound of
PSNR, which is a widely-used measure for image quality. The
logarithm of the geometric average is equivalent to the arithmetic
average of the logarithm. Therefore, the geometric average of the
inverse condition number can be related to the PSNR bound arithmetically averaged over the depths. The depth range was set to
0 < A/Δd (zd ) ≤ 5. Note that the overall image quality is zero for
regular grid arrangements, since there are singular depths.
We tested 1,000 random arrangements for each r. Figure 8
shows the relation between the randomness parameter r and the
overall image quality. The maximum, average, and minimum values of the overall image quality are plotted in this figure. Note
that the vertical axis is logarithmic.
The average and minimum values are not plotted on the left
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Relation between randomness parameter r and overall image quality.

side of the graph because their values were zero due to the machine precision. This indicates that some depths become nearly
singular when r is very small.
When the number of the cameras was four, the overall image quality gradually increased when r < 10−3 but gradually
decreased when r > 10−3 . Improvements around the singular
depth and degradation around the best depths seem to have balanced around r = 10−3 . When the number of the cameras was 16,
the overall image quality monotonically increased in the range of
10−10 ≤ r ≤ 1. This result indicates that randomizing the camera
arrangement is more eﬀective when more cameras are used.
The diﬀerence between the maximum and minimum overall
image quality became bigger as r increased, especially in the
range 0.01 < r < 1. This tendency can be explained by an
intuition that as r increases, the range of perturbation becomes
broader and as a result, the maximum image quality tends to increase and the minimum tends to decrease *1 . Although a very
large r should be avoided if one wishes to strictly control the
overall image quality, the diﬀerence between the maximum and
minimum image quality is still not so significant for 0.01 < r < 1
(see the scale of the vertical axis of Fig. 8). The worst overall image quality is still more than zero when r > 10−8 . Therefore, we
can expect the overall image quality to improve by randomizing
the camera arrangement even in a worst-case scenario.
For reference, we show the perturbation patterns that provided the maximum and minimum overall image qualities for
r = 2.5 × 10−2 and 0.63 in Table 1. However, this table cannot be used as a guide for optimally arranging cameras, since the
simulation is not designed for that purpose. Rather, we emphasize again that the cameras should not be arranged in a regular
grid, and that randomizing the camera arrangement will be very
likely to improve the reconstruction quality even if the perturbations of the camera positions are relatively small and not carefully
designed.

*1

This intuition cannot always explain the tendency of the overall image
quality because the Monte Carlo simulation is dominated by randomness.
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Table 1 Perturbation that provides the maximum and minimum overall image quality.
(a) r = 2.5 × 10−2
maximum
minimum
x-direction
y-direction
x-direction
y-direction
5.66 × 10−3
1.19 × 10−2
1.93 × 10−2
−2.30 × 10−2
−1.82 × 10−2
2.45 × 10−2
−1.12 × 10−2
9.81 × 10−3
−1.32 × 10−2
7.38 × 10−3
9.33 × 10−3
−8.70 × 10−3
1.6 × 10−2
−1.66 × 10−2
1.98 × 10−3
2.30 × 10−2

Fig. 9

Simulated texture used in the experiment.

(b) r = 0.63
maximum
x-direction
y-direction
7.43 × 10−2
−0.475
−0.223
7.65 × 10−3
0.519
−0.193
−0.137
−0.326
Table 2

minimum
x-direction
y-direction
−0.117
−0.395
−0.130
0.113
0.282
−0.486
−0.469
0.552

Camera perturbations.

(a) Simulated texture.
Camera No.
x-direction
y-direction
1
1.75 × 10−3
−2.15 × 10−2
2
−4.16 × 10−4
2.00 × 10−2
3
2.21 × 10−2
6.49 × 10−3
4
−9.13 × 10−3
2.43 × 10−2

Camera No.
1
2
3
4

(b) Real texture.
x-direction
0
1/3
−1/6
1/6

y-direction
1/3
−1/6
−1/3
0

6. Experiment
We conducted simulations of light-field SR using two textures,
a simulated grid pattern and a real texture of a natural image. We
tested a grid and grid-and-perturbation arrangements of four cameras and compared reconstructed images at the best, the marginal,
and the singular depths. We used ML or MAP methods for reconstruction; the ML method inverts Eq. (10) directly, and the MAP
method conducts an inversion with regularization.
6.1 Configuration
The configurations of the cameras are shown in Figs. 4 and 6.
In the grid arrangement (shown in Fig. 4), the camera positions
were set to (±0.5, ±0.5, 0), where the distances between cameras
were 1.0. In the grid-and-perturbation arrangement (shown in
Fig. 6), the cameras were independently perturbed from the grid
arrangement, as shown in Table 2. The viewpoint of the HR image is set to (0, 0). For results where the viewpoint of the HR
image is not at (0, 0), see Appendix A.2.
The focal length and pixel size of the cameras were set to 1.0
and 1.0 × 10−2 , respectively. The PSFs of the LR and HR images
were box functions,
bH (u, v) = box(u, v; Δd /2),

(21)

bL (u, v) = box(u, v; Δd ),

(22)

where

⎧
⎪
⎪
⎨ 1/L2
box(u, v; L) = ⎪
⎪
⎩ 0

u, v ∈ [−L/2, L/2]
.
otherwise.

(23)

The spatial supports of those PSFs correspond to the pixel sizes,
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Fig. 10 Rendered images for a simulated texture. (i) Best depth (1/Δd =
3.5), (ii) Marginal depth (1/Δd = 3.75), (iii) Singular depth (1/Δd =
4.0). Images in each sub-block are placed in the following order:
those captured respectively from the top-left, top-right, bottom-left,
and bottom-right cameras.

Δd /2 and Δd for the HR and LR images, respectively.
6.1.1 Simulated Texture
Shown in Fig. 9 is a simulated texture used in this experiment.
The maximum and minimum intensities are 1.0 and 0.0, respectively. The height and width of each white square are 2Δd (4.0
pixels in the HR image) and the gaps between squares are 0.5Δd
(1.0 pixel in the HR image). The LR images, whose sizes were
40 × 40 pixels, were rendered analytically; h(u, v) in Eq. (2) was
defined as a continuous 2-D signal given its analytical form. The
observation noise nk (u, v) in Eq. (2) was a Gaussian whose standard deviation was 0.01. The rendered LR images are shown in
Fig. 10. The ground-truths for the HR images were rendered in
the same way with 80 × 80 pixels according to Eq. (4), whose
examples are shown in Figs. 13 (a) and 15 (a).
6.1.2 Real Texture
A grayscale image with a very high resolution (1,440 × 1,440
pixels) shown in Fig. 11 was used as the underlying continuous
texture h(u, v). The intensities are represented in [0, 1]. The HR
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240 × 240 pixels and 120 × 120 pixels, respectively. The intensities of the pixels outside the texture were set to zero. The rendered
LR images are shown in Fig. 12.
When 1/Δd takes 3.5, 3.75 or 4.0, 24xk /Δd and 24yk /Δd are integers; no pixel interpolation is needed to read pixels from h(u, v);
thus, we don’t have to care about the additional errors caused by
inter-pixel interpolation.
Fig. 11 Real texture used in the experiment.

6.2 ML Method
First, we computed the SR results via the ML method, in which
the solution minimizes
EML (gH ) =

4


 gL,k − Wk gH 2 ,

(28)

k=1

Fig. 12

Rendered images for a real texture. (i) Best depth (1/Δd = 3.5),
(ii) Marginal depth (1/Δd = 3.75), (iii) Singular depth (1/Δd = 4.0).
Images in each sub-block are placed in the following order: those
captured respectively from the top-left, top-right, bottom-left, and
bottom-right cameras.

and LR images were generated from this image as:


Δd
Δd
,
,n
gH (m, n) = (h ∗ bH ) m
2Δh 2Δh


mΔd + xk nΔd + yk
gL,k (m, n) = (h ∗ bL )
,
Δh
Δh
+ nk (m, n),

(24)

4

 gL,k −Wk gH2+λ  g0 −gH2 ,

(29)

k=1

(25)

(26)

(27)

The observation noise nk (m, n) was a Gaussian whose standard
deviation was 0.01. The sizes of the HR and LR images were
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6.3 MAP Method
In the MAP method, the solution minimizes
EMAP (gH ) =

where m and n are integers to represent the pixel positions and
Δh is the pixel size of the underlying image h(u, v). In this experiment, Δh was set to Δd /24; thus, Eqs. (24) and (25) can be
simplified to:
gH (m, n) = (h ∗ bH ) (12m, 12n) ,



 
yk
xk
, 24 n +
gL,k (m, n) = (h ∗ bL ) 24 m +
Δd
Δd
+ nk (m, n).

where gH and gL,k are the 1-D vector representations of the HR
and the k-th LR image, respectively, and Wk is a matrix which
represents the image formation model for the k-th LR image.
Note that minimizing EML in Eq. (28) is equivalent to solving
Eq. (10) (see Appendix A.3 for a proof). Equation (28) was minimized by using the conjugate gradient method with 500 iterations. To generate an initial estimate of the HR image, we first
rendered a LR image whose viewpoint is the same as the HR image; then, we enlarged the rendered image using bilinear interpolation. These images are shown in Figs. 13 (b)–16 (b). It should
be noted that aliasing artifacts are visible in the initial images.
Figures 13 and 14 show the results of the SR reconstruction of
the simulated and real textures, respectively. At the best depth,
the resulting images from the grid arrangement were better (with
less noise) than those of the grid-and-perturbation arrangement.
At the singular depth, the resulting images from the grid arrangement were nothing but noises because the condition number is
infinite. The resulting images from the grid-and-perturbation arrangement are slightly better because the condition numbers still
take finite values. These results agree with our theoretical analysis presented in Section 5, but their qualities are unsatisfactory
for practical use.
The condition numbers of the grid and grid-and-perturbation
arrangements are listed in Table 3.

where λ is the regularization parameter and was set to 6.5 × 10−3
and 0.1 for the simulated and real textures, respectively. g0 is the
initial estimate of the HR image. Equation (29) was minimized
using the conjugate gradient method, similar to the previous experiment.
The results for simulated and real textures are shown in
Figs. 15 and 16, respectively. At the best depth, there were no
aliasing artifacts in either sets of textures. At the singular depth,
aliasing artifacts were present in the resulting images from the
grid arrangement due to the singularity of the camera arrangement matrix. In contrast, aliasing artifacts were not observed at
any depth in the case of the grid-and-perturbation arrangement.
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Fig. 13 SR results of ML method for a simulated texture.

Fig. 14
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SR results of ML method for a real texture.
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Fig. 15

SR results of MAP method for a simulated texture.

Fig. 16
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SR results of MAP method for a real texture.
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Table 3

Condition numbers of grid and grid-perturbation arrangements.
(a) Simulated texture.
Grid
Perturbed
Best depth
1.00
3.18
1/Δd = 3.5
Marginal depth
34.0
1.68 × 102
1/Δd = 3.75
Singular depth
∞
1.87 × 104
1/Δd = 4.0
(b) Real texture.
Grid
Best depth
1/Δd = 3.5
Marginal depth
1/Δd = 3.75
Singular depth
1/Δd = 4.0

1.00

1.75 × 102

34.0

2.68 × 102

∞

9.85

7. Simulations under Practical Situations
In the previous experiments, we validated the principle of our
theoretical analysis with an ultimately simplified situation. However, the practicality of our theory was not suﬃciently shown
because real situations are more complex. For example, we assumed that the scene geometry was a single plane and that the
precise camera positions were known. In practice, such assumptions are rarely satisfied, because the scene usually consists of
multiple objects with varying depths and the camera locations
measured through camera calibration methods cannot be perfect.
Moreover, distortions due to physical imaging systems, such as
radial distortion, cannot perfectly be corrected. Therefore, we
conducted another experiment to validate our theory under more
practical situations. In the new experiment, the noise level and
magnification factor were set diﬀerently from those of the previous experiment to test the generality of our theory.
We created a CG scene that contains multiple objects with
varying depths using MegaPov software, as shown in Fig. 17 (a)
and (b). From 9 multi-view LR images (150 × 150 pixels) *2 of
this scene, we reconstructed an HR image (450×450 pixels) from
a virtual viewpoint whose magnification factor is 3. In this scenario, we compared a grid and a grid-and-perturbation arrangements under two conditions: an ideal condition where the camera positions were precisely known and radial distortions did not
exist, and a practical condition where the camera positions contained some errors and small radial distortions existed (see Appendix A.4 for the detail).
The grid arrangement is shown in Table 4. The condition number of the camera arrangement matrix for the grid arrangement
is visualized in Fig. 17 (c). This scene contains several singular depths (dark regions in the figure), where the reconstruction
quality for the grid arrangement is expected to be poor. In the
To obtain the LR images we first rendered the scene with a very high
resolution (4,500 × 4,500 pixels) with intensity range [0, 1]. Then we
convolved the box-shaped PSF corresponding to the pixel size of the LR
image (30×30 pixels of the rendered image). Finally, we downsampled it
by a factor of 30 and added a Gaussian observation noise whose standard
deviation is 0.05.
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Grid arrangement.
x-position
−1.0
−1.0
−1.0
0.0
0.0
0.0
1.0
1.0
1.0

y-position
−1.0
0.0
1.0
−1.0
0.0
1.0
−1.0
0.0
1.0

Perturbed

These results support the validity of our theory that predicts the
diﬃculty of separating overlapping spectral components by analyzing the condition number of the camera arrangement matrix.

*2

Table 4
Camera No.
1
2
3
4
5
6
7
8
9
Table 5
Camera No.
1
2
3
4
5
6
7
8
9

Camera perturbations.
x-direction
7.20 × 10−3
−9.84 × 10−2
−0.106
−0.126
1.44 × 10−2
−0.145
−3.72 × 10−2
−1.31 × 10−3
−1.15 × 10−3

y-direction
0.108
1.32 × 10−2
3.36 × 10−2
−6.24 × 10−2
−1.08 × 10−2
4.92 × 10−2
−4.44 × 10−3
8.76 × 10−2
−5.16 × 10−2

grid-and-perturbation arrangement, the cameras were perturbed
from the grid arrangement as shown in Table 5.
The viewpoint of the HR image was located at (−0.25, 0.25).
The ground-truth depth map shown in Fig. 17 (b) were used to
construct Wk . Note that in the practical condition, Wk contained
some errors resulting from camera position inaccuracies and radial distortions, while in the ideal condition Wk was accurate. We
computed the SR results via the MAP method (Eq. (29)). The regularization parameter λ was set to 4.8 × 10−3 . An initial estimate
of the HR image g0 was obtained by first rendering LR image
whose viewpoint was the same as the HR image, then enlarging it
3 times using bilinear interpolation. As shown in Fig. 17 (d), the
initial image contains severe aliasing artifacts.
The SR results under the ideal and practical conditions with
the grid and grid-and-perturbation arrangements were shown in
Figs. 18 and 19, respectively. In the ideal condition, the result
from the grid arrangement still contained aliasing artifacts around
singular depths, while these artifacts were not observed in the
case of the grid-and-perturbation arrangement. This shows that
our theoretical analysis can be applied to general scene geometries. In the practical condition, the same tendency was observed,
although the quality was degraded a little from the ideal condition. Therefore, we can conclude that our theory is still valid
even if camera positions are not precise and radial distortions are
not perfectly corrected.
These results can be explained by the property of the condition
number. As long as the camera position inaccuracies and the radial distortions are relatively small, they can be thought to induce
additive noises to the LR images. Thus, their eﬀects to the reconstructed images can be bounded using Eq. (16). Therefore we
believe that our theoretical analysis is applicable to practical situations in general because the eﬀects from other factors, such as
depth inaccuracies and specular reflections, can also be regarded
as noises to the LR images.
The PSNR values of Figs. 18 and 19 are much lower than those
of Figs. 15 and 16. There are three reasons for these results. First,
the textures of the objects in the scene contain a large amount of
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Fig. 17 Configuration of a target scene.

Fig. 18

SR results under ideal condition, where the camera positions were precisely known and radial
distortions did not exist. PNSR values are shown in the bracket.

Fig. 19

SR results under practical condition, where the camera positions contained some errors and small
radial distortions existed. PNSR values are shown in the bracket.

high-frequency components, unlike natural images. Such highfrequency components were greatly decayed by the PSF, thereby
the PSNRs of the SR results became low. Second, the magnification factor was 3, which was larger than that of the previous
experiment, 2. Therefore high-frequency components were even
more decayed because the PSF became more narrow-banded.
Lastly, the level of the observation noise was larger than that of
the previous experiment. More concretely, the standard deviations of the noises were 0.05 for this experiment and 0.01 for
the previous one. In fact, when we used the same magnification
factor and noise level as the previous experiment, PSNR values
for the ideal condition were 22.42 dB for the grid arrangement
and 25.64 dB for the grid-and-preturbation arrangement, which
are close to those of the previous experiments.
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8. Conclusion
In this paper, we considered the arrangement of multi-view
cameras for light-field super-resolution. We formulated an SR
reconstruction in the frequency domain and derived the relation
between the camera arrangement and the stability of the SR reconstruction by using the condition number. Based on this relation, we showed that the singular depths, where the reconstruction becomes ill-posed, periodically appear in the case of regular
grid arrangements. We also revealed that randomizing the camera arrangement can prevent the singular depths and improve the
stability of the SR reconstruction for the entire 3-D scene. Our
theory was supported by experimental results using simulated and
real textures attached to a fronto-parallel plane, and using a more
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general CG scene. Our future work will be to analyze more general camera arrangements and to devise guidelines for designing
multi-view camera systems.
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Appendix
A.1

The Condition Number of Regular Grid
Arrangements

See Fig. A·1 for the configuration.
A.1.1 2 × 2 Cameras
Here, we derive Eq. (19). First, we compute M̂∗ M̂, which is
written as
⎛
⎞
α α α2 ⎟⎟⎟
⎜⎜⎜ 1
⎜⎜⎜
⎟
1 α2 α ⎟⎟⎟⎟⎟
⎜ α
(A.1)
M̂∗ M̂ = 4 ⎜⎜⎜⎜⎜
⎟,
α ⎟⎟⎟⎟⎟
⎜⎜⎜ α α2 1
⎝ 2
⎠
α
α α
1
where
e jπA/Δd + e− jπA/Δd
2
πA
.
= cos
Δd

α=

(A.2)
(A.3)

By analytically solving the eigenequation of M̂∗ M̂, we obtain
λ = 4(1 ± |α|)2 , 4(1 − |α|2 ).

(A.4)

Note that λ = 4(1 − |α|2 ) is a double root.
Since 0 ≤ |α| ≤ 1, these eigenvalues satisfy the relation
4(1 − |α|)2 ≤ 4(1 − |α|2 ) ≤ 4(1 + |α|)2 .

(A.5)

The left equality holds when |α| = 0, 1, and the right equality
holds when |α| = 0. Using Eq. (A.5), the maximum and minimum eigenvalues are
λmax (M̂∗ M̂) = 4(1 + |α|)2 ,
∗

λmin (M̂ M̂) = 4(1 − |α|) .
2

(A.6)
(A.7)

By substituting Eqs. (A.3), (A.6) and (A.7) into Eq. (15), we obtain Eq. (19).
A.1.2 4 × 4 Cameras
We derive Eq. (20). Similar to the previous derivation, we compute the eigenvalues of M̂∗ M̂. In this case, M̂∗ M̂ becomes
⎛
⎞
α α α2 ⎟⎟⎟
⎜⎜⎜ 1
⎟
⎜⎜⎜⎜ α
1 α2 α ⎟⎟⎟⎟⎟
(A.8)
M̂∗ M̂ = 16 ⎜⎜⎜⎜⎜
⎟,
α ⎟⎟⎟⎟⎟
⎜⎜⎜ α α2 1
⎝ 2
⎠
α
α α
1

Fig. A·1 Configuration. The triangles and circles represents the positions
of the cameras in 2 × 2 and 4 × 4 regular grid arrangements, respectively.
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where
e3 jπA/Δd + e jπA/Δd + e− jπA/Δd + e−3 jπA/Δd
4
2πA
πA
= cos
cos
.
Δd
Δd

A.3

α=

(A.9)

The form of M̂∗ M̂ is the same as Eq. (A.1) except for the value
of α and multiplication by a constant value, Therefore, the maximum and minimum eigenvalues are similarly computed as
λmax (M̂∗ M̂) = 16(1 + |α|)2 ,
∗

λmin (M̂ M̂) = 16(1 − |α|) .
2

(A.10)
(A.11)

By substituting Eqs. (A.9), (A.10) and (A.11) into Eq. (15), we
obtain Eq. (20).

A.2

Results for a Diﬀerent Viewpoint of the
HR imgae

The resulting images of ML method with the viewpoint set to
(0.147, −0.299) are shown in Fig. A·2. The PSNR values are different from those of Fig. 13, due to the interpolation used to construct Wk (see Appendix A.3). However, the same tendency as
Fig. 13 was observed in Fig. A·2 ; the camera perturbation mitigated the quality drop at the singular depth in exchange for the
nonperfect quality at the best depth. This result supports the fact
that our theoretical analysis is independent of the viewpoint of
the HR image.

Equivalence of Eq. (10) and Eq. (28)

In this appendix, we show the relation between Eq. (28) and
Eq. (10). For simplicity of exposition, we limit the discussion to
1-D signals, but extension to 2-D images is straightforward. We
also assume that the magnification factor is 2.
We start with Eq. (28), which is formulated in the spatial domain. Let the number of pixels of LR and HR signals respectively
be N and 2N. Minimizing Eq. (28) is equivalent to solving a set
of linear equations
gL,k = Wk gH

(1 ≤ k ≤ K),

(A.12)

where gL,k and gH are the k-th LR and HR signals given by


gL,k = gL,k (1), gL,k (2), · · · , gL,k (N) T
(A.13)
gH = (gH (1), gH (2), · · · , gH (2N))T .

(A.14)

Wk represents element correspondences between the LR and HR
signals, and can be decomposed into
Wk = DBSk ,

(A.15)

where D is a downsampling matrix which discards the odd rows,
B represents the PSF, and Sk represents the global displacement
(pixel shift) between the HR and the k-th LR signals, which depends on the diﬀerence of the viewpoints and the depth from
which the underlying signal is sampled. In the configuration of
Section 6, the PSF and pixel shift are spatially-invariant, thereby
B and Sk are circulant convolution matrices. The displacement
between the HR and k-th LR signals is denoted by xk /Δd according to the notation of our theoretical model.
We obtain a frequency-domain representation of Eq. (A.12) using discrete Fourier transform. Let F(N) be the N × N DFT matrix.
Using F(N) and F(2N) , we obtain
ĝL,k = D̂B̂Ŝk ĝH ,

(A.16)

where
ĝL,k = F(N) gL,k , ĝH = F(2N) gH ,

(A.17)

D̂ = F(N) DF−1
(2N) ,
B̂ = F(2N) BF−1
(2N) ,
Ŝk = F(2N) Sk F−1
(2N) .

(A.18)
(A.19)
(A.20)

ĝL,k and ĝH are the DFT coeﬃcients of gL,k and gH , respectively.
Since B and Sk are circulant convolution matrices, B and Sk are
diagonalized by the DFT matrix with the corresponding size.
Therefore, B̂ and Ŝk can be expressed as


B̂ = diag b̂(1), b̂(2), · · · , b̂(2N) ,
(A.21)





4π xk
2π xk
, exp − j
,
Ŝk = diag exp − j
N Δd
N Δd


xk
· · · , exp − j2π
.
(A.22)
Δd

Fig. A·2 SR results of ML method for a simulated texture (origin =
(0.147, −0.299)). (i) Best depth (1/Δd = 3.5), (ii) Marginal depth
(1/Δd = 3.75), (iii) Singular depth (1/Δd = 4.0).
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In the above, b̂(n) represents the n-th DFT coeﬃcient of the PSF.
Ŝk is derived from the fact that the Fourier transform of f (t − τ) is
represented as F(ω) exp(− jωτ). This formulation of Ŝk is equivalent to applying the sinc interpolation (the ideal band-limitation
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under the Nyquist frequency) for generating the values at interpixel positions *3 . D̂ can be expressed as
D̂ =

1
(IN | IN ) ,
2

(A.23)

where IN denotes the N × N identity matrix. For each column of
D̂, only one element takes non-zero value.
Using the relations of Eqs. (A.17)–(A.23), Eq. (A.16) can be
separated for each rows, which can be written as
1
b̂(n)ĝH (n)e−2 jπnxk /NΔd
2

+ b̂(n + N)ĝH (n + N)e−2 jπ(n+N)xk /NΔd .

ĝL,k (n) =

(A.24)

By stacking Eq. (A.24) for k = 1, · · · , K, we get
⎛
⎜⎜⎜ ĝL,1 (n)
⎜⎜⎜
..
⎜⎜⎜
.
⎜⎜⎜
⎝
ĝL,K (n)

⎞
⎟⎟⎟
⎞
⎛
⎟⎟⎟ 1
) ⎟⎟⎟
⎟⎟⎟ = UM̂B̂ ⎜⎜⎜⎜⎝ ĝH (n
⎟⎠ ,
⎟⎟⎟ 2
ĝH (n + N )
⎠

(A.25)

where

U = diag e−2 jπnx1 /NΔd , e−2 jπnx2 /NΔd ,

· · · e−2 jπnxK /NΔd
⎛
⎞
⎜⎜⎜ 1 e−2 jπx1 /Δd ⎟⎟⎟
⎜⎜⎜⎜ .
⎟⎟⎟⎟
..
⎟⎟⎟
M̂ = ⎜⎜⎜ ..
.
⎜⎝⎜
⎟⎟
−2 jπxK /Δd ⎠
1 e
⎞
⎛
⎟⎟⎟
⎜⎜⎜ b̂(n)
0

⎟⎠ .
⎜
B̂ = ⎝
0
b̂(n + N)

(A.26)

(A.27)

(A.28)

Equation (A.25) is the same as Eq. (10), except for the unitary
matrix U, which corresponds to the diﬀerence of the coordinate
systems *4 .

A.4

Derivation of Calibration Error
Parameters

We used the result of Ref. [16] to determine the degree of camera position inaccuracies and radial distortions. The calibration
method presented in Ref. [16] first detects control points, such as
chessboard corners or centers of rings, and then minimize reprojection error to obtain calibration parameters.
The camera position inaccuracies mainly come from uncertainty of localizing control points, which can be measured as
RMSE between detected and reprojected control points. The
RMSE was around 0.059–0.1 pixels for the real images. Since
RMSE is equivalent to the standard deviation, we used 0.1 pixel
as the standard deviation of control point detection. We assumed
that the calibration board was located at depth z = 50, which was
about the central depth of the scene, resulting in the deviation
of camera positions 2.7 × 10−2 . Therefore, we added unknown
random shifts to the LR cameras according to the 2-D isotropic
*3

*4

Gaussian distribution whose standard derivation is 2.7 × 10−2 .
For the radial distortions, the deviation of 2nd-order coeﬃcient
was reported to be around 0.001–0.02. Accordingly, we used 0.02
for the 2nd-order coeﬃcient and set higher order coeﬃcients to 0,
because the 2nd-order coeﬃcient is usually dominant to describe
radial distortions.
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(Communicated by Hajime Nagahara)

Since sinc function has infinite support, it is limited to theoretical analyses. Practically, we have to resort to the approximations, which results
in some degrees of deviations from the theory. In this paper, we implemented it with linear interpolation.
In the derivation of Eq. (10), all LR images and HR image are defined on
the same (u, v) coordinate. Meanwhile, in the derivation of Eq. (A.25),
each image has diﬀerent (m, n) coordinate. This diﬀerence is compensated by U.
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