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Ensemble Learning

NAONORI UEDAt

The classification performance of a classifier is evaluated in terms of minimizing the classifi-
cation errors for unseen test data. In other words, it is crucial to develop methods for learning
classifiers with high generalization ability for the test data. Ensemble learning is a promising
approach for this purpose. The aim of this paper is to give a review on literature dealing
with the ensemble learning. The basic ideas and their learning algorithms of the conventional
representative ensemble learning methods are explained. Moreover, another type of ensemble
methods that effectively combine heterogeneous information are also included as the recent
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results.
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Fig.1 Types of ensemble learning method.
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Fig.2 Bagging and boosting methods. In bagging method, K classifiers are trained

independently, while in boosting, K classifiers are successively trained.
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Fig.3 Error probability.

00000000000000000000000
0000000000000000000000000
000000000000000D000000000
0D000D0000D00K 00000000000
0000000000 1/K000'7Y o0ooo
000000000000002000010000
000000000000000000000000
0000000000000 0000000000
000000000000000000000000
0000000000 00000000000000
000000000000000000000000
0Dooooon

Y 000 00baggingd 000 “bootstrap aggregating” 0 0 0

UY «gpopoOo0ooO00oO00”? 000000



14 ooooooooooooooooooooboboooooooo

00000000000000000/1000000
000000 100000000000000000O0
0000000000000000000OFriedman
00000000000000000000000O0
000000000000000000000000
000000000000000000005)00
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000

3.2 00000000

0000000 Oboostingd 000000000
0”0000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
0000000000000000 AdaBoostO00ODO
ooo”o000o

AdaBoost algorithm

Step 100000000000 wiy =+ =win=
+ 0000000000004+« 1.

Step 2.000000000000000
2.1 {w;,}), 000000000 g(z) 00000

22 0000000000000

N
err; = Zwi,nl(yn # gi(zn)) (3)
n=1
O000I(uw) 0 «000000000I(uw) =1(0)
000 20000004ad
23 000000000
1 1 —err;

i =51
@ 20g err;

(4)

i=K OO Step 300
24 n=1,...,NOODOOOOOOOOOOO

Yg¢,0+410-1020000000000000000000
gooooooooo

Oct. 2005

Wi,n €XP { — OYngGi (xn)}

S Wi exp{—iyngi(n)}
(5)

Wit1,n <

i+—3+1000Step 2100

Step 3.00000000 KOOOOOOODOO
goooooooooocooon

9(@) = aigi(x) (6)

0000000000000 =0000g¢g(x) O
000000/00000 +410-1000000
gooo

0000000000 210000 wi, 00 nO0
00000000000000000000 NOOO
000000 NOOOOOOOOOOO NOOOO
0000 ¢(x)0000000000000AdaBoost
0000000 2000000000 20000 +1
0000-1000000000000000000
O00000 20000000 20 ye {+1,1} 0
O00000g(z) 0000 +1/-10000000
000000000000000000000000
00000 4+1/-100000000000000
O00000000g(x) 0000000000000
0000000 20 {+1,-1} 000000000

02(b)0000000000000000000
00000000000 100000000000
000000000000000000000000
000000000000000000000000
00000000000000 (5)M00000n
000000000000000000000000
0000 , 000000000000000000
0000 2()00000000000000000
00000000000¢g0gr 000000000
00000000000 (x) 0000000000
gi-i(x) 0000000000000 0000000
000000000000000000000000
000000000000000000000000
0o 0000000000 2* 0000000 (6)0
00000000O0g(z") =Y 1, aigs(¢*) 000D
0000000000

AdaBoost 100000000 (4)0()00000

B8 AdaBoost O “Ada” O adaptived00OO0O00000



Vol. 46 No. SIG 15(CVIM 12)

O00AdaBoost 000D OO0OOOOOOOOOO
gooooooooo

O000000o0o0ooO0ooUoOoD g(x) 00O
oobooobooooo

L(g) = v > expl-pmglen)} ™)

00000000000y, O gze) 0000000
0000000y, O g(zs) 00000000000
0000000 g(ze) 0000000000000
000000000000000000—yg(zs) O
000000000000y, 0000000000
0000D000D000000000000000
0000000000

0O00g(x) = Y& aigi(z) 00Og(x) 00O
O grt1(z) 000 arpa(>0) 00000 g(z) +
art1ge+1(z) 000 L(g(x) + artigesi(z)) O
L(g(x)) 00000000000 D000000OD0
Lyt1 = L(g(z) + cry19k+1(2))0 Li(g(z)) = Ly O
00000000ge(z) € {+1,-1} 0000000
000000oo

Lyt

N
= > exp{yn ()} exp{—ynas 19041(en))

n=1

N
= % Z exp{—ak+1} ZGXP{—ynQ(fn)}

nigk+1(Tn)=yn n=1

N
+% Z exp{ak+1}zexp{*yn9(xn)}

n:gk+l(w71):¢yn n=1

N
= % exp{—ak41} Z exp{—yng(zn)}

n=1

+ - (explags1} - expf-ari1})

<D

n:9k+1(x71)¢yn

exp{—yng(zn)}

= %(Cxp{—akﬂ}-i-(cm{akﬂ }—exp{-aki1})

>

nigp1(Tn)#Yn

exp{-ynglen)} /2 )

Z
= — X —
N p{—axy1}

Zy;
+W (exp{ak_H} — exp{—ak+1})errk+1

(8)
0000000 Ze=Y 0 exp{—yng(z,)} 0ODODO

errg4+1 ooo Jk+1 ogoooo {wk+1,1, N 7wk+1yN}

gooooooo 15

O00000000ooooooooooooooonon
O (3)D i=k+1000000000000000
Wettn = exp{—yng(@n)}/ 2 (9)
00000Ly+: 0000000 D0O0O00OO0 errg+1
gooo0oboOobOobooobOobo0od gk OOODO
OO00000o0O0oO0ooOooboO0oboO0ooooooooo
Oo0o0000 aky; OOOODOOO (S)EI apy1 00O

DDDDDDDDD@Lk+1/3ak+1:ODDD

1 —errg41

st = Lo (10)

2 & errr41
0ooooooo (9)ooo (h)oboooooooo
000000O0oO0o0OouOuodAdaBoostDOOODOO
00000 300 (B)bUuooooUoDOO

0000 (1000 (s)ooooooo

Lk+1 = 2Lk{errk+1(1 - errk+1)}1/2 < Lg
(11)

000000000000000000000000
00000000 0o00ooo

00000000AdaBoost 00 ODOOODOODO (7)
000000000000000000000000
0000000000000 0009, = yng(z,) O
0000000000 D0000 g(z,) 00OOOD
0000000+, 00000000000, 000
000000000000 0000000%00000
AdaBoost 100000000/1000 exp{—y,} O
00000000D00000000000000000
000000000000000000000200
000000000000000000000000
00000OOBoosting 000000000000
00000000 ooooon

AdaBoost 1000000000000 O0O0ODOO
000000000000000000000000
000000000000000000000000
000000K OODDODOO0OO000000O0O0D0D
00000000000 0000000000K O
00000000000 D000D000D00D0O000n
ooooooog

3.3 000000000

00000000000000000000000
000000000000000000000000
000000000000000000000000
00000D000000000 1000000000
000000000 40000000K 00000
g1(z),...,gx(x) 000000000000000O0
000000000 D000000000000000n



16 ooooooooooooooooooooboboooooooo

g(x)zghu)g,.(x)

04 0OD0O0ODO0OOOOOO
Fig.4 Mixture of experts.

05 20000000000200000000000000O
00oo00O0O000000o0g
Fig.5 A recut by mixture of experts, each of which is a

linear discriminant function for two class problem.

O0O00OAR(z) DOODOOOOODDOOOODOOUODOO

K
g(@) = h(z)gi(x) (12)

=1
O0000BoostingOODOOOOOOOOO 2000
doooooboO0ooO0o0oooooOoOooooooo
000000 50 200000000000D00O0O
000 (g1,92) 0000000000000 0O0O0ODO
ooboobo200000000 10g: OODOODOO
doooooobobooooooobooooooooo
bl g0ObOb0ObObOObO0O0o0o0ooooobobobobo
dodooobooooobooboooooooooo
doodoooboooooobooboboooooooo

goooooooo

goddooOoooboOboOoOoooobooooooa
0000000000000 BoostingOOOOOO
J00dd0d0ODb0bOO000000oDbOooOoOooono
000d0oooOoODbO000 ct0O0OoOooooooo

Oct. 2005
ci Code Word
ass fi 2 fs
C, 1 00
C2 O10
Cs OO0 1
(a)
Code Word

Class ¢ ¢, f5 f4 fs fo f-

C 1001101

Co 0101011

Cs 0010110
(b)

06 30000000000000() 000000 (b)000
goooooooooo

Fig.6 An example of code words for three class prob-

lem. (a) Single coding, (b) redundant coding (error-
correcting coding).

00000000000000000000000
00000000000000000000000
000000°00000000000000000
0000000000000 D0O00O00Boosting O
0000000000000000000000000
00D00OO00000O00O000o

3.4 0O00O00ODOO

0000000000000 0000000000
oDoooYo

0000000 3000000000000000
fH0f0f0000000000000300000
02000000000000000000 6(a)00
00000000 10203000000 ¢, = (100)0
Co=(0100C3= (0010000000000
0000 f, 0000 k00000000 200
000000000000000000000 f O
0000000000000 1000000000
C;,=(100)000000000C'=(110)00
0oooooCc’' o ¢,0C,0Cs 000000000
000 10000000000000000
0O0000 6(b)00000000000O0000
0000000000 2000 /0400000070
0000000000 f 00001000000 2
00000000 2000000000

Y 000000000000000000000000 best 00
goo0ooO00o0l100000000000b0O000000o00
ooo

Y0 0poDOo0 40000000000000000000000
gooooo



Vol. 46 No. SIG 15(CVIM 12)

obooooooooooooocoooooboooo
gooobobooooooooooboooooooo
gooooooooooobooooopobo AOf,O00
0000000000 2000 fi(z), i=1,...,7
gboboooo voobooboobobobooooon
goboooooooooooooboobooooooo
000 6(b)0000O0O0O0O C10C.0Cs 000000

gooooboooooooboooooooooon
0000000 fO0f 0000000000010
oooooooo ci=(1001101)000000
ooo C’'=(1100101)000000000OC
0O c,000000o0oo0ooooooooo 1o
goboooobooooo

goboboooooooooboooooooooooo
gboooooobooboobOoooooooboon
ocoooooO0f,000O0000ODO0ODOOOO
gosvMOOOOOOoOOoooosvMOooooooo
0000000 6(a)0 one-against-all0 0 0000
OooOooooooooooooOooe()UoOO
goooobooooooooooooooooooon
O00000oo0oooooooooo svMOoooo
ooooooboooobooboooooooooo

3.5 0OO0O0OO

goooooooooooooooooooooon
gobooooboooooooobooooooobooon
goboooobOoooobooooboooooboon
gooooboooooboooboooooboboobooDo
BoostingOOOOOOOOOOOOOOOOODOO
goooobooooooooooooboooooooon
uoboooobooooocooboooooo

gobooooobooooooooooboz2b0000on
uobodoo yjOo0O00O00O00000 00000
goboooobooooboocooooooooooo

T i €) J CAV L))

w@ﬁ)fPUMﬂ%fXLPUW@Uﬂﬂﬂﬁ
000000000000 6, 0000 ;00000
0 p(zlj;6,) 000000000000 000000
000000006, 0000000 000000
¥, 000000000P() 0000 ;00000
oooo
00000000000000000000000

gbobooooo
07 = argrréaXC(Dj;Gj), j=1...,C (14)
j

0o0ooo0oooocooouoodD; ={(z,y=
j)}00 ;0000000000000000000

gooooooo 17

oooo

L(Dj;0;) =Y _ logp(xljs 0;) (15)

z€D;

00o0oo0oUooUo (4900oooupoouooo
goboddoo0ooobooooooobooooooa
0000000000000 0000 (13)0000
0oo0000000oOoDoOoOOOo0oooooboOoao
gooboooooooboobooooobooooooda
gobodooooooboobobobboooooooa
gobodooooooooooobooboooooda
goboddooooooooooobobooooooa
gobdooooobooboboooooooooooa
oooooo

000000000000 ¢, 000000000
00000o00DoUo p(e;) D0DO0ODOUOODOODO
00 «*00000000000000P(y|z,0;) 00
00000 D, 0000000000 p(9;|D;) 00
ooooooo

Pyla*, D;) = / Plyla”,0,)p(6,1D;)d0; (16)
go0ooooooooooooo (16)|:||:||][||:||:|
(13)00000000000006; 0 6; 00000
O000ooooooooogg QjDDDDDDDD
Oooooogg

Jooooooboooooooooooooooo
ooooodg Dj googg

p(0;]D;) = p(D;10;)p(0;) (17)
S p(D;10;)p(6;)d0;
000000000000 0o0ooooooooooo
JO0doo0ooooooooooooooooooa

gooooodoobooooo
goo0oo0oo0oo0oooooooooooooono
O (17)DDDDDDDDDDDDDDDDDDDD
OO000oo0dooooooooooooooboon
OO0000000O00000o0ooooooooooo
OO0000000O0Oo0o0o0oo0obooooobooooo
000000000000 00o0oOooooooooo
OO0000000oOo0o0o0oooooooooooo
OO00000000O0o0o0oooobooooobooo

00 22)024) 0000000000

4. OO0OO0OO0OO

uboooooboooooboooobooboogon
goobooooooooooooobooooooboo
gbooooboooooooooo



18 ooooooooooooooooooooboboooooooo

4.1 0O00O0OO0DOOODOOOOD

00000000000000000000000
000000000000000000000000
0000000000000 00000000000
000000000000000000000000
00000000000000000 webOODOODO
0000000000000 0000000000/
0000000000000000000000000
0000O0000oooo!@i999000000
00000000000D0000000000000
0O00000000ooooooo'tvo

000000000000000 (13)00000
000000 j000000000000000 Dy
00000 (14 0000000000000000
00,/0000000000000000000000
000000000000000000000000
OD0 EMODODOOO® 00000000000
000000000000000000000000
1)016)0000ooos

000000000000 PODDDO0O0OO0
00000 p* 00000000000 O0000O0
0DO0O00O00D = (PL,DY) 0D0O000O000O
p(D;0) =p(D%0)-p(D*;0) DODODOOOOODY
000000000000000000000000
0000000000D000000D0000 Z0OO
0o0O0p(D*0)=Y,p(D* Z;0) 00000000
000000 logp(D;0) 00D0ODOODOOODO
000000000000000000000 EMO
000000 QODOOOO0O0OYWoEDODO
000000000000000000000000
0000000000D00000000000M O
0000000000D00D00D0000000000
ooooo

0000000000000 0000000000
000000000000000000000000
000000000000000000000000
000000000000000D000000000
O0D0D0DO0DOEMOOOO0O0O0O0O0DOO0O0O000
000000000000 00D0000000

4.2 000000O00DOO0DOOOOOOOD

0000000000000 0000000000
000000000000000D000000000
000000 NODOOOOOOODOODOODOO

Oct. 2005

00000000000 ?®oooooooooon
000000000000000000000000
0o0®00000000000000000000
0000000000000 10000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
ooo

00000 D={d}00000d= (z,y) 0 kO
0000 20 z=(22?) 00200000000
0000000000000000°°0000000
00 z=(z¢,2%) 00000000000000D0O
000000000000000000000000
0000000000000000000000000
z'02°0y000000000000000000
oooooo

p(aly; ©) = p(z'|y; 0,)p(|y; 6) (18)
00000000000000000000 yOOO
000z'022 0000 p(a'|y;0,)0 p(x®|y; 62)0 0
000000000000000000000000
0o0000000e, 0000000000 00no
DDDDZﬂ@H%Mﬂwﬂ@DDDDDDéQD
000000D, 0 DOOOOODOOOO yOO
0000000000000

00000000000000000000 y0O
000000 (18)0000000000000

HMMKPMM@) A
= p(@'|y; 0,)p(”|y; 07) (19)

00000 (1990002 0 22 0000000
00000000000000000000000
00000000000000000000000
00000000000000000p(e|y;6)) O

Mﬁm@)DDDDDDDDDDDDDDDﬁD

0000000000000 DOD0ODODOn
00000000000 (19000000000
Aog p(x'[y; 0) + (1 — \) log p(«®|y; 67) 000000
O000000cross-validationd O OO A >0000
0000000 00oooDo'Y00oo0ooooon
000000000 000000O0O0OOoOoooooo
00000000000 D000000OO0O0O0oooOoon
00000000000 00D00O00oD0OoDoDOooon
ooooooon

Yoo 11)000000000000000000D0OD0O0O0OO
goooo0o0o00oooOoOO0o0o0O0oooOoOOoO0OobooO

U0 ppoOO030000000000000000000000
goooo0o0o 20000000000



Vol. 46 No. SIG 15(CVIM 12)

2'02° 0000000 logp(atly; 4)0i=1,20
000000000 0O0Doo0

1 L
— logp(z'|y;0,), i=1,2  (20)
Dy 2 b

Tt €Dy

000000000 Pylz)0 000 p(z) 000

oooo

C
> " p@)> Plyle)logp(a’ly: 6y), i=1,2 (21)
€D y=1
dooddoobooooooboobbooooooono
oooo
2
= (@)Y P(ylw) logp(ylx) (22)
xeD i=1
000000 Pyle) DODOOOOOOOOOOODO
Jo00dd0d0d0b00o0o0o0o0bOo0o0o0oooooono
0000dd0doOoboooOoOoO0oo0000o0oonooono
|AjD00 ADO0ODOOO0OOOO
x 000 p(zy DODOODDOOOOOOOOOOODO
0000000000p(x) ~ 3 ,pd(x—2a)/|D|
doddooooooooobooobooooooooo
ogoooooooooooda

exp{>_, Xi log p(z’|y; 02)}

>2, exp{>; i log p(w?|y; 0})}
(23)

P(ylz; A) =

O0D0OO0A=(\,\)00000000000000
DO00000000Y,, eplogPlyla;A) 0 AD
0000000000000 {\} 00000000
0000000000000000z' 0 220000
0000000 A 00000000D0000000
0000000000000000D00D000000
00008 00D0oooon

5. 0 Oogano

gooooboooooooooobooooooooo
goooobooooooooooooooooooo
gooooooooooooooooooboooooo
oooooo “cobo”boboobobobobboooo
gooobooooooooooooooboooooon
gooooboboooooooboobooooooooo
gobooobooooooooocooooooboono
goooboooooooobobooooboonoooo
goooboooooboooooooboobooooDo

gooooooo 19

ooooobooooooooboobooboooooo
ooooobooooooooobooooooooo
oobobooooooooooooooboo40000
goooboooooooobooboooooobooooo
ooooooooboooooooooooooooo
ooboooooboooooo

g o o o

1) Breiman, L.: Bagging predictors, Machine
Learning, Vol.24, No.2, pp.123-140 (1996).

2) Della Pietra, S., Della Pietra, V. and Lafferty,
J.: Inducing features of random fields, IFEE
Trans. Pattern Anal. Machine Intell. (PAMI),
Vol.19, No.4, pp.380-393 (1997).

3) Dempster, A.P., Laird, N.M. and Rubin, D.B.:
Maximume-likelihood from incomplete data via
the EM algorithm, Journal of the Royal Statis-
tics. Society B (methodological), Vol.39, pp.1-
38 (1977).

4) Dietterich, T.G. and Bariri, G.: Solving mul-
ticlass learning problems via error-correcting
outputs codes, Journal of Artificial Intelligence
Research, Vol.2, pp.263-286 (1995).

5) Friedman, J.: On bias, variance, 0/1-loss, and
the curse of dimensionality, Data Mining and
Knowledge Discovery, Vol.1, No.l, pp.55-77
(1997).

6) Friedman, J., Haste, T. and Tibshirani, R.:
Additive logistic regression: statistical view of
boosting, The Annal. of Statistics, Vol.38, No.2,
pp-337-374 (2000).

7) Freund, Y. and Schapire, R.: Decision-
theoretic generalization of on-line learning and
an application to boosting, Journal of Com-
puter and System Sciences, Vol.55, pp.119-139
(1997).

8) U UUU0O0O0O0ODUUUODOOOOOOO
O00oUoooOooooooooooooog
00000000 Vol.104, No.349, NC2004-80,
pp-69-74 (2004).

9) Hansen, L.K. and Salamon, P.: Neural net-
work ensembles, IEEE Trans. Pattern Anal.
Machince Intell (PAMI)., Vol.12, No.10,
pp-993-1001 (1990).

10) Jacobs, R.A., Jordan, M.I., Nowlan, S.J. and
Hinton, G.E.: Adaptive mixtures of local ex-
perts, Neural Computation, Vol.3, pp.79-87
(1991).

11) Inoue, M. and Ueda, N.: Exploitation of un-
labeled sequences in hidden markov models,
IEEE Trans. Pattern Anal. Machine Intell.
(PAMTI), Vol.25, No.12, pp.1570-1581 (2003).

12) Joachims, T.: Transductive Inference for Text



20 ooooooooooooooooooooboboooooooo

Classification using Support Vector Macines,
International Conference on Machine Learning
(ICML), pp.200-209 (1999).

13) Krogh, A. and Vedelsby, J.: Neural networks
ensembles, cross validation, and active learn-
ing, Advances in Neural Information Process-
ing Systems 7 (NIPS7), MIT Press, Cam-
bridge, MA (1995).

14) Miller, D.J. and Uyar, H.S.: A mixture of ex-
perts classifier with learning based on both la-
belled and unlabeled data, Advances in Neural
Information Processing Systems 9, pp.571-577
(1997).

15) Raina, R., Shen, Y., Ng, A.Y. and
McCallum, A.: Classification with hybrid
generative/discriminative models, Advances
in  Neural Information Processing Systems
(NIPS) 17 (2003).

16) Nigam, K., Mccallum, A.K., Thrun, S. and
Mitchell, T.: Text classification from labeled
and unlabeled documents using EM, Machine
Learning, Vol.39, pp.103-134 (2000).

17) Perrone, M.P.: Improving regression esti-
mates: Averaging methods for variance reduc-
tion with extensions to general convex measure
optimization, Ph.D. Thesis, Brown University
(1993).

18) Rosenfeld, R.: Adaptive statistical language
modeling: A maximum entropy approach,
Ph.D. thesis, Carnegie Mellon Univ. (1994).

19) Shahshahani, B. and Landgrebe, D.: The
effect of unlabeled samples in reducing the
small sample size problem and mitigating the
Hughes phenomenon, IEEE Trans. Geoscience
and Remoto Sensing, Vol.32, No.5, pp.1087-
1095 (1994).

20) DO0oODOooOoDOOOoOoOoOooOoOoOoooOo
0000000000000 00D-IIT Vol.J80-
D-I1, No.9, pp.2512-2521 (1997).

21) Ueda, N.: Optimal linear combination of neu-
ral networks for improving classification perfor-
mance, IEEE Trans. Patten Anal. Machine In-

Oct. 2005

tell. (PAMI), Vol.22, No.2, pp.207-214 (2000).

22) 0000OOUO0LDOO0IEIVIODOOOOooOOo
0000 Vol.85, No.4,6,7,8 (2002).

23) Ueda, N. and Gharamani, Z.: Bayesian model
search for mixture models based on optimizing
variational bounds, Neural Networks, Vol.15,
pp-1223-1241 (2002).

24) O000oO0O0OO0O0O0oO0oO0oOoUoOOoU—0ooo
00o0o0oo0oooooooooOOoUoooooog
O0O0000DOOVol.19, No.6, pp.656-663
(2004).

25) Vovk, V.G.: Aggregating Strategies, Proc.
Computational Learning Theory, pp.371-386

(1990).
(0017010 21000)
(00 170 70 18000)
0000000 00000

oo ooooooo
003300000 5700000
ooooooooooDboO s90
‘ oboooboooOoboO0ooO NTT
‘/’j gooooooooooosoon
8 2 10000 Pundue OO OOO0OO0OO
OooONTTOOOOOOOOOOOOOOOOO0O
goooooooooooooooooooDOOomo
oooobooooooobooocoooooooboooo
goooooooooooobooomooooon
oooboboooomooobooooooooooo
ooooooo0 noooooboooomoooonm
go4000000000DOOCDOO0O0ODODOY90ODOO
ooooooooooooooooooomoo 120
le0ooooooooooooodoOo 10000
gobooooooobboilebooooooobooon
O000oo00O000DO0000O000DOO0O00O0IEEE
oooo

W8

W

%




