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Parallel performance evaluation of Moe’s version
of generalized product typed iterative methods

SEw1 FusiNvo 1! Kousuke Iwasato 2
and Mo Tuu THU T3

We propose GPBiCG_AR method with single synchronization per one it-
eration for solving a linear system of equations. The proposed GPBiCG_AR
method has two variants, i.e., with and without transpose matrix AT. Through
numerical experiments, we will make reveal that the proposed GPBIiCG_AR
method outperforms among other iterative methods on parallel computers.
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1. Let oo be an initial guess, ro = b — Axo,

2. Set fo=70, fo1=p =u_1=t_1=2_1=0
3. for k=0,1,..., do

4 pp =7+ Be-1(Pp_y — uk—1),

5 Apy, = Ari + Be-1(Apy_y — Aug—1),

(T0, k)
6. = T U
7 (o Apy)
v Ck _ (Azk,Azk)(Ark,rk) — (Azk,rk)(Azk,Ark)

(ATk, Ark)(Azk7 Azk) — (Azk, ATk)(ATk, Azk) ’
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(A’I"k, A'rk)(Azk, T'k) — (Azk, ATk)(ATk, 'r'k)

8 (Ari, Ary)(Azg, Azi) — (Azg, Arg)(Ary, Azy)’
. (ATo,To)
. (if k=0, then (o = ~2r0T0)_ "
9 (if ¥ =0, then (o CAro, 7'0)’770 0),

10.  wr = GeApy, + e(tr—1 — 7k + Br—1Uk—1),
11.  tp =rr — arApy,

12, zp = Cerr + Nrzr—1 — QrUk,

13. Azp = (Arr + nAzr—1 — arAug,

14.  Tr41 =z + oxpy, + 2,

15. Trt1 =ty — Azy,

16, if [|rasall/llrol| < e stop,

ag (Po,Pr41)
17. — 270, Tht1)
P ¢k (Fo,7k)
18. end do

3. 001000 GPBiCG_ ARODOOOOOO
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1. Let xo be an initial guess, ro = b — Az,
Set 7o =70, fo1=t_1=u_1=p_, =2_1=0
Compute ATi'o
for k=0,1,..., do

Vg =tp—1 — Tk + Br—1Ur—1

D =Tk + Br-1(Pp_1 — Ur—1),

Apy, = Ary + Br—1(Apy_ — Aug_1),

if [|rrta|l/]l7oll < € stop,

(AT#0,71) — ar(AT 70, Ap,.)

fu=— (70, Apy) ’
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ap = LT0TE)
(’;'OvApk)7
Ck’ _ (AzlwAzk)(A"'ka"'k AZk,""k)(AZmAT%)

)= (
(Ark,Ark)(Azk,Azk) — (Azk,Ark)(Ark,Azk)’
(Ark, A'I’k)(AZk, ’I‘k) — (Azk,Ark)(A'rk,'rk)
)—(

e = (Arg, Arg)(Azy, Az, Az, Arg)(Arg, Azy)’
. (AT‘(),T())

f = h = ——— =
(if ¥ =0, then (o (ATO7A7'0)’770 0),

ur = (e APy, + NV,
ty =1L — aLApy,
2k = CpTk + NkZk—1 — Ok UE,
Az = (AT + MAzg—1 — apAug,
Tk+1 = Tk + QP + 2k,
Try1 =ty — Az,
end do
GPBIiCG_AR_a O
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oooooooooobooooooboboooobobooo rOOOODOOODO

1.
2.

Let o be an initial guess, 7o = b — Ao,
Set 7o =70, fr1 =1 =p_; =w_1=u_1
=t_.1=2_1=0
for k=0,1,..., do

if [l7isa]l/llrol| < ¢ stop,

ar—1 (o, 7k)

B = Ch—1 (To,Tr—1)’
ap = (o, 7k)
(70, Apy,) + Br(T0, wr-1)’
Ck _ (Azk,Azk)(A'rk,'rk) — (Azk,rk)(Azk,Ark)

(Ark,Ark)(Azk,Azk) — (AZk,Ark)(Ark,Azk)’
_ (A’I’k,A’I‘k)(Azk,’l’k) — (Azk,A’I‘k)(A’I‘k,Tk)
Mk = (Ark,Ark)(Azk,Azk) — (Azk,Ark)(Ark,Azk)’
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9. (if k =0, then gozm,no:()),
10.  py, =71k + Be—1(Pr_1 — ur—1),
11.  Ap, = Ary + Br—1wk_1,
12wk = APy, + mk(tk—1 — 7k + Br—1uk—1),
13.  wi = Ap, + Aug,
14. ti =7i — arApy,
15. Zr = CeTk + MkZk—1 — UL,
16. Az = ATk + N Azg—1 — apAuy,
17, Xp41 = K + axpy, + 2k,
18.  Pry1 =t — Az,
19. end do
4. 0 O OO
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J000DO0O00000D0ODO0000b00000 Fortran9 JOOODODDO
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4.2 00000
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00000000000 000007P 000000, 000 “enz” 000000000
000 (number of nonzero) “ave.nnz” OO0 (average) 0000000000000

gobooooboboooooooooo

01 1000000000000O0

matrix

dimension

nnz

ave.

nnz

raefsky2 3,242 293,551 | 90.5
raefsky3 21,200 | 1,488,768 | 70.2
sme3Da 12,504 874,887 | 70.0
sme3Db 29,067 | 2,081,063 | 71.6
sme3Dc 42,930 | 3,148,656 | 73.3
water_tank 60,740 | 2,035,281 | 33.5
poisson3Da 13,514 352,762 | 26.1
poisson3Db 85,623 | 2,374,949 | 27.7
xenonl 48,600 | 1,181,120 | 24.3
epb3 84,617 463,625 5.5
tmt_unsym 917,825 | 4,584,801 5.0
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(a)matrix: raefsky2 0 0 matrix: sme3Dc OO

(b)matrix: water_tank 0 O matrix: epb3 00O
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method itr. tot-t | ratiol | ratio2 ave-t ave- | TRR
[s.] [ms.] | ratio
water | GP 2,049 | 17.276 | 1.000 | 1.000 | 8.431 | 1.000 | -10.0
_tank | AR 2,018 | 17.032 | 0.985 | 0.986 | 8.440 | 1.001 | -10.3
AR_B 2,038 | 17.034 | 0.995 | 0.986 | 8.358 | 0.991 | -10.0
AR_«a 2,083 | 17.599 | 1.017 | 1.019 | 8.449 | 1.002 | -10.0
pois- | GP 118 | 0.201 | 1.000 | 1.000 1.703 | 1.000 | -10.0
3Da AR 124 | 0.182 | 1.051 | 0.905 1.468 | 0.862 | -10.0
AR_B 126 | 0.179 | 1.068 | 0.891 1.421 | 0.834 | -10.0
AR_« 126 | 0.187 | 1.068 | 0.930 1.484 | 0.871 | -10.0
pois- | GP 269 | 3.847 | 1.000 | 1.000 | 14.301 | 1.000 | -10.1
3Db AR 310 | 4.446 | 1.152 | 1.156 | 14.342 | 1.003 | -10.0
AR_B 290 | 4.083 | 1.078 | 1.061 | 14.079 | 0.984 | -10.0
AR« 300 | 4.370 | 1.115 | 1.136 | 14.567 | 1.019 | -10.0
xen- GP 1,048 | 5.587 | 1.000 | 1.000 | 5.331 | 1.000 | -10.0
onl AR 797 | 4.195 | 0.760 | 0.751 | 5.263 | 0.987 | -10.0
AR_B 873 | 4.541 | 0.833 | 0.813 | 5.202 | 0.976 | -10.0
AR_« 978 | 5.127 | 0.933 | 0.918 | 5.242 | 0.983 | -10.0
epb3 | GP 3,362 | 12.192 | 1.000 | 1.000 | 3.626 | 1.000 | -10.3
AR 3,381 | 12.419 | 1.006 | 1.019 | 3.673 | 1.013 | -10.1
AR_B 3,163 | 11.273 | 0.941 | 0.925 | 3.564 | 0.983 | -10.0
AR« 3,052 | 11.212 | 0.908 | 0.920 | 3.674 | 1.013 | -10.2

method itr. tot-t | ratiol | ratio2 ave-t ave- | TRR
[s.] [ms.] | ratio
raef- | GP 345 | 0.308 | 1.000 | 1.000 [ 0.893 | 1.000 | -10.4
sky2 | AR 322 | 0.241 | 0.933 | 0.782 | 0.748 | 0.838 | -10.5
AR_B 318 | 0.235| 0.922 | 0.763 | 0.739 | 0.828 | -10.3
AR_« 321 | 0.241 | 0.930 | 0.782 | 0.751 | 0.841 | -10.9
raef- | GP 4,851 | 26.402 | 1.000 | 1.000 | 5.443 | 1.000 | -10.3
sky3 | AR 4,972 | 26.908 | 1.025 | 1.019 | 5.412 | 0.994 | -10.1
AR_B 4,990 | 26.729 | 1.029 | 1.012 | 5.357 | 0.984 | -10.0
AR _« 5,079 | 27.352 | 1.047 | 1.036 | 5.385 | 0.989 | -10.0
sme- | GP 2,749 | 9.321 | 1.000 | 1.000 | 3.391 | 1.000 | (-7.1)
3Da | AR 2,193 | 7.286 | 0.798 | 0.782 | 3.322 | 0.980 -9.3
AR_B 2,233 | 7.353 | 0.812 | 0.789 | 3.293 | 0.971 -9.3
AR_a 2,233 | 7.569 | 0.812 | 0.812 | 3.390 | 1.000 -9.3
sme- | GP 4,160 | 40.712 | 1.000 | 1.000 | 9.787 | 1.000 | (-6.4)
3Db | AR 2,779 | 27.157 | 0.668 | 0.667 | 9.772 | 0.999 -9.0
ARS8 2,618 | 25.547 | 0.629 | 0.628 | 9.758 | 0.997 -9.0
AR_a 2,736 | 27.046 | 0.658 | 0.664 | 9.885 | 1.010 -9.0
sme- | GP 6,355 | 97.650 | 1.000 | 1.000 | 15.366 | 1.000 | (-5.4)
3Dc | AR 4,735 | 72.729 | 0.745 | 0.745 | 15.360 | 1.000 -9.5
AR_SB 4,375 | 67.197 | 0.688 | 0.688 | 15.359 | 1.000 -9.6
AR_« 4,145 | 64.460 | 0.652 | 0.660 | 15.551 | 1.012 -9.6
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method itr. time | ave-time

ratio ratio ratio
GP 1.0 1.0 1.0
AR 0.912 | 0.881 0.968
AR_B 0.899 | 0.856 0.955
AR_« 0.914 | 0.888 0.974
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e J0DIDODODO »#; 000D00D00DOOO 7o 000000 OOOOODOO
z=(1,1,.0)T00b=A42000000
e J0DDDOSIONONDDOIONONONOODOOD 30000000000000000

0000000 «“Kfast” OO0O0OO00O

040000000000000000nPE0COODOODOOOMyOODOOO0O0

000000¢100000000000000+20000000000tot-t000000
OOspeedup 00000 0ave-t 000 100000000000000 “TRR? 0000
00000000000000000logo(||b— Axki1ll2/||b— Axollz) 000000

04 00000000 (ODO: tmt_unsym)

nPE Mv tl t2 tot-t | ave.-t | speed | TRR
[s] | 8] [s] | [ms] -up
GP 1| 9,474 | 140.51 | 73.94 | 214.40 | 34.5 1.00 | -4.5
16 | 13,642 | 23.77 | 2.71 26.48 10.2 8.10 | -7.5
32| 9,452 7.51 | 4.96 | 12.47 | 39.7 1719 | -7.1
64 | 10,626 3.26 | 1.74 | 5.02 34.6 42.72 | -5.0
128 | 10,746 1.73| 1.14 | 2.86 39.7 74.91 | -5.3
256 | 8,574 0.85 | 0.79 1.64 48.3 | 130.68 | -5.5
AR 111,252 | 168.84 | 67.12 | 235.97 | 28.4 1.00 | -7.2
16| 9,362 | 16.42| 0.98 | 17.41 5.6 13.56 | -8.5
32| 9,134 7.18 | 3.19 | 1042 | 30.6 22.65 | -7.6
64 | 8,942 2.68 | 1.08 3.78 28.7 62.48 | -7.1
128 | 8,940 1.43| 0.71 2.14 33.3 | 110.06 | -7.6
256 | 9,278 0.91 | 0.62 1.53 40.3 | 154.36 | -7.1
AR 1| 8,906 | 151.64 | 43.86 | 195.50 | 22.4 1.00 | -6.7
16 | 10,560 | 19.28 | 0.99 | 20.25 4.9 9.65 | -8.3
32| 8,540 8.08 | 3.09 | 11.19 | 27.7 17.47 | -7.2
64 | 8,604 2.88 | 1.09 | 3.98 27.3 49.13 | -7.2
128 | 9,082 1.57| 0.63 | 2.23 28.4 87.77 | -74
256 | 8,854 0.93 | 045 1.36 329 |143.36 | -7.0
AR_« 1| 8,940 | 138.20 | 53.29 | 191.65 | 27.8 1.00 | -7.5
16| 9,732 | 17.33 | 1.17 | 18.46 6.3 10.38 | -8.0
32| 8,862 7.28 | 3.93 | 11.22 | 35.0 17.08 | -7.6
64| 9,318 2.97| 1.38 | 4.33 31.8 44.26 | -7.5
128 | 9,132 1.55| 0.78 | 2.33 33.6 82.22 | -7.5
256 | 10,204 1.05| 0.72 1.76 40.8 | 109.12 | -7.2
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