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2 G = (V,E)

[6]

1.1 (G.Laman) |V | ≥ 2 G =

(V,E)

(Laman counts) .

|E| = 2|V | − 3

|E(X)| ≤ 2|X| − 3 ∀X ⊆ V with 2 ≤ |X| ≤ |V |

E(X) X ⊆ V

.

Laman

Henneberg

Laman

[7][8] [9]

Laman
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[8] 3

Tay,Whiteley

body-bar,body-hinge ( 2(a)

(b)) 3 bar-joint
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2 (a) body-bar (b) body-hinge

(c) panel-hinge

Fig. 2 (a) body-bar framework (b) body-hinge framework (c)

panel-hinge framework

[2]

Body-bar (bar)

(body)

body-bar

body-bar

body-bar 6

Tay [10]

body-bar 6 6

[9]

Katoh panel-hinge

body-hinge (

2(c)) [3]

Higashikawa panel-hinge

[11]

panel-hinge

1.3

panel-hinge

3

panel-hinge
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[11]

panel-hinge

panel-hinge

panel-hinge

2.

Katoh [3]

2.1

3 4 × 4

M ∈ SE(3)

SE(3) an element of special Euclidean group

[12] 2 body B B′ H

H
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p1 = (p1,x, p1,y, p1,z, 1) p2 = (p2,x, p2,y, p2,z, 1)

M,M ′ B B′

Mp1 = M ′p1

Mp2 = M ′p2

Ipi = I ′pi for i = 1, 2 (1)

I I ′ B,B′

I

(
R v�

0 0

)

R R =

⎛⎜⎜⎝
0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎞⎟⎟⎠
v = (vx, vy, vz) ∈ R

3 I ′
(
R′ v′�

0 0

)
(1)

(ω − ω′, v − v′) =

t

(∣∣∣∣∣p1,x 1

p2,x 1

∣∣∣∣∣ ,−
∣∣∣∣∣p1,y 1

p2,y 1

∣∣∣∣∣ ,
∣∣∣∣∣p1,z 1

p2,z 1

∣∣∣∣∣ ,
∣∣∣∣∣p1,y p1,z

p2,y p2,z

∣∣∣∣∣ ,
∣∣∣∣∣p1,z p1,x

p2,z p2,x

∣∣∣∣∣ ,
∣∣∣∣∣p1,x p1,y

p2,x p2,y

∣∣∣∣∣
)
,

(2)

(2)

(infinitesimal motion) 6

H H

2-extensor C(H)

3 body-hinge (G,p)

G = (V,E) p e ∈ E

p(e)

(G,p) (infinitesimal motion)

6 S → R
6

S(u)−S(v) e = uv ∈ E C(p(e))

(3)

u, v ∈ V S(u) = S(v)

S (G,p)

(G,p) (infinitesimally

rigid)

(3) C(p(e)) 5

{r1(p(e)), r2(p(e)), . . . , r5(p(e))}

(S(u)− S(v)) · ri(p(e)) = 0

· · · u · · · v · · ·⎛⎜⎜⎝
...

...
⎞⎟⎟⎠e = uv · · ·0 · · · r(p(e)) · · ·0 · · · −r(p(e)) · · ·0 · · ·

...
...

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

S(u)
...

S(v)
...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 0

(4)

r(p(e)) =

⎛⎜⎜⎝
r1(p(e))

...

r5(p(e))

⎞⎟⎟⎠ .

(4) 5|E| × 6|V |

· · · u · · · v · · ·⎛⎜⎜⎝
...

...
⎞⎟⎟⎠e = uv · · ·0 · · · r(p(e)) · · ·0 · · · −r(p(e)) · · ·0 · · ·

...
...

R(G,p)

infinitesimal motion Z(G,p)

Z(G,p) 6

R(G,p) 6|V | − 6

6|V | − 6 (G,p) (infinitesimally

rigid)

2.2 panel-hinge

panel-hinge

2.1 (Katoh et al.) [3] G 5

G̃ G̃ 6

G R
3

panel-hinge

[13]

panel-hinge

3. panel-hinge

n(n ≥ 3) panel-

hinge G = (V,E) n = 3
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c

v
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w

3

Fig. 3 Operations which inductively generate minimally panel-

hinge graphs

3 k-chain

k-chain e1, v1, e2, . . . , vk−1, ek

e1 v1 ek vk−1

k ≥ 3 2 ≤ i ≤ k− 1 ei vi−1

vi v1, . . . , vk−1

2 G′ = (V ′, E′)

3 ( 3)

1. (chain addition) a, b ∈ V (a = b ) k-

chain (k = 2, . . . , 6)

a,b

2. (triangle expansion) a ∈ V

v,b,c 3

b,c a

a

v,b,c

3. (rectangle expansion) a ∈ V

v,w,b,c 4

b,c a

a

v,w,b,c

3.1 panel-hinge

3

panel-hinge

1. (chain addition) body-hinge

G = (V,E) 1.(chain addition)

G′ = (V ′, E′)

G 5 G̃ G′ 5

G̃′ 6 k-

chain 5 6(k−1)

5k ≥ 6(k−1)

2 ≤ k ≤ 6

2. (triangle expansion) body-hinge

G = (V,E) 2.(triangle expansion)

G′ = (V ′, E′)

3 F F

F 5 F̃ 6

G̃ F̃

G̃′

G′

3. (rectangle expansion) body-hinge

G = (V,E) 3.(triangle expansion)

H = (V ′, E′)

4 F F

F 5 F̃ 6

G̃ F̃

G̃′

G′

G = (V,E) 3 X,

Y , Z

v ∈ V

color(v) : V → {X,Y, Z} uv ∈ E

color(u) �= color(v)

G 3-colorable

3.2 panel-hinge 3-

colorable

Higashikawa [11]

panel-hinge
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a
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a
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G

a

v

bx
y
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v

G
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4 panel-hinge [11]

Fig. 4 Operations which inductively construct a minimally

rigid body-hinge simple graph. [11]

( 4)

n ≥ 3 panel-hinge G = (V,E)

. n = 3 3 .

, G′ = (V ′, E′) , 5

( 4).

1 (edge-split): ab , ab v

. , ,

( 4(1)).

2 (edge-split plus 1-addition): (D − 1)|δG(P)| =

D(|P| − 1) V P
, . , P = {V1, V2, . . . , Vm},

δG(P) . ab ∈ δG(P)

, v . 1 ≤ i, j ≤ m, i �= j

, x ∈ Vi, y ∈ Vj x, y ∈ V , xy

E ∪ {va, vb}\{ab} G′

, xy ( 4(2)).

3 (vertex 2-addition): v , 2

a, b , va, vb . ,

,

( 4(3)).

4 (triangle-addition): v ,

v1, v2 v1a, v1v2, v2a ( 4(4)).

5 (triangle-expansion): a . a

d . a 3 v, b, c

G′ . b c 1

a , v b c .

,

( 4(5)).

3.2

Higashikawa n −
1(n ≥ 4) panel-hinge 3-

colorable 5

G′ = (V ′, E′) 3-colorable

3 3-colorable

1 (edge-split): ab ∈ E , ab

v color(v) �= color(a), color(v) �= color(b)

G′ 3-colorable

2 (edge-split plus 1-addition): xy

1 3-colorable x ∈ Vi,

y ∈ V j i �= j x,y

G 6

color(x) �= color(y) G′

3-colorable color(x) = color(y) y

z /∈ Vi color(y) �= color(z)

color(x) �= color(z) xz

G′ 3-colorable

3 (vertex 2-addition): v , 2

a, b , va, vb color(v) �= color(a),

color(v) �= color(b) G′ 3-colorable

4 (triangle-addition): v ,

v1, v2 v1a, v1v2, v2a color(v1) �=
color(a), color(v1) �= color(v2), color(v2) �= color(a)

G′ 3-colorable

5 (triangle-expansion) a ∈ V N(a)

color N(a) 3 Nx(a) = {i|i ∈
N(a), color(i) = x, x ∈ {X,Y, Z}} a expan-

sion 3 v, b, c

color(v) = X, color(b) = Y , color(c) = Z NX(a)

b NY (a) v NZ(a) c

G′ 3-colorable

panel-hinge 3-

colorable �

3.3 panel-hinge

panel-hinge

3.2 panel-hinge 3-

coloring X,Y ,Z

panel -hinge

G = (V,E) X

yz , X-panel
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x

z

y
･･･

x = i

ε

(i,1,0) (i,2,0)(i,1-ε,0) （i,Ny,0)h

(a) (b)

5 (a) x = i X-panel (b)

Fig. 5 (a) Illustration of an X-panel located at x = i

(b) any panels never intersect each other

Y Z

,

x x-hinge

x y-hinge z-hinge

, y, z

VX , VY , VZ

Ex, Ey, Ez

|VX | X-panel x = 1, 2, . . . , |VX |
. 1 X-panel , 5 (a)

1 ( ) |VY |
( )

. i |VY |, h(h > 0)

, (i, 0, 0), (i, |VY |, 0), (i, |VY |,−h), (i, 0,−h)

. i j

ε(0 < ε < 1), |VZ | , (i, j, 0),

(i, j − ε, 0), (i, j − ε, |VZ |), (i, j, |VZ |)
. Y -panel Z-panel

( 5(b)) VX

1, 2, . . . |VX | VY , VZ

Ex 1, 2, . . . |Ex|
Ey, Ez

p VX q

VY r Ez

6(a)) 6(b)

(p, q, r) (p, q, r− ε)

z-hinge

panel-hinge panel-hinge

�

4.

3.3 panel-hinge

X Y
p q

r

(p,q,r)

(a) (b)

6 (a) p VX , q VY

, r Ez

(b) z-hinge

Fig. 6 (a) A vertex in VX with number p, a vertex in VY with

number q, and an edge in Ez with number r

(b) realization of the corresponding z-hinge

a b

a b a b a b a b a b

(1) chain addition

↓
v1 v1 v1

v1 v1
v2 v2 v2 v2v3 v3 v3

v4 v4
v5

rigid rigid rigid rigid rigid

rigid

7 chain addition

Fig. 7 chain addition

rigid

X Y

Y X
x y

P1

P2

P3

P4

P5

P6S1
S2 S3

S4

(a) (b)

8 2

Fig. 8 2-panel addition

panel-hinge

7 chain addition

chain addition
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4.1 2

8

P1 = (x1, y1, z1), P2 = (x1, y1, z2),

P3 = (x1, y2, 1), P4 = (x1, y2, 0), P5 = (x2, y1, z3),

P6 = (x2, y2, z4)

P1P2 2-extensor C(p(1)), P3P4

2-extensor C(p(2)), P5P6 2-extensor C(p(3))

(2)

C(p(1)) = (0, 0, z1 − z2, y1(z2 − z1), x1(z1 − z2), 0)

C(p(2)) = (0, 0, 1,−y2, x1, 0)

C(p(3)) = (0, 0, z3 − z4, y2(z4 − z3), x2(z3 − z4), 0)

P1P2 S1,

S2 P3P4 S2, S3

P5P6 S3, S4

(2)

S2 − S1 = t1C(p(1))

S3 − S2 = t2C(p(2))

S4 − S3 = t3C(p(3))

S1 S4

S1 − S4 = 0

0 = t1C(p(1)) + t2C(p(2)) + t3C(p(3))

= (0, 0, t1(z1 − z2) + t2 + t3(z3 − z4),

t1y1(z2 − z1)− t2y2 + t3y2(z4 − z3),

t1x1(z1 − z2) + t2x1 + t3x2(z3 − z4), 0)

x1 �= x2, y1 �= y2, z1 �= z2, z3 �= z4

t1 = t2 = t3 = 0 S1 = S2 = S3 = S4

4.2 3

9

P1 = (x1, y1, z1), P2 = (x1, y1, z2),

P3 = (x1, y2, 1), P4 = (x1, y2, 0), P5 = (x2, y2, z3),

P6 = (x3, y2, z3), P7 = (x4, y3, z3), P8 = (x4, y4, z3)

x y
z

rigid

X

Y

Z

Y X

P1

P2

P3

P4

P5

P6

P7 P8

(a) (b)
9 3

Fig. 9 3-panel addition

P1P2 2-extensor C(p(1)), P3P4

2-extensor C(p(2)), P5P6 2-extensor C(p(3)),

P7P8 2-extensor C(p(4)) (2)

C(p(1)) = (0, 0, z1 − z2, y1(z2 − z1), x1(z1 − z2), 0)

C(p(2)) = (0, 0, 1,−y2, x1, 0)

C(p(3)) = (x2 − x3, 0, 0, 0, z3(x3 − x2), y2(x2 − x3))

C(p(4)) = (0, y4 − y3, 0, z3(y2 − y3), 0, x4(y4 − y3))

P1P2 S1,

S2 P3P4 S2, S3

P5P6 S3, S4

P7P8 S4, S5

(2)

S2 − S1 = t1C(p(1))

S3 − S2 = t2C(p(2))

S4 − S3 = t3C(p(3))

S5 − S4 = t4C(p(4))

S1 S5

S1 − S5 = 0

0 = t1C(p(1)) + t2C(p(2)) + t3C(p(3)) + t4C(p(4))

= (t3(x2 − x3), t4(y4 − y3),

t1(z1 − z2) + t2, t1y1(z2 − z1)− t2y1 + t3z3(y3 − y4),

t1x1(z1 − z2) + t2x1 + t3z3(x3 − x2),

t3y2(x2 − x3) + t4x4(y4 − y3))

x2 �= x3, y1 �= y2, y3 �= y4, z1 �= z2

t1 = t2 = t3 = t4 = 0 S1 = S2 = S3 = S4 = S5
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4.3 4 5

4 5

5.

panel-hinge

panel-

hinge

panel-hinge

6.

3 panel-hinge

panel-hinge

panel-hinge

panel-hinge
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