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Programming Aesthetics (tentative)
Ikuo Takeuchit

Abstract We discuss the concept of “Programming Aesthetics” briefly and informally. First, we
review traditional aesthetics, and then think about its applicability to the field of programming. We
are now confident “programming” can be covered by aesthetics because nowadays aesthetics becomes
very broad in scope. Finally, we describe a simple example of programs which may be thought of

“beautiful”.
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Combinator: A\ term which has no free variable.
I=\z.x
K=\zy.2=T
F=\xvy.y

S=\ayz.xz(yz)

B=\xyz.a(yz)

C=\zyz.xzy

Y=MAf.(Ax. f(zx)) (M. f(zx))

O=(Az.zz)(\z.ax)
[ex] How is SKK =(A\zyz.xz(yz))(Azy.x)(Axy.x) trans-
formed by 3 reduction?

Now we are ready to write an addition program!

We define A terms corresponding to non-negative num-
bers:

[M,N|=Xz.2MN

0=\z.2=I

n + 1=[F,7]

(We may write n instead of 7 for brevity.)

[ex] Examine succ=\x.[F, z] is a successor function.
[ex] Examine pred=Az.2F is a predecessor function ex-
cept for pred 0.

[ex] Examine zerop=Az.2T is a predicate that becomes
T for 0, and become F otherwise.

[ex] Examine if=A\zyz.2yz means if x then y else z.

How about addition? The idea is to define “add” as
add z y ~
if (zerop x) then y else (add (pred z) (succ y))

Remaining problem is how to define this recursive func-
tion only by using A term.

[Fixed Point Theorem| For any \ term G, there is a
A term X such that GX = X.

[proof] Let W=Ax.G(ax). Since WW — G(WW),
we can choose WW as X. It is easy to examine

X=WW=(Ae.G(zx))W — GIWW)=GX

QED.

This theorem says there must be a fixed point X for
any “mapping” G.

For Y=Mf.(\x.f(zx))(Ax. f(zx)), YG = G(Y@G); that
is, Y combinator is a function to get a fixed point of

any A term (. This is an important scaffolding for

defining recursive functions.
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For brevity, we denote add as h. We want make the

following equality:
haxy = if(zerop x)y(h(pred x)(succ y))
Abstracting both side by = and y, we get
h = Azy.if(zerop x)y(h(pred z)(succ y))
Further abstracting the righthand side by A (renamed
to f) and giving it h as an argument, we get
h = Afxy.if (zerop x)y(f(pred z)(suce y))h

and let G be the underlined A term. This is of the form
h = Gh. By the fixed point theorem, we can obtain an
h that satisfies the equation. Namely h = YG.

Finally we get
add = Y (Afzy.if(zerop x)y(f(pred x)(succ y))).

Let us examine whether this add is really an addition:

add 1 2
= Y(\fay.if(zerop 2)y(f(pred z)(suce y))) 1 2
= (Afay.if(zerop z)y(f(pred z)(succ y))) add 1 2
(because YG = G(YGQ))

— (Azy.if(zerop z)y(add(pred x)(succ y))) 1 2

—* if(zerop 1)2(add(pred 1)(succ 2))

—* if F 2(add(pred 1)(succ 2))

—* add(pred 1)(succ 2)

= Y(Afaxy.if(zerop x)y(f(pred x)(succ y))) 0 3

= (Afay.if(zerop x)y(f(pred z)(succ y))) add 0 3

— (Axy.if(zerop x)y(add(pred z)(succ y))) 0 3

—* if(zerop 0)3(add(pred 0)(succ 3))

—* if T 3 (add(pred 0)(succ 3))

—* 3
YG = G(YG) = G(G(YG)) = G(G(G(YQ))) = ...
shows that Y is a magical device to generate G by
YG. But note that it creates G as an equivalent A
term. However, there is a combinator © which really
creates G by  reduction such that ©G —* G(OG)
[Of course, OG = G(OG)].

O=(Azy.y(zay))(Ary.y(zey))
[ex] Examine the above.

This is the principle of recursive call.

Note that from only application expression and ab-
straction expression, we can construct arithmetics with-
out any number constants! Not only theoretically inter-
esting, it is also attractive from programming technique

viewpoint.
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Here, His Theta combinator ? is if combinator
Z is zerop combinator D is pred combinator (Down)
U is succ combinator (Up)

We now compute add 1 2, or add [F,I] [F, [F,I]1], where add is defined as H(&fxy.?(Zx)y (f (Dx) (Uy))),
thus, add 1 2 is H(&fxy.?(Zx)y(£(Dx) (Uy))) 1 2.

At first, there are five redexes:

H(&fxy.?(Zx)y (£ (Dx) (Uy))), 7(Zx)y (£ (Dx) (Uy)), Zx, Dx, Uy

In the following, chosen redex is underscored. And for easy reading, blanks are inserted between sub-lambda
expression if adequate.

H(&fxy.?(Zx)y(£(Dx) (Uy))) [F,I] [F,[F,I]]

? (TFI) [F, [F,1]1] ((H(&fxy.?(Zx)y(f(Dx) (Uy)))) (D[F,I11) (U[F,[F,I]11))

7 F [F (F,I]1] ((H(&fxy.?(Zx)y(£(Dx) (Uy)))) (D[F,I]) (U[F, [F,I11))

H(&fxy.?(Zx)y (£ (Dx) (Uy))) (FFI) (UlF, [F,111)

H(&fxy.?(Zx)y (£ (Dx) (Uy))) I (U[F (F,I11)

? (ZI) F, [F, [F,111] ((H(&fxy.?(Zx)y(£(Dx) (Uy)))) (DI) (ULF, [F, [F,1111))
? (IT) F, [F, [F,111] ((H(&fxy.?(Zx)y(£(Dx) (Uy)))) (DI) (ULF, [F, [F,I111))

7T [F [F, [F,I11] ((H(&fxy.?(Zx)y(£(Dx) (Uy)))) (DI) (U[F,[F, [F,I]111))

(F, [F, [F,I]]]

beta-normal-form!
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