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New Techniques for Proving Winning Strategies in Hex
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KEN MisHIMAT!

In the game of Hex, it has been proved existentially that the first player al-
ways wins. Constructing a winning strategy has been a long-standing research
problem. It has been regarded as complex to deal with a winning strategy for
8 x 8 or more. We present a new notion named o-connection which defines a
certain type of connections between stones. Based on it, we introduce a new
technique named o-extension. The purpose of this paper is to establish a new
method for proving the first player’s win and applying it to construct a win-
ning strategy. In this paper, we generalize Noshita’s union (OR)-connection for
accommodating AND-connections as well. This generalized connection will be
called AND-OR connection. A o-connection is an AND-OR connection along
with fixed move-sequences. It is defined to be a subtree of a proof tree which
represents a strategy for the AND-OR connection. Based on the fixed move-
sequences, we can extend the area of empty cells which supports the desired
AND-OR connection. This technique will be called o-extension. These tech-
niques enable us to show a winning way without searching further down in our

proof tree. Thanks to our o-connection as well as o-extension, it is possible to
describe an easy-to-verify winning strategy on the 8 x 8 board.
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Fig.1 Black’s winning position.
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Fig.2 Examples of virtual connection.
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Fig.3 Examples of union-connection.
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Fig.5 o-connection F'.
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Fig.6 The proof tree of o-connection F.
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Fig.8 Case 1 and 2.
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Fig.9 Case 3 and 4.
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Fig.10 Case 5.
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Fig.11 Case 6.
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Fig.12 o-extension F.
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0 13 Case 1l and 2
Fig.13 Case 1 and 2.
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Fig.14 Case 3 and 4.

oooogoog

Si2[(tz V tw V tb) A zz] A ¢lyz] A (S12Nd = @)

= Si2[(tz V tw V tb) A zz A yz]

= Si2[(tz V tw V tb) A xy]

= Si2[(tz V tw V tb) A (ty V ay)].

00 SO Case 30Case 400000000 yOOOOOOOyO 20000000
U0 4 0oboboboboboo

Saa[(tx V tw V tb) A tz] A dlyz] A (Ssa N = @)

= Sas[(tz V tw V tb) Atz A yz]

= Sas[(tz V tw V tb) A ty]

= Sas[(tz V tw V tb) A (ty V zy)]

OO0 SO Case 50000000150 ‘-’000000S_000000t—yVz—y
O00000SssUS-=8S50000000000000

Sse[tz] A S_[ty V ay] A (Ss6 N S— = ¢)

= Sze[tx A (ty V ay)]

00o0oooooog Vol 50 No. 2 893-903 (Feb. 2009)

0 15 Case 5

0 16 Case 6
Fig.16 Case 6.
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Fig. 17 Proposition 8 (Black wins).

F:0{37,28, 38} ‘1’ o0{56} ‘2’ o0{64} ‘3’ o {81} ‘4’0o 00 FI

= (SUFQC)[(tz A tw) V tb].
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(SUFQO)[(tx A tw) Vtb] A Blwb] A ((SU FC)N B = ¢)

= (SUFCUB)[((tz A tw) V tb) A wb]

= (SUFCUB)[((tz A tb) V tb) A wb

= (SUFC U B)[tb].

O000Bxzb)]00000000O0(SUFCUB)tb]000O000O

0000 t+-b00000000O0O 370280380000000000000000 “1°
000007-lemma00 ‘1°’-b000000T-lemma0000 7T0000MO00OO
0000000005 0000000000000000000000FO000ODOOOO0
0000000000000000 FCOOOODOODOOOOOOO0OO0OOODOOooooo 60
000000000000 SO0000000000000000 S-lemma 000000
000000000 ‘4’00000000 FOOOOOOOOO e0000c00O FOOO
0ooooo

0000 FOOOOOD ‘2’000 ¢1’-2’000 3’000 ¢2’—3’00000
0 Slemma00000000000000 200 S-lemmal 700000000 CO
00000 ‘4’0000 Cf4’p]00000000O00c 00 FOO FC[(tz V tw V tb)A
(t*4°vz*4)|0000000O0OOL=FCUSUCDOOOOO

FC[(tz Vtw Vtb) A (t° 4 'Va' 4 )] ASzw] AC[ 4 '] A(FCNS =¢)A(SNC =
P)N(FCNC = ¢)
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Fig. 18 Proving Black’s win by o-connection F' and o-extension F (1).
F1:0 {47} ‘3’ o {56} @4’ o {64} ‘5’ o {81} e‘6’ Uo OO FIO
F2:0{48} e ‘1’ 0 {38} @2’ o {57} ‘3’ o {56} ‘4’ o {64} e ‘5’ o {81} e 6’
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019 00 FO OO FOOOODOOOOODO 2

Fig.19 Proving Black’s win by o-connection F' and o-extension F' (2).

F3:0{38} ‘1’ o{47} @2’ o0 {56} e ‘3’ o {64} ‘4’ o{8l} e‘5’ Uoc OO FII

tz Vit Vitb) A (t° 4 Va4 )A 4 D]

tx Vtz Vtb) A (tb V xb)]

txz Vtb) A (tb V zb)]

tz A tb) V (tz A zb) V (tb A tb) V (tb A zb)]
= L[tb].
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Fig.20 Our proof tree for 8 x 8 (first at 54).
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