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Abstract: To forecast for trend and seasonal time series, many exponential weighted methods have been
proposed such as the Holt-Winters method and regression methods using discounted least squares. However,
conventional methods need to estimate many parameters simultaneously by point estimation, which can lead
to overfitting. We propose a statistical model based on discounted least squares. In this model, a discount
factor and trend/seasonal components are represented as hidden variables, and all the parameters are eval-
uated as distributions. To estimate these variables, we use Taylor approximations and Variational Bayes.
As a result, we solve these problems and our proposed method predicts trend and seasonal time series more
accurately than conventional methods.
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Table 1 notations

Term Meaning

N (x;μ, σ2) (2πσ2)−
1
2 e(−

1
2σ2 (x−μ)2)

Beta(x; a, b)
Γ(a)Γ(b)

Γ(a+ b)
xa−1(1− x)b−1(0 ≤ x ≤ 1)

Gamma(x; a, b)
ba

Γ(a)
xa−1e−bx(x > 0)

Xi i

Xd,h d h (1 ≤ h ≤ 24)

X

D

γ (0 ≤ γ ≤ 1)

μ (μ ∈ R)

θ (θ ∈ R)

Yh (Yh ∈ R)

α Yh (α > 0)

β Xi Xd,h (β > 0)

f(t) DLS t

1

2.

DLS f(t)

[3]

DLS (1) γ discount factor

DLS

[7]

[7] DLS
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Fig. 1 Graphical Model with Trend
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aT = γ

T∑
i=1

(1− γ)T−iXi (2)

T +1 aT
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DLS

1− γ f(t) = a

T DLS

(1)

min
a

T∑
i=1

(1− γ)T−i(Xi − a)2 (3)

i a

(1−γ)T−iβ

X ≡ (X1, . . . , XT )

p(X|a) =
T∏

i=1

N (Xi; a, ((1− γ)T−iβ)−1) (4)

(4) a
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Fig. 2 Graphical Model with Trend and Seasonality
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T∑
i=1

(1− γ)T−i(Xi − a)2 (5)

(3)

a =

∑T
i=1(1− γ)T−iXi∑T
i=1(1− γ)T−i

(6)

T

(1− γ)T = 0

a = γ

T∑
i=1

(1− γ)T−iXi (7)

• f(t) (1− γ)T−iβ Xi

f(t)

1 − γ

f(t) DLS

3.3

1 T

i

p(Xi | Xi−1, γ, μ, θ, β) ≡
N (Xi | μ+ θXi−1 , ((1− γ)(T−i)β)−1), (8)

p(μ;μ0, τ0) ≡ N (μ;μ0, τ0), (9)

p(θ;μ1, τ1) ≡ N (θ;μ1, τ1), (10)

p(β; a1, b1) ≡ Gamma(β; a1, b1), (11)

p(γ; a2, b2) ≡ Beta(γ; a2, b2), (12)

μ0, μ1, τ0, τ1, a1, a2,

b1, b2

Xi μ+ θXi−1 (1− γ)(T−i)β

μ, θ

f(t) = μ + θXt−1
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a+ bt μ b
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p(Xd,h | Xd,h, γ, μ, Yh, θ, β) ≡ N (Xd,h | μ+ Yh

+θXd,h−1, ((1− γ)(D−d)β)−1), (13)

p(Yh | α) ≡ N (Yh | 0 , α−1), (14)

p(μ;μ0, τ0) ≡ N (μ;μ0, τ0), (15)

p(θ;μ1; τ1) ≡ N (θ;μ1, τ1), (16)

p(α; a0, b0) ≡ Gamma(α; a0, b0), (17)

p(β; a1, b1) ≡ Gamma(β; a1, b1), (18)

p(γ; a2, b2) ≡ Beta(γ; a2, b2), (19)

Yh Yh

α

4.

4.1

3.3 3.4

X

Z q(Z)

p(Z|X)

q(Z)

M q(Z) =
∏M

i=1 qi(Zi)

q∗(Z) p(Z|X)

KL

q∗(Z) = argmin
q(z)

DKL (q(Z) || p(Z|X)) (20)

(20)

ln p(X) =

∫
q(Z) ln

p(X,Z)

q(Z)
dZ

+ DKL(q(Z) || p(Z|X)) (21)

(21) KL

∫
q(Z) ln

p(X,Z)

q(Z)
dZ (22)

(22)

qj

q∗j

q∗j (Zj) ∝ exp(E∏
i�=j qi(Zi)[ln p(X,Z)]) (23)

4.2

3.4

3.3

Z = (γ, μ, θ, Yh, α, β)

q(Z) = q1(γ)q2(μ)q3(θ)q4(Yh)q5(α)q6(β)

γ

(23)

q1(γ)

q∗1(γ)

q∗1(γ) ∝ exp(Eq(μ,θ,Yh,α,β)[ln p(X,Z)]), (24)

∝ exp(Eq(μ,θ,Yh,α,β)[ln p(X, γ, μ, Yh, θ, β)

+ ln p(γ)]), (25)

q1(γ)

exp(Eq(μ,θ,Yh,α,β)[ln p(X, γ, μ, Yh, θ, β)])

γ̃ = Eq(γ)
[γ] γ̃

(25) (1− γ)n ln γ = ln γ̃

Taylor ln γ

f(ln γ) = (1− γ)n Talor

f(ln γ) � f(ln γ)|ln γ=ln γ̃ + f (1)(ln γ)|ln γ=ln γ̃(ln γ − ln γ̃)

(1− γ)n � (1− γ̃)n +
∂(1− γ)n

∂ ln γ

∣∣∣∣
ln γ=ln γ̃

(ln γ − ln γ̃)

(26)

� (1− γ̃)n + n(1− γ̃)n−1(−γ̃)(ln γ − ln γ̃)
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q∗1(γ) ∝ exp(Eq(μ,θ,Yh,α,β)[
24

2

D∑
d=1

(D − d) ln(1− γ)

+
β

2
ln γ

D∑
d=1

γ̃(D − d)(1− γ̃)D−d−1

24∑
h=1

(Xd,h − μ− Yh − θXd,h−1)
2

+(a2 − 1) ln γ + (b2 − 1) ln(1− γ)]) (27)

∝ γâ−1(1− γ)b̂−1 (28)

∝ Beta(γ; â(γ), b̂(γ)) (29)

q∗1(γ) Beta . q1(γ)

â, b̂

â(γ) = a2 + Eq(μ,θ,Yh,α,β)[
β

2
γ̃

D∑
d=1

(D − d)(1− γ̃)D−d−1

24∑
h=1

(Xd,h − μ− Yh − θXd,h−1)
2], (30)

b̂(γ) = b2 +
24

2

D∑
d=1

(D − d) (31)

γ
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5.2
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xt = a+ bt+ εt (32)

3.4

a = 5.0 b = 1.5

εt 0.0 1.0

0 ≤ t ≤ 999 1000

0 ≤ t ≤ 599 400

t
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μ = 1.48674 θ = 1.00002 γ = 7.76 10−5 μ
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Fig. 3 Comparison between 4 months Load Curves(Summer)
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Fig. 4 Comparison between 4 months Load Curves(Winter)
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*1 http://www.tepco.co.jp/forecast/html/download-j.html
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Fig. 5 Training Data vs Result of RMSE
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Fig. 6 Training Data vs Parameter Estimation Result of γ
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