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Abstract

In this paper, the best rational approximations in Moursund’s sence for 31z on the intervals

[1/2, 1], [1/4, 1/21, [1/8, 1/4], {1/8, 1] and {1/10, 1] are obtained. Similar approximations by

means of rational functions of V'z are recapitulated from a previous paper.

The comparisons of there approximations reveal the following facts: Among those with the

fixed sum (k-+m), where £ and m are the degrees of the numerator and the denominator re-

spectively, those of the type 2=1m or those of the type 2=m+1 are the most accurate. When

k and m are fixed, those based on V' x are more accurate
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Table 1 Optimal starting values for Newton iteration of the Cubic Root on [a, &]
N=0 R(z)=A N=1 R(z)=Acx+A
a b A > €1 a b Ao A € €
1/10 1 0.69782 0.366 0.06966 1/10 1 0.63892 0.43421 0.06966  0.02242
1/8 1 0.72112  0.333 0.05738 1/8 1 0.60555 0.45416 0.05738  0.0%164
172 1 0.80288  0.115  0.00664 172 1 0.41535 0.50132 0.00664  0.04220
1/4 1/2 0. 70868 0.115 0. 00664 1/4 172 0.65931 0.46933 0.00664  0.04220
1/8 174 0. 56248 0.115  0.00664 1/8 172 1.04659 0.37251 0.00664  0.04220
N=2 R(z)=A+E/z+5)
a b A E S £ €1
1/10 1 1.43721 354  —0.74330 026  0.66708 699  0.0%876  0.04379
1/8 1 1.47747 451 —0.84145 598 0.73873 203 0.0%50  0.0411
172 1 1.79070 740 —1.91514 570 1.42128 538 0.0%255  0.07325
1/4 172 1.42128 540 —0.76002 608 0.71064 269  0.0%255  0.07325
1/8 1/4 1.12807 497 —0.30161 655 0,35532 134 0.0%255 0.07325
N=3 R(z)=Awz+A+E/(z+5)
a b Ao A E S [ &
1/10 1 0.25751 578  0.86219 710 —0.14788 274 0.24947 237  0.0%136 0.0%919
1/8 1 0.24379 932 0.88989 382 —O0.16989 857 0.27960 794  0.0%19 0.0%422
1/2 1 0.16628 465 1.09604 161 —0.41050 430 0.56493 468 0.04123 0.01975
174 172 0.26396 044 0.86992 880 —0.16290 874 0.28246 734  0.04123 0.0175
1/8 1/4  0.41901 107 0.69046 295 —O0.06465 038 0, 14123 367  0.04123 0.01975
D | E |
=4 =
N=4 R@=A+ [ TR+ 55
a b A D E R N & &
1/10 1 2.01230 49849 —3.28144 85071 —0.07428 23112 2.30500 95590 0.16036 73558 0.0°177 0.07157
1/8 1 2.06860 41213 —3.68042 86643 —0.09205 15289 2.52170 42056 0.18151 71373  0.0%109 0. 0t595
1/2 1 2.50699 24588 —8,07953 72996 —0.35450 02028 4,61797 93132 0.38144 43566 0.0%494 0.0212
174 1/2  1.98980 12332 —3.20636 65022 —O0.08862 50507 2.30898 96566 O0.19072 21783  0.0%494 0.0%12
1/8 1/4  1.57930 62854 —1.27244 73896 —0,02215 62609 1,15449 48283 0,09536 10892  0.0%94 0.0212
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— _ D | E 1
N=5 R@)=Azt A+ e+ Togs
a Ao A D E R S € €

b
1710 1 0.15042 31853 1.17371 15590 --0.58335 95297 ~0,02512 83020 0.82244 52525 0.11413 48997  0.04265 0.0%352
1/8 1 0.14237 57003  1.20863 50332 —0.65937 95058 —0.03156 48366 0.90653 14719  0.12991 26162  0.04148 0.0°109
172 1 0.09701 16804 1.47502 09144 —1,49326 48310 —0.12840 13837  1.71082 40198 0, 27928 28139  0,07228 0.0
174 1/2 0.15399 64435 1.17072 48756  —0,59260 25403 —0.03210 03450  0.85541 20099 O, 13964 14069  0.07228 0.0
1/8 1/4  0.24445 41164 0.92920 49495 —0.23517 44742 —0.00802 50837  0.42770 60049  0.06982 07035  0.07228 0.0
Table 2 Polynomial approximations by using Table 3 Rational approximations by using

square root on [1/10, 1] square root on [1/V/10, V'10]

N=1 R(z)=AVz+A N=2 R(z)=(B+Vz)/(1+BVZ)

=2 R(z)=Aiz+AVZ+A N=4 R(z)=(B+CV z +x)/(1+CV x +Bx)
=3 R(z)=A4;V 2 +Az+AVZ+A N=6 R(z)=(B+CVz+Dz+Vz"/(1+DVz +Cz+BVz?)
N=4 R(z)=Asx*+ A,V x3+ A z+ 4V 2 +A
N 2 4 6
N 1 2 3 4 D 4,27772 63429
A, —0,16109 77031 c 1.61105 339 2.11932 49034
As 0.16651 31 0.57514 76434 B 0.19459 0.09729 863 0.06191 74796
A —0.2245 —0.53779 56  —0.90770 59620 & 0.00144 0.00000 689 0.00000 00349
A, 0.798 1.0743 1.25625 75 1.39695 36309
A 0.220 0.1479 0.11560 63 0.09663 05231 (BRYTAEZBTH ZMD)
0.018 0.0023 0.00038 13 0.00007 18675

& (4744 228 BEAD)




