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Parallel Multigrid Poisson Solver
Based on Block Red-Black Ordering

MasaTosHI Kawar, ! Takesur IwasHrTa 213
and HIROSHI NAKASHIMA 2

This paper describes parallelized multi-grid solver for finite difference analysis of three
dimensional Poisson equation. We introduce block red-black ordering to parallelize Gauss-
Seidel smoother, which is often a bottleneck in parallelizaion of multi-grid methods. Next,
we introduce a new cache-blocking implementation to combine smoothing and restriction
or prolongation in a block. Finally, we propose a new multiplicative Schwarz smoother, in
which multiple Gauss-Seidel iterations are performed in each block in red-black ordered block.
Numerical tests on a shared memory multi-processor system comprising 4 quad-core AMD
Opteron processors examine the proposed method, to show that the proposed method attains
2.22 and 2.88 times as high performance as the hybridization of Jacobi and Gauss-Seidel
smoothers and red-black Gauss-Seidel smoother, respectively.
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Smoothing on Ayl = fh
f2h — p2h (fh _ Ahﬂh)
Smoothing on A = f2h

Solve Ayt = th

Smoothing on Ay = f2h
—a" + Iu®™
Smoothing on A"u™ = f*

01 viooooooooooooooouooo
Fig.1 Algorithm of V-cycle multigrid method
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real (8)
real (8)

u(nx,ny,nz), f(nx,ny,nz)
X_way, y_way, zZ_way, dgn

integer i, j, k, f_start, i_start
x_way = (nx-1)**2

y_way = (ny-1)**2

z_way = (nz-1)**2

dgn = -0.5d0 / (x_way + y_way + z_way)

!Red-Black Gauss-Seidel method
lwhen f_start is 1, calculate red point
lwhen f_start is 2, calculate black point

do f_start = 1, 2
i_start = f_start
do k = 1, nz
do j =1, ny
do i = i_start, nx, 2

u(i, j, k) = ( £(i, j, k)
- x_way * (u(i+1, j, k) + u(i-1, j, k)
- y_way * (u(i, j+1, k) + u(i, j-1, k)
- z_way * (u(i, j, k+1) + u(i, j, k-1)
) * dgn
enddo
i_start =
enddo
enddo
enddo

3 - i_start

02 0000000 GsOOOooooooooo

Fig.2 Source code of red-black Gauss-Seidel smoother
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Loop parallelization Loop n = 1, N,
n000000000000 GSOOOooo

End loop

Thread synchronization

Loop parallelization Loop n =1, N,
nO000000000000 GSOOOooo

End loop

03 BRB-GSOOO
Fig.3 Procedure of BRB-GS smoother
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Fig.4 Calculation order of normal BRB-GS smoother
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Fig.5 Calculation order
in the proposed cache blocking technique
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Loop parallelization Loop n = 1, N,
()2, 0000000DO0O0OOOOO GS
ooooog
(i) 0000 (rasn+1:rve, —1,
rysn +1:rye, — 1, rzsn—i—l:rzen—l)
oooooooooooooo
Thread synchronization
Loop parallelization Loop n = 1, N,
()»O000000O0O0OOOOOO GS
oooooo
i) 0000 (resp —1:rze, +1,
rysn — liryen + 1, rzsp, — 1:rzen, + 1)
O00oooooooooooo
End loop

06 BRB-GSOOOOOODOOOODODODODOODOOO
Fig. 6 Cache-blocking implementation
of BRB-GS and restriction
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Loop parallelization Loop n =1, N,
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rysn — l:irye, +1, rzsp, — 1:rze, + 1)
gddooooooooooo
End loop
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Fig.7 Procedure of mBRB-GS(«)
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Table 1 Number of blocks for each thread
when using BRB-GS
Number of threads | x-way | y-way | z-way
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Table 2 Number of itration using each smoother

Number of threads

1 [ 2] 4] 8716
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BRB-GS | 11 | 11 | 11 | 11 | 11
450 T T T T T T T T
Hybrid - - - -
400 |\ RB-GS — — -
\ BRB-GS — —
350 By~ R
300 - \V i
— \
&L 250 | \\ \ B
[} \
E 0f NN -
= \\ ‘o
150 | NURER 4
\ ~.
100 | N~ S -omo -
\\ ~N— __ _ _ "7 =-
50 —T T o=
0 1 1 1 1 1 1 1 1

0 2 4 6 8
Number of threads

08 O00OO0OOOOOoOoDoOoOO
Fig.8 Comparison of parallel smooothers
in computational time
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03 mBRB-GSOOOOOODOODODODOOOOODOOOODO
(bboo/oooooon)
Table 3 Calculation time and number of iteration
of the multigrid solver based on mBRB-GS
(calculation-time / number of iteration)
Po
3
27.00/8
24.72/1
26.34/17
24.10/6
25.78/6
27.58/6
29.29/6
31.05/6

32.91/6
34.72/6

Po
6 7 8 9
29.62/7 31.69/7 33.83/7 35.70/7
26.34/6 28.04/6 29.86/6 31.65/6
2766/6 29.47/6 31.14/6 33.09/6
29.26/6 3096/6 27.38/5 28.77/5
25.76/5 27.21/5 2880/5 30.14/5
27.18/5 28.71/5 30.22/5 31.65/5
28.71/5 30.19/5 31.68/5 33.15/5
30.17/5 31.66/5 33.18/5 34.54/5
31.71/5 33.07/5 3458/5 36.09/5
33.15/5 3464/5 36.16/5 37.60/5

1 2
3240/11  28.18/9
28.03/9 26.28/8
26.75/8  24.60/7
28.85/8 26.45/7
31.08/8 28.42/7
33.38/8 30.36/7
35.74/8 32.42/17
38.05/8 34.44/7
40.55/8 36.55/7
42.95/8 38.84/17

4 5
25.61/7 21.55/7
26.66/7 24.55/6
2424/6 25.97/6
25.79/6  27.54/6
27.48/6  29.20/6
29.14/6  30.94/6
30.98/6 32.71/6
32.68/6 28.67/5
3457/6 30.18/5
36.26/6  31.75/5

oo~ WN =

—_
o

10
37.82/7
33.40/6
34.81/6
30.31/5
31.73/5
33.13/5
34.62/5
36.13/5
37.54/5
39.09/5

OO WN —

_
o

16
14
12 -
10 -

performance ratio
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Number of thread
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