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Matrix eigenvalue problem

Bounding eigenvalues of generalized eigenvalue problem:

Ax = λBx

where A, B are square symmetric and B positive definite.
Notations: (1) λi(A,B): the i-th eigenvalue on increas-
ing order of magnitude; λi(A) := λi(A, In) (In: identity
matrix); (2) A � 0: ⇔ A is positive definite matrix.

Failure of approximate computation

We solve the Lapace eigenvalue problem over unit squre
domain by variational method with polynomial of degree
10 as trial function. The approximate result shows that

λh
1 = 19.739208802178702

However, this is in contradict to theoretial estimation:

λh
1 ≥ λ1 = 2π2 = 19.739208802178716...

The verified computation gives correct upper bound for λ1:

λh
1 = 19.739208802182223 .

Verified computation

New perturbation theorem for eigenvalue problem:

Theorem 1. Let B be symmetric positive matrix and A1,
A2 symmetric ones. Suppose quantity ε satisfies

εB − (A2 −A1) � 0, εB − (A1 −A2) � 0 (1)

Then

|λi(A1, B)− λi(A2, B)| ≤ ε

Remark: The condition (1) is weaker than classical one:

ε ≤ ‖A1 −A2‖2 /minλi(B) . (2)

Algorithm for bounding eigenvalue

Two steps for bounding eigenvalues

1) Verify index of eigenvalue through LDL fraction with
error estimation (Theorem 1 needed);

2) Sharpen bound of eigenvalue through Lehmann-
Behnke’s method.

LDL fraction to verify eigenvalue roughly� �
1 Calculate λ∗

k ≈ λk(A,B).

2 Choose two small proper positive quantities σ1

and σ2 and perform approximate LDL fraction:

A−(λ∗
k−σ1)B ≈ LT

1 D1L1, A−(λ∗
k+σ2)B ≈ LT

2 D2L2.

3 Compute η1 and η2 as small as possible such that

η1B − (
A− (λ∗

n − σ1)B − LT
1 D1L1

) � 0,

η2B − (
A− (λ∗

n + σ2)B − LT
2 D2L2

) � 0 .

4 Denote by p(≤ k − 1) and q(≥ k) the negative
eigenvalues of D1 and D2 then

{λp+1, · · · , λq} ⊂ [ρ− σ1 − η1, ρ+ σ2 + η2) .

� �

Lehmann-Behnke’s method to sharpen the bounds� �
• Let m ∈ N ; u1, · · · , um are linearly independent

vectors of Rn ; let vi ∈ Rn for i = 1, · · · ,m.

• Let σ ∈ R. Define A0, A1, A2, Â and B̂ by

A0 := (uT
i Buk)i,k, A1 := (uT

i Auk)i,k

A2 := (uT
i AB−1Auk)i,k (i, k = 1, · · · ,m)

Â := A1 − σA0, B̂ := A2 − 2σA1 + σ2A0

• In case B̂ � 0, denote by {μi}i=1,··· ,m the eigen-

values of Âx = μB̂x in increasing order, then there
exit at least p eigenvlaues in

[σ +
1

μp
, σ) for p = 1, · · · ,m .

� �

Implementation of the algorithm

The algorithm is implemented in Matlab language to-
gether with Interval toolbox. The code can deal with sparse
matrix and the estimate clustered eigenvalues effectively.

Sample use:

%bounding largest three eigenvalues in magnitude
[bounds, index] = veigs(A,B,’lm’,3)

%bounding smallest three eigenvalues in magnitude
[bounds, index] = veigs(A,B,’sm’,3)

%bounding three eigenvalues nearest to 0.1
[bounds, index] = veigs(A,B,0.1,3)
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