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Abstract
An extensive survey has been performed on algorithms of interpolation developed during the
last ten years from the viewpoint of the scientific subroutine library (SSL). The present report
introduces some of new useful algorithms found from the survey. Neville’s iteration scheme
has been applied to achieve more precise interpolations and some algorithms have succeeded in

BN O —

eliminating the unnatural wiggles which had been one of the unsolved problems.
These algorithms will give a help to enlarge SSL, because they have clear mathematical

bases and many of them programmed as computer subroutines.
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* Recent algorithms and computer programs for interpolation
by Takeharu ISE and Toichiro FUJIMURA (Tokai Research
Establishment, Japan Atomic Energy Research Institute).
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fE3C&iLHn s {fu) 2z ORBERBIKRELT
WBRZ EDHS, RD, 2DDO=AH| (triangle rules)
& 1 50F#A) (thombus rule) BB SN 3.

fn=(x_xl)f1+1,.-x+(x;+.—x)f,,.-1 a1)
Zijsr—2Zy
= Zi+r—Tj
f" X=X Zij+a— T (12)
Fa-1 fram
Fu=Ffin,-2+ Titk,
T—Zy
Fista-1— fia1,0-2
—z;
*—+ pry— (13)
firam—fin-2
Q)RR HREE
fro=fr jSr<jtk (14)

& L7 & %D Neville-Aitken % T& 5. LIzd-T,
BRREBEA R s OBFR fre:

{fris JSr<j+k—s, 1<s<k} (15)
2155, —%, REAK(12)1}, HRREE(4)KLT
BLEROBPENLB.

F -1
f~={t§0a.x‘} , JSt<Sj+k—s, 1<s<k

(16)
ZZiT, A {ar; 0<i<s} BEHTH 3.
(TaY)Xa A) i (i EIRH) TR
AREAVT, Zh&iBA)YRNEAN3.
(T yYxXs B) FiFlETRU)XEFNT,
2hPBIBA)REBN 3.
ZOEHICLT, {z—z,; j<r<j+k} $THLE,
BT
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Table 1 Example of a rational interpolation table by [Algorithm A4;]
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6 5 % 442
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1) o V., % ¢, LEEBRT,
co=Pa(x)
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Cr=Cr+TiCa+i
k=1,2,.-,n—1
ZCZTO a 8z OAD TR L - RESHAOHK
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PO)= % cf—a)
k=0
d*P.(£)
agt lg=z
CORMEDOT VI Y XL, THRELZRSTCE
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&£ 2) 7513, Hermite WA ML CTEMNTES.
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=klc

Table 2 The number of arithmetic operations
required for calculating Pa(z).

Interpolation’s . e . Additions and
algorithms Divisions | Multiplications subtractions
Lagrange n+1 (n+1Xn+2) (n+1)n+2)
Aitken-Neville %n(u+1) n(n+1) (n41p
Algorithm 1 %n(n-ﬁ—l) 2n (n+2p¢+n—1
Algorithm 2 %n(n+l) n (n+1p4n—1
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BE= MY o 7 ABRFICHONEL NI NS TS
5.
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=
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BBIE A EETFH L. RficEbhTl 3 0
B, TNDORBRBIENAT T4 YO T, EHER
(tensionfactor) &IRIIN B85 X —2 TH 5.

&, F=2AWEA) 26y :<lzin, i=1,2,-,
n} BEZSNTHL, ECTOERDO2BRBAHET
DMk & B O HKE

flz)=y; i=1,2,-,n (22)
EETEEE F 2EZ 508N, Eiz ff—0if b
BETHBEELS. T1bb, ai<z<zimiiL
<,
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FH@) =0 fl)=LFm) =y T EE=E

+[f%xno—wyuax;x%
]

i=1,2,--,n—1
g, hi=zimn—xi TH5.
ZD2)R% () DRHEEERMLTEET S LRX
5.

(23)

_f"(zs)sinh(o{zis1—24))
flz)= o?sinh(0ks)

+f"(x:+1)sinh(0(x—x.'))
osinh (0h)

+[’.l/i—f%(f—‘)]f“;:'xt

_f“mnqilﬂ
+[?/1+| p Iy

ZD f i3 [z, 2] THEETHY, T 73{f"(x:),
i=1,2,-,n} D—EHTRENI@)EDS F, f!

(24)

f(x)

]|
enlarged below

All 7 intervals full scale X

N ——

o= 0=0 Cubic spline
——=—0=5 Spline under tension

L 1 1 1 1

(o]
~
>
)
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10 12 14 16 1.8 20

X

Fig.1 Elimination of extraneous inflection points by using the spline under tension.
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HERTHIZEMBNLEDD, KOXILKFELZN
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27, @ORPS 7 OEHEOBRAMNELVEEL
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[ 1 o :lf"(x;-q

ki1 sinh(ohia)d o2

[a cosh(oh;-1)

1 , ocosh(ohi) l]
sinh(0ki-1) hi-y  sinh(oh)) A

Srx) 1 a 1 (xi4)
X g2 +h‘ sinh(oh)] o2

___yiﬂ—yl_yi'—yl-l i=2 3. e n—1 o5
h‘ h‘_l 9 1 'y £ !n ( )

}ic, w' & v BEIZSRTOBEULT {f(z)=
vt i=1,2,.--,n} BRTB f 2EZD. Tb
B, x=x1,x=z, TEHREBFLTHEL W LEL
LR E-TRAERS.

[acosh(ohl) lﬁf”(x;)_l_[l_ 4 ]
sinh(ohi) hid @2 h1 sinh(ohi)

X’l ”(:2>=y2—y1_y1’ (26)
o m

[ 1 g ']f”(x.-1)+[0 cosh (0 ha-1)
hu-1  sinh(Ghe-1)d @2 sinh (0/a-1)

e ey e @)
R, (24), (25), (26), @ RiIKREEKE (=)
0%; i=1,2,-,n} ETZ3EHATEL Vv 2 OK
BITPA OB 1 KHBRELZ0T, 3RRTSS
4 VBIMARD B TS Y X a (BRE)Y THEICE
R EMTE3. FEBRICHBETZRAMEKICONT
&, 1= F(xan), F21)=F"(2a11), f7(21)= f"(2ns1)
DEBEZEALT, FRICB T ENTES.

(2)REHBEDMBEHIC, 020 LT B & f7
DA TERT, »OHEAHTIRALLZ0T, f
RBYEBEDIRATIA VEBKENS. 00 & T5L
fENBAZIBILT, #BLIRRENLS. OKH
RS54 VERITZ B3RS TIIDI, RTR- M-
HEE . FRUIDOFFA VICIERICERLDTET
»%. BOX#R18) i Fortran 7 u 2’5 a5 h
T3,

Akima® & 3RRXFF4 YRIBEOREE TR L7
FLOLSTRPEBERAVLZTVT )X LERELT
W3, ZOFER, IRORGEFARNEZD2DOF
— 2 Eip o #AE (LIohs-> THRITH) IKRDIHE
TEH LT ik T, Lagrange P§i%, Fourier &
MANBREETHLET A REARNIIKE (unnatural wig-

BEOABEOTAT ) XL MR T 0S5 A 421

gles) #RETZCENTE, B U - WERMEL
BB (ChMBBELELV)ICRLGANONEBONS.
F—2EOEIFBEEEBETERVETRDONTX
3.

ZOFRIRSRORFEERETF — 2 RICBRER
LT DTH B, E2OETOHBOEE 1A
A& L5 52D - TEDTNL. ABRRBRD X
SIELTEDS. 4, 5HO0ESEEH,S 1,2,3,4,5
MY, A3iKBUAAREERDS. H3OHEIR,
B4 12 oBEHS# 23 O/RICEIN Tt &
oA 2B OFRICILBEERB. ThEDEITO
BBt BRAE->THRDONZ ELTHWS.

t=|m.—m3|mz+1mz—mllmg (28)
| ma—ms| + | ma—mn |

T i, m,ms,ms,m 385 12,23,34, 55 0BT
3. Lit->T, MOF—2AERV2 5HOR
WYYV XLRBROLSHICNES.

25 (21, 1), (22, ¥2) DIICIRD 4 HDOFH::

Y=, g=h; z=z1 T (1 BBE)
dzx

(29)

Y=Yz d—y=tz; z=x2 T (f2 13T%)
dzx

MNehid, —EHKIREFERNELRDBENTES
DT, Ba 3IROZEREZEAT 505, STIRHER
B&EX&ETS.
y=po+ pr(x— x1)+ px— 21)*+ ps(z—zi)®
(30)

zig, |

Po=%

=t

32TH_on—t
Zo—T1

b=

Te— X1

t1+lz—2-yz——y!
X2—Z1

P= (x2—x1)?
HROBTRAESRDONLVOT, ZHULOR
TOEBTF—2mhoEEIN 3. Tbb, WA
(23, 13) LZDOARD 2 & (2, ¥2), (21, 41) 2]RD,
ROZRACHLTHTRHONS.

y=go+q(z—2xs)+g(x—2s)%, (gs IZEX) (31)
2O, TOREK g ARDBWHIC, REMIC
I5—T3=T4— X2=X3— 1

Ys—Ys __Ya—Ys _Ya—Ys_ Ys—Y2
Z5— T4 X4~ T3 4™ T3 IX3— X2
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— Ys—¥Ya_ Y2—t
Z3—Z2 T2—

EHET S 2K (2, p4), (x5, y5) BBMENS.
D& HRRGSEREFETHHICHERD T  Akima
OHER, fROoFEEHBT 2 &, FEHICHS MM
BE5213cLMTx5. Fig. 2 (3, ZHEEOF—
2 Sicxt LT, Lagrange WiE (polynomial), Fourier
BIRME, 3RRSF 4 VAE, osculatory PRI,
&2 Akima OHBSTHRHEOUBKEBT TH 3.
Akima OFENFEXIC L ZHHICH AL, oscu-
latory NiEiCKk 2 O BKRICE VY, ZOFER
Akima OFBEIC X UATN 3, QR AR D 3 DiC
S5EORDIZIEEAVT VLS. i, KT Lag-
range 3, Fourier 3:3IZEBEIEAE 10 T THR-TWH
3. K2, F—2HORVFEREHRIcR-T,
SRS P4 YHEPB LU osculatory BEHB L TH
7c0 Fig. 3 TH3. WIFNOKETS, #—-FA
DOROFR, dTRHHBICEELEEERIZTH,
L To Akima OFHEY, HLEESDIINTEH
b3, 7, Akima OFER, SHEKR T LD
BHCEBTEZ0T, HWROFHREES DICEL

A)Polynomial | [BFourier (cosine) |

] /'

[ \1 . ]
(degree 3)

(C)Spiine kDiOscuiatory

Y Y.
HEINew method {F)Manual |(6 p.oplo/s.

Fig. 2 Comparison of several metheds of smooth
curve fitting at equally spaced date points,
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(A)Spline’ |(degree 3) | [(B)Spline [ degree 3)
/' rJ}

A - -

'/ (D)Osculatory =~
p “JD

=T -

EN;mﬂhnd

Hyg g

’ ——

[(_ETNQ\' method

L

Fig. 3 Further comparison of three methods of
curve fitting for sets of unequally spaced

;//./ ] %50

(A) Original data

(C)Osculatory inferpolation (D) Akima method
Fig. 4 Comparison of three methods for contour
maps.
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T3, Fig. 4 (BIEBR) czo—fERLIH,
ZCZTHIXRRTFIA VEB LY osculatory &R
b, FRCERUSERANEEL T 3. FIOR
20) iz, Fortran u /5 ah¥ oSN TED, BEIZ,
z=f(z,y) BERBICHTI Ao 7 46ERINT
Wa?. ik, z=f(z,y) BOL &I, SERRO
BoBRAMBIFLODEh-2EITHEM.

BR®IT, X754 VREBIZUTHE Y, BHTAD
Y HsA 3 rounded ramp B9% (RRF) ZFu 7/ La-
gerlof OFHEP 2 BAT 5. BREREBIOERRS
D, FTiIKRT&LH7 RRF 2 MA L. 774D
b,

Fot =12 a2)
ZOBMOBRIEI,

f"u¢@=ﬁ’zz:fm (33)

fortz @)=t (30

fottma) = (35)

T, feo'(z,0) iz OBREKEL 5.
Z® RRF ZRAWT, ROABEEURKEES.

—b a) (36)

F8 {ar; 2=1,2,--,N} i3, COBBOBEHETH
308, COBMMBT — 5 A (v 1e; k=12, N} &
Bz idooEDONG. B (o k=3,4,-, N}
RERLERTHB. /7 x—2ald, TOREREK
D/ EEEDL, KEL alzxt LTI}, REEK
RFP—-2REBAFHR (BEB) L7K5. b i3,
br=zr1 ]
CA=Tr-1—Zr~2
POETY, B ar BRO= MY v 7 AHFBXER
nwtédohs.
1, z1, fela1s, @), -
1 xz, f"(.tz;,a)

~Frlzin, @) Y ar %N
 fredlzaw, a) J[qz}:{yz}
1 zw, fn(xm, a), - frr(-iuw, a) an U

(38)

flz)= z i+ z a.f,,(

(37

czic

zp—by

Tpg=
Cq

CORM=EY v 7 R, BBALTEARICKESME
BEHLTHT, EEAERBIGIVETEDONT

BEOABEOTNVNTY X LEHR TS5 A 423

3. Lieh-T, R {a} BREEEZAVTESR
KRDBCEMTED. RFA—-FaDRDFR,
BE)RD2HBAELYD, TOROSHIESTRET
2. $lzi3, sinzx % 13 SABLT a3 A —4
ic U7z 2ssr ot (Fig. 5 21R) £24TH5 L,
COBEAE a=2 BRETHEI LMBbP5.

z® RRF 2B\ -RET7Ara ) X413, B
I HEHATE, Fourier I DENTNA L &8

(A)

, (B)
£'(x) f(x)

(c)
() £(x)

Fig. b Second derivative curve of sinx interpolated
through 13 points with different values of
the rounding parameter .
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HMRICHEHSh TV 3. £, 2R EORMEI
bEBRILETE, CO2EMORMBAR S, O
@ Lagerlsf HCREN TS, KRICIY, Fortran
Fus s aMBEshTH3.

3. & & he &

BUBIGRN LS, RAOHEMIIEE SSL ©
HETHBDT,

(1) BELARTATY XahBELONTNT, £
BOSHAMETHR, Zhoo7ArT ) XATH
ABRTETVEDTHSH .

(2) HLERTETIRVREMSEDOTHNI,
FOHIDOREEZFRUILHF LOHT ALY X 4
DFERWBDBNE D .

RECEEREZIL-T, TEB3RFELITRE Y —~4

L. ZOMERUCEEZDTIRARS.

L£FT, VAVADEEEYEZ-TRAVLATVS
N—=F VT, PRYDOANEES LBbNS. LHL,
BREDHBF—~2K UTHE N Larkin (Padé
i), Stoer (HESH) BEOTNITYVXLDFu)T
Li3nA 7. Stoer DT T Y XA R—-LOHHE+
Y EA—TEbLUL TS K)THS. Gustafson DI
b, W OLDOREHTHESRVEIBOTERE
Bbhs.

B, TOFRRELLRT7 T4 VBEBSHEBEI S
SKBVONE XS I -7, RBTOBRNES
TF— 250857k TREBEMEL T L
%3 Schweikert it X » THefEh, *72, chiEHR
T BB M Cline, Akima i L > T EH, FOR
RF707 5 43FRLTNE. 2hdid, WFEhdH
RELBDNEY, RADRIETA, REMULOTH
2V EA-—THEBLTORLNWES>THS.

Table 3 {213, XY — <41 DR, Fus 74
R PR TWcbDEZEBDTE . T2hdid,

Table 3 New interpolation algorithms with
program lists.

Author

(literature No.) Contents

Language

Extension of Newton’s iterated algori.
thm to any functions if continuous
differentiable. It containsalso Lagrange
and Hermite polynomial interpolations.

Herriot (14) Algol Natural splines up to 7th degree.
Lagerlof (23) Fortran | Spline-like rounded ramp function.
Cline (17,18)

Gustafson Algol
(11,12,13)

Fortran | Spline under tension

Fortran | 3rd degree piece-wise polynomial,
different from natural spline, with a

Akima
(19, 20,21, 22)
sophiscated connection at data points.
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1)* T.R. McCalla: Introduction to Numerical
Methods and FORTRAN Programming, John
Wiley (1967); =Mzh, MEBRB— HFR: BEIH
Wikgin, MTE (V1 xv2i).

2)* [RER: s hE—HEBIC K ZEREE
BF, #EHIR (1973).

3)* A. Ralston & H.S. Wilf (eds.) : Mathematical
Methods for Digital Computers Vol. II, John
Wiley (1967) Chap. 8.

4) R.W. Hamming: Numerical Methods for
Scientists and Engineers, McGraw-Hill (1962)
Chap. 8.

5) L.B. Winrich: Note on a comparison of
evaluation schemes for the interpolating poly-
nomial, Comp. J., Vol. 12, 154~155 (1969),

6) J. Stoer: A direct method for Chebyshev
approximation by rational functions, JACM,
Vol. 11, 59~69 (1964).

7) M. Abramowitz & 1. A, Stegun (eds.): Hand-
book of Mathematical Functions, Douer (1964)
Chap. 25.

8) F.M. Larkin: Some techniques for rational
interpolation, Comp. J., Vol. 10, 178~187 (1967).

9) D.B. Hunter: Neville’s method for trigono.
metric interpolation, Comp. J.,, Vol. 11, 311~
313 (1968).

10) F.T. Krogh: Efficient algorithms for poly-
nomial interpolation and numerical differentia-
tion, Math. Comp., Vol. 24, 185~190 (1970).

11) S.A. Gustafson: Rapid computation of gene-
ral interpolation formula and mechanical quad-
rature rules, Comm. ACM, Vol. 14, 797~801
(1911).

12)** S. A. Gustafson : Algorithm 416, Rapid com-
putation of coefficients of interpolation formula,
Comm. ACM, Vol. 806~807 (1971).

13)** S. A. Gustafson : Algorithm 417, Rapid com-
putation of weights of interpolatory quadrature
rules, Comm. ACM, Vol. 14,807 (1971).

14)** J.C. Herriot: Algorithm 472, Procedures
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for natural spline interpolation, Comm. ACM,
Vol. 16, 763~768 (1973).
15) T.N.E. Greville (ed.): Theory and Applica-

tions of Spline Functions, Academic (1969) @

1@, p.1~p. 36: Introduction to Spline Fun-
ctions (T.N.E. Greville), p. 87~p. 102: Some
Algorithms for the Computation of Interpolat-
ing and Approximating Spline Functions (L.L.
Schumaker).

16) D.G. Schweikert: An interpolation curve
using a spline in tension, J. Math. & Physics,
Vol. 45, 312~317 (1966).

17) AXK.Cline: Scalar—and planar—valued curve
fitting using splines under tension, Comm.
ACM, Vol. 17, 218~220 (1974).

18)* A.K. Cline: Algorithm 476, Six subprograms
for curve fitting using splines under tension,
Comm. ACM, Vol. 17, 220~223 (1974).

19) H. Akima: New method of interpolation and
smooth curve fitting based on local procedures,
JACM, Vol. 17, 589~602 (1970).
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20)* H. Akima: Algorithm 433, Interpolation and
smooth curve fitting based on local procedures,
Comm. ACM, Vol. 15, 914~918 (1972).

21) H. Akima: Method of bivariate interpolation
and smooth surface fitting based on local pro-
cedures, Comm. ACM, Vol. 17, 18~20(1974).

22)* H. Akima: Algorithm 474, Bivariate inter-
polation and smooth surface fitting based on
local procedures, Comm. ACM, Vol. 17, 26~
31 (1974).

23)* R.O.E. Lagerlsf : Interpolation with rounded
ramp functions, Comm. ACM, Vol. 17, 476~
479 (1974).

24) S.W. Kahng: Osculatory interpolation, Math.
Comp. Vol. 23, 621~629 (1969).

25) GEHER: AEE NERE (=<9 2R
EU, NEENHERY Iv—FVI4TTY—
DTN Y X LHEE, No. ll, (1975) (FTREERD.
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