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Abstract

For an accurate uniform analog simulation, uniformly continuous functions should be ex-

pressed in a full range of the given domain by approximations of the form:
flx)=aot+arx+azxf+asxt

It is noticeable that the exponents Bi, B2 are respectively determined by real numbers accord-
ing to the nature of the given function. A maximum error due to this approximation is
given by a moderate value enough to be used for this purpose, and its magnitude is compa-
rable with that caused by other approximations having an equal number of parameters. The
usefulness of this approximation can be found in the fact that different values of the para-
meters are available for a wide range of approximation.

A numerical method how to determine the parameters is described with its computing

program and an optimum approximation obtained by this procedure is shown with its error
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curve. As for different functions, numerical data are tabulated.
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vJog NOCC
c
c 90 00 9 JJ=2,5
c FRACTIONAL FOWERS APPROXIMATICA 91 IFCEENAX=ABSCEY(JJ))) 14142
c 92 1 EEMAX=ABS(EY(JJ))
c FCX)SADIAL e X4A20X 0 oFMI+ASs XeoF 2 93 GO 1C 9
c o 2 IFCEEMIN-ABSCEY(JJ))) 9,9,3
c 95 3 EEMIN=ABS(EY(JJ))
DIMENSICN XA(Z).XX(S)-EY(S) 9¢ 9  CONTINUE
COMMON /HARE 97 HlN-(:erM/E:MAx)-qu [\
COMMCN /AML/AO.AI-AZ»A3,FH1.FH2 98 IFCI1.NE.1) GO 10 220
CALL SETSEF(1H,) 99 101 WRITE(6,333) II,HIN
READ(10,110) x.ALH.ESTa.u:x.u 100 WRITEC6+313) AQ,AL
WRITE(6,858) 1,ALH,ESTD,HEI, 101 VRITE(S,44l) A24A3
888 FORMATCIH_ ,T13,° INFUT nm-./ms.u.ms 17 102 VRITE(6.595) FM1,FM2
*T18,2E15.7,/7) 103 WRITE(6+302) (JI,XXCJIDLEY(JI),JI=1,5)
110 FORMATCI R, GELS .7 104 333 roanar(///sx.1znxrznarlous 2,131 4Xs
c FUNCTION NAME }3: Sl’-ngga;Ig OF BEST FIT =.E15.7/)
GO TO (11),1 ATCIH o 5Ky 3HAO= 1 E204 11, 5Xo SHAL =, E2,
1 WRITE(6,511) 106 444 FORMATCIH ,5X,3HA2 Ezu.:l.sx.snngz.szg:iig
s11 FORMATC1H +T13,*OUTEUT DATA®7/ 107 595 FORMATCIH o4XoUHFNMI=E20.11 04X s4HFM2= 0
sT30,°seses  COSH(X) sesss’) {g; Joz.tzgaal/;(l
BEST APPROXIMATION MATCIH oSXo JHXXCo 13,2H)=,E17
V= " 108 *SHEMAX=,4E17. 10) +E17.10, 5%,
108 220 fgzcx ?’c EST F
X10 (HINT. E.Hzx) co 1
X0I=XI10/ALH ::? g:?r=ﬁ S (H ¢ 300
AD=FS(0.0) HxNT-H:l) 32no.101.1
AASFS(1.0) 132 3200 FFL1=ABSCEFF1)eu o
HINT=0.0 113 FFL2=ABS(LFF2) ou
114 FFL3=ABSCEFF3)e¥
115 FrLu-ABS(EFru)-u
116 EYI=EY
117 EYZ-EY(Z)
FFLI=HINT 118 EY3=EY(3)
FFL2=HINT 119 EY4=EY(4&)
FFL3=HINT 120 EYS=EY(S)
FFL4=HINT 121 IFCEFF1) 4lo41042
1=y lgs [} ESL%=-S§GN(FFLX.EYI)
999  FL1=FL1+4FFL1 1 02
yt2=rtzarrtz 124 42 FFL1==SIGN(FFL1,EY2)
FL3=FL3+FFLS 123 25  IF(EFF2) 43,43,40
FLW=FLU+FFLY :gg 43 EzLiz-SlcN(riLz.Evz)
F1=FS(X01)~AQ=AAsXOI+AUSXOT+FL 1
F2=FS(XIC)»AQ-AAsXIC+ADSXIO+FL2 128 40 FFL2=-SICN(FFL2,EY3)
F3=FS(XII)~AO-AAsX[I+ADeXIL+FL3 129 45 IFCEFF3) Su.50,60
F4=FSCXIV)~AO-AAeX[V+AD X IV+FLG 130 50 FFL3I=-SIGN(FFL3,EY))
A=F3/F4=X1V 131 GO T0 65
C=(XIVeF3I~F2)/F4 132 60  FFL3=-SIGN(FFL3.EV4)
AOI=F3s(XI1+XIVeA+A®82)=F28(XIV+A) 133 &5  IF(EFF4) 70,70,80
AIO=F] ¢(XIV+A)-F2e( XIVee24C)4F3eCKIVeCH 134 70 rrLu—-s[cn(rrLu.EVA)
*2.Ushel Aeklves2) 13 80 FPLAC-S 16N CFFLUMEYS)
ALISCo(F3e(C-XIVee2)+ == '
LT3 TS BRORRL A fo 137 73 GO TO 995
CALL CRD£R2(IOI:A1C.AX1.XA-KOR) :gg 3000 :Rl?i(lu.xli)
A01=1
Irtxon EQ.J) G0 TO 3000 140 3001 VRITE(10.112)
FR=XA ln; Go To 300
-A10=: FR 14 111 FORMATCIH TS, 'Y(= —
AL ORBER2(AOT,ATO ALLLXAIKCR) 13 :12.T2g'.(lnﬂc"zsno'“éciy;t¥p2)
+A10, . ORMATCIN ,T5,° —
IFCKOR.EG.3) CO TO 300 t4s 300 STOP S¢tHEL == CIMAG.,ZERO,NEGA.) ‘)
X=XAC1) 145 END
¥=PR=X
IF(Y.LE.0.0) GO TO 300¢
?Q}gfnfbg?3?§;52:Loc 1 SUBROUTINE ORDER2(AOI1,AIC,ALL, XA,KOR)
F¥2=~ALOG13(Y) /AALOG M 2ND ORDER EQUATICN
DELTA=X[Os(Yos2-Xee2)+XITo(Xes-You3)s [4 AOI»AIO AII-~-COEFFICIENTS(REAL)
R
A2=(F3e(Yse3-X10)-F2s(Yse2-X11))/DELTA
AS=(F2e(Xee2-XIT)~F3eCXeo3-X10))/DELTA 2 c KOR=3=~~NCTHING ( IMAG. s ZERCoNEGA L)
Al=AA-AU-A2=A3 3 ?i?fé?‘?& §‘é§)co 10 10
c CQECULATKON CF THE FEAK a BEAOI4ACI
X=0.,0 5 0=A10%e2-4,UsAQLsAIl
850  DX=9.05 s IF(D) 20,3.,40
700 ERRIZFSCX)=F(X) : 20 KOR=3
XX2=X+DX RETURN
ERR2=F 5 (XX2)-F(XX2) 2 30 XA(1)==A10/8
XA3=X4DX+DX 10 Go 10 50
ERR3=FS(XX3)-F (XX3) 11 10 XA(1)=-Al1/Al0
EERI=FRR2-ERK1 12 50  IF(XAC1).LE.U.U) GC TO 20
EER2=ERR3-ERR2 i 70 KOR=1
ERER=EER1sEER2 BETURN
IFCERER) 530,504,600 15 40 XAC1)=(-AID+SQRT(D))/B
600  X=X+DX 18 XA(2)=(=A10-SQRT(D))/B
GO TO 700 1?7 IF(XAC1)eGToVUeL) GO TC 60
500 EEE=ABS(EER1) 18 IF(XA(2).LE.0.0) GC TO 20
1F(EEE-ESTD) 600, 9USiou9 19 XA(X) =XAC2)
909  DX=DXs0.5 20 0 TC 70
GO To 703 21 60 IF(KA(Z) LE.0.0) GO TO 70
c OUTPUT OF THE ANSWER OF EACH STEF 2 KgR=2
800 JI=Ji4y RETURN .
XX(JI)=X4DX 24 END
XAAzXX(JI) ‘
EY(J1)=FSCXAAI~F(XAA)
X=XX(JI)
IF(JI=5) 850,890,850
8S0  EFF1=AHS(EY(1))~ABS(EY(2)) 1 FUNCTICN FS(SX)
EFF2=ARS(EY(2) )~ABS(EY(3)) 2 COMMON /HAKE/]
EFF3=ABS(EY(3))-ABS(EY(H)) 3 GO T0 (1)1
EFF4=AYS(EY(4))=ADSCEY(5)) b4 1 FS=CCSH(SX)
EEMAX=ASS(LY(1)) : gtrukh
ND

EEMIN=ABS(EY(1))
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1 FUNCTION F(X)
2 COMMON /AME/AUeAL+A2,A3FML1sFM2
3 F=AJ+AteX+A2eXesFMI+A3eXooFM2
4 RETURN
5 END
INPUT DATA

1 0.138G277E 1 0.1000000E-u9
0.9999UuJE D2 0,3000000E 00

OUTPUT DATA
sesse COSH(X) weeeces

RATIC CF BEST FIT = 0.2629070F 0Ot
0.39815940090E-C3

ITERATICNS = 1

AQ=  0.10000000000E 01 Al=
A2=  0.50210242244E 00 Al=  0.405800529 :8E~01
FMi=  0.20045533982E 01 FM2z  0.41425578443E 01

EMAX=~C.8273171261E~05
EMAX= 0.2175074769E~06
EMAX=~0.2541928552E~06
EMAX= 0,7822818588E~06
EMAX=-0.,655790790SE~05

XXC 1)= 0.63281250LVE~U1
XX( 2)= 0.318750000vE 00
XX¢ 3)= 0.45625000uVE 00
XX(  4)= 0.6468749S9SE 00
XXC  5)= 0.9164062499E 00

RATIO CF BEST FIT = U.9599260E 02
0.,21057173171E-03

ITERATIONS = 30
AQ=  0.10000000000E 03 M=
A2z 0.50202743965E U0 A3=  D.40842623388E~01

FMi=  0,20034553447t 01 FM2=  0.4135SS01775E 01

XXC 1)= 0.3710937500E-01 EMAX=-0.2752043656E~05

XX( 2)= 0.205859375.E 00 EMAX= 0.2752014552E-05
XXC¢  3)= 0.4656250000E GO EMAX=~0.2752130568E-05
XX¢ %)= 0.739062499SE 00 EMAX= 0.2752101864E~05
XX¢ 5)= 0.9437499999E 00 EMAX=-0.2752218279E~05

Fig. 2 Program for the optimum fractional powers
approximation and its output data.
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FRACTIONAL POWERS APPROXIMATION

FUNCTION:  COSH(X) 0 sX |
APPROXIMATION®

Ap + A, X + AxX" A,x @
A, = 1.00000000 R; = 0.04084262
A, = 0.00021057 K, = 2.00345535
A, = 0.50202744 K, = 4.13999018

ERROR CURVE:

« xigb
2.0 \ /\ /\
1.0
2 0.0 .
Z 3o 0.2 \0.4 6 0.8 .0
-2.0

MAX. ABS. ERROR < 0.2752X10 -
L 0.1783X10° #F.5.)
DEGREE OF ERROR-BALANCE > 99.99%

Fig. 3 Error-curve given by the optimum fractio-
nal powers approximation of cosh(x). (This
figure is drawn by a curve plotter.)

Table 1 Optimum fractional powers approximations furnishing more than 0.9999 of error-balance*

0sz<1
Functions ] Minimax Fractional Powers Approximations Max. Abs. Errors Full Scale Errors (%)
exp(x) L. 000000000+ 1. 00RO, O e eza . sumars 0.2103x 10~ 0.8068 10-2
sinh(z) 0- 000000000+ 1. 000004326 4 0. A wnaeirs 0. 1839 x 104 0.1565x10-4
cosh(z) 1.000000000-+0. 0002105722 + 0. 80802740, eeworrs 0.2752x 108 0.1783x 10-2
sin (%.z) 0, 00000000+ 1. SO 0, s rmmors 0.4318x 10~ 0.4318x10-3
cos (gx) 10000000000, 003533570z — 1. 28U ZTTTAZ, tsesto 0.4250x 104 0.4250x 10-2
erf(z) 0. 000000000+ 1. 1T 06z . B resvion 0.1871x 10~¢ 0.2220x 102

* Error-balance is defined by the ratio of the minimum to the maximum in absolute extremal deviations
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Fig. 4 Different domains of optimum approxima-
tions with the same absolute extremal devi-

ations.
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Fig. 5 Typical error-curves of different approxi-
mations in the same domain [a, b].
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Fig. 6 Figures of Merit for both approximations
using fractional powers and ordinary
powers in the same interval. (Figure of
Merit is given by EPA/EFPA, where, EPA
and EFPA show the absolute errors due to
the minimax polynomial approximation of
the fifth dergee €p and due to the mini
max fractional powers approximation &f
respectively.)
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