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Analysis of the Best Possible Competitive Ratio
for Multislope Ski Rental

TakuMA Kitano,! Hirosur Fusiwaraf!
and TosHIHIRO Fusrrof!

The multislope ski-rental problem’?2) is an extension of the classical ski-rental
problem!) | where the player has the options of leasing skis by paying both the
per-time and the initial fees, in addition to renting and buying options. We
define the best possible competitive ratio as the competitive ratio of the best
strategy for a given instance, and analyze its infimum and supremum over ar-
bitrary instances. The infimum indicates how much the competitive ratio is
improved when the best instance and the best strategy are taken. On the other
hand, the supremum is equivalent to a matching upper and lower bound of the
competitive ratio. We prove that for the (k + 1)-slope problem, the infimum is
(k4 1)%/((k + 1)* — k*), which implies that no matter how many options the

player has, the competitive ratio can be no better than e/(e — 1) &~ 1.58. We
also show that the supremum is 2.47 for k = 2 and 2.75 for k = 3, which is the
first matching bound for each.
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Fig.1 Illustration of the range of the best possible competitive ratio for (k + 1)-slope ski-rental

problem. The infimum/supremum is achieved by the best/worst instance, respectively. The
lower and upper bounds of the competitive ratio (in a usual sence) for arbitrary k are found
in 3) and 1), respectively.
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Table 1 Correspondence between Multislope Ski Rental and Dynamic Power Management.
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Fig.2 Cost functions for a 4-slope ski-rental instance. ON(x,t) jumps at t = z1,z2,and, z3 be-

cause of transitions of states. Elsewhere it increases linearly with slope of r;. The dashed line
is OPT(t), which optimally transitions a state at the beginning without another transition,
based on the information of t. The competitiveness can be explained visually: If ON(x,t) is
drawn under ¢ - OPT(t), then strategy x is c-competitive.
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