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Parallel Algorithms for Accurate Summation
and Dot Product on the GPU

TOMOHIRO SUZUKITL

Accurate summation and dot product algorithms of floating point numbers
using error-free transformations were proposed by Ogita et al. The accuracy of
its computational results is comparable to a K-fold working precision, where
K > 2. Since the dot product is an elementary operation in numerical linear al-
gebra, highly accurate computations for large arrays are frequently required in
many applications. However, accurate summation and dot product algorithms
seem inherently sequential. To execute the accurate dot product (and summa-
tion) efficiently on the GPU, we develop an efficient data parallel algorithm by
applying the parallel reduction operation.
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function [s, e] = TwoSum(a, b)

s=1fl(a+0b)

v="f(s —a)
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endfunction
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function [p, e] = TwoProduct(a,b)

p="fi(a-b)

[a1,a2] = Split(a)

[b1,b2] = Split(b)

e=1l((az - b2 = (((p — a1 - b1) — az - b1) — a1 - b2)))
endfunction
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function [p, e] = TwoProductFMA(a, b)

p=fl(a-b)
e = FMA(a, b, —p)
endfunction
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[pi, pi—1] = TwoSum(pi, pi—1)
end for
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function res = SumK(n,p, K)
for k=1to K —1do
fori=1ton—1do
[pi, pi—1] = TwoSum(ps, pi—1)
end for
end for
res =11 (X0 1)
endfunction
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function res = DotK(n,z,y, K)
r=20
fori=0ton—1do
[h,t;] = TwoProduct(z;,y:)
[r, tnti—1] = TwoSum(r, h)
end for
ton—1 =71
res = SumK(2n,t, K — 1)
endfunction
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Algorithm 3.1 O0OOOO0O
function DPRed (n,p)
for d =0 to log,n — 1 do
for all k = 0 to n — 1 by 2% in parallel do
a=k b=k+2¢
Pa = Pa + Db
end for
end for

endfunction
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Fig.1 Outline of DPSum (n = 8).

Algorithm 3.2 0000000000
function DPSum (n,p)
for d =0 to log,n — 1 do
for all k = 0 to n — 1 by 27! in parallel do
a=k b=k+2¢
[Pa, pb] = TwoSum(pa, ps)
end for
end for

endfunction
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Algorithm 3.3 000000000
function DPSumK (n,p, K)

for k=1to K —1do

DPSum(n, p)

end for

DPRed(n, p)
endfunction
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Fig.2 Outline of DPDot (n = 4).

Algorithm 3.4 O00000000ODO0O
function DPDot (n,z,y)
fori=0ton—1do
toi = Ti; t2it1 = Yi
end for
for d =0 to log,2n — 1 do
for all k = 0 to 2n — 1 by 2% in parallel do
a=k b=k+2¢
if d =0 then
[ta,ts] = TwoProduct(ta,ts)
else
[ta,ts] = TwoSum(ta, ts)
end if
end for
end for

endfunction
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function DPDotK (n,z,y, K)

DPDot(n, z, y)

for k=1to K —2do

DPSum(2n, t)

end for

DPRed(2n, t)
endfunction
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__global__ void DPSum( doublex p )
{

extern __shared__ double sm[];

int tid = threadIdx.x;
int i = 2%blockIdx.x * blockDim.x + threadIdx.x;

// 000000

sm[tid] = pl[il;

sm[tid + blockDim.x] = p[i + blockDim.x];
__syncthreads() ;

// 000000000000 O0oOog
for (int d = blockDim.x; d > 0; d >>= 1) {
if (tid < d)
TwoSum(sm[tid], sm[tid + d], sm[tid], sm[tid + dl);
__syncthreads();
¥

// 000000
pli]l = sm[tid];
pli + blockDIm.x] = sm[tid + blockDim.x];

0 3 DpPSum 0O OO
Fig.3 DPSum kernel.
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