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A Branch-and-bound Algorithm
for the Minimum Binding Problem

SET KATAOKAT! and YOSHINARI SAKAMORIT2

Given a 0-1 matrix, the minimum binding problem is about finding a sequence
of the columns in which 1’s appear as consecutively as possible. This problem
is so hard to solve exactly that LP-based branch-and-bound algorithms can-
not solve even text-like instances. A dynamic programming algorithm that can
solve some smaller instances is known but it consumes exponential memories.
The dynamic programming algorithm, however, is applicable to obtain lower-
bounds if the number of rows is relatively small. Hence, using the DP-based
lower-bound, we develop a branch-and-bound algorithm. We also propose some
strategies to prune the enumerating tree and to obtain tighter lower bounds.
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Fig.1 An example of MBP: a 0-1 matrix (left) and its optimal sequence (right).
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01 DpP-MBPOOOOOOOOOOO
Table 1 The computational results of DP-MBP (sec.).

sparse (25%) middle (50%) dense (75%)
m n  # ave min max # ave min max # ave min max
20 10 0.03 0.00 0.08 10 0.01 0.02 0.58 10 0.00 0.00 0.05
5 25 10 0.11 0.02 0.24 10 0.58 0.16 1.61 10 0.03 0.00 0.25
30 10 0.42 0.02 1.61 10 4.15 0.52 13.31 10 0.04 0.00 0.25
20 10 1.22 0.09 3.56 10 2.06 0.09 549 10 0.18 0.00 0.63
7 25 10 16.05 0.44 67.70 10 59.54 3.55 200.74 10 2.73 0.02 12.05
30 10 115.52 8.30 585.52 9 833.93 43.56 — 10 7.85 0.05 25.03
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Fig.2 The process of DP-LSBP, T, St and Ag(T).
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Fig.4 The Ag(T) for T on LSBP(S¢|0).
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000000000000000000000000000000000 DP-LSBP O
000000 Ag(T)DODO00D0D0 LSBP(S|S,) 0000000000000000
000000000007 0000000000000000 TOD0:00000000
000000{jlay; =10ay; =00t T}000000000 kr 00000000000
00000000 Ag(T)00000AgT) 000000k 0000000000000

000000000 Vol 50 No. 8 1780-1788 (Aug. 2009)

0000000000 kb 00000000kr :=n—|S7|+ (S, |00000S, 000
D00k 00000000000000000000 kr:=n—|Sr|—|Se, 000000
e by 00DOODOOO
~ St =000 kr—k > |S,|00000000000000D00O0O00
S, 000000000000000000000000000000000
0 Ag(T):=n—|Sp|0000
- S, =000 kr -k <|Se,| 000000 kOODOOOO S, 00000000
000000000 0Ag(T) :=n—|Sr|—|S,|0000000 kr0OODOO
O00kr :=n—|S7|—|Se,| 0000
— Sy, #0000 kr—k>|S,| 000000 k000000 Se,, 00000000
O000000000Ag(T):=k—|Ss,| 0000
- S, #0000 kr —k < S, | 000000 kOO00O0O0 S, 00O0OODO
0S,000000000000000000Ag(T):=n—|Sr|—[Se,|0000
000 kr 00000000kr :=n—|Sr|—|Se,| 0000
00k 000000000000000000000000S,, 0000000000
000000000000000 S;\Sy, 000000000000000000000
00000000000 0D00000000000000000000 S, 000000
00000000000
e by 00DOODOOODO
- S, =00000DP-LSBPOOIOOOOONOOOONONOOOOOONONOOOOD
00 Ag(T):=n—|Sp|000D0O
- S, #00000S,, 00000 A000000DO0O000ODOOOOO0ODOO0
|Se, | 00000000AY(T) :=n—|S7|—|Se,| 0000
O00000000LSBP(S|S,) 00000000000000 (400000000
00 () 000000000000

k—1S¢,| kr — k> S| 00 Sy 0000
Ag(T) == n—|Sr|—|Sep| kr —k <|Se 000 (6)
n—|Sr| goooooo

(© 2009 Information Processing Society of Japan



1785 0O00OO0OOOOOOOOCOOOOCOO

3. 0oaoo

200000000000000D00DOO0ODOO0ODODO0ODO0ODOUOOODODODOODOO
gobooboobooboobboobobooboobobooboboboobooo
goobooooooooboooobooooboobooooooboboooooooboooooooo
gooooobooooooooboooooobooooobooooooooooooooboa
gbobooboooooboooboooobooobooooboobooboobOooooDo
oo

3.1 UUOOOoOoooooooao

goooooooooobooobooOobcOoooooboOoOoOoOoOoOoObocOoOoOoOobOOOOoOooo
Ooooooooooo0o0oooooooobOopR 00 j0eNODODDOOOOODOOO
ooooooooo P OPOP,, 0P, 000000000000 Px:= P; 00
O0000000XxXooooo0oo0 fodo (00,0000
goboooboboooooo10bboooooooboo0o 200000000 0000000
j2000000000000000 10000000000000000000O0 k00O
gooooooooooooooooobooobOooooobooooooobooooDboo
j307, 00000000 ji, js € S¢0ja, ja € S, 00 P, =Py, # P;, = P;, 0000
goboooobooooooobooooooooobooobooooooon
0000000000000 2000000 S, 00000000 S, 0000000000
010000000000 |Sfyj00000o0oooon |S/oooo0oooooooooo
gobobouoobbobootdebUdUs00bO0ODDObDO0ODgb30405: 00000
000000000000 /4040000000005, =P, =P,0000 |P,|=5
000000 |P,|=20|P,|=3000000000P, 00000000000000
ocooooooooooooooop, 0 Py,O0000000O0O0O0O00OOCOOCOOODODODOO
oooooooooooooooorooooooooooooOObO0O0Ob0bDbD

Least; 0 S; 000000000000 OO00OO0OO00OOOO0OOOOOOOOOOOO
00000000000000000000000000000000000000 PO
0000000 600000P NP #00000PO P,NP,O000000CDODOOO
O0P NP =00000P0000000000000O00DO00O0O0OOOOOO0O
j:=argmaxjes {|P;\Sf[} 0000 P:=P, 0000000000 Least; 100000
gooooon

JESx

000000000 Vol 50 No. 8 1780-1788 (Aug. 2009)

|
J5 J4 J3:J2101
foooFF
Pjs P.i4 :P]l

|
|
«—— L LLStf —>

|

k!
06 P,0000000 Leasty

Fig.6 The assignment of Py and Leasty.

Leasty = |Ps| — [P\ S¢| (M)
0000Least, 000000P NP #000000P:=P,NPO0000P NP =0
000007 :=argmaxjes, {|P\ S|} 00000P:=P, 0000000000 Leaste
000000000000

Least; := |Pg| — | P\ Se| (8)

000000 LLeasty > k000 Least, >n—k00000000000000000
000000000000000000000000000000

32 0000

000 Leasty = k000 Least, <n—kO000 Leaste =n — kOO0 Leasty < kD
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
0000000000000000000000000000
00000000DP-MBPOOOOOOOOO0O0D000000000000000000
DP-MBP O O(2") 0000000000000000000000000000000
000000000000 200000000000 DP-MBPOOOOOOOO 1/1000
00000000000000000000000000000000000000000
000000000000000
000000000000000000000000000000 57050S87us) =NO

(© 2009 Information Processing Society of Japan



1786 0O0O0OOOOOOOOOCOOOOCOOO

SYNSY =00000000Leasty =k0000SY :=Pp\(P\S;) 000 S := N\SY
0000000Least, =n—k0000S) =P\ (P\S,)O00 Sy :=N\S 0000
000000000000000000000DP-MBPOOODOOOOO f(S7)+£(S)
000000000000 00000000000000000000000000
0000000SC Sy 0000000 f(P):=00000000000000000
ooo

1 az]:1[|[|[|
Afi(S,3):==q9 1 0<) gais <) yas000 9)
0 0000000

0000000SC S 0000000 f(8) =m— |{i| ¥ cqy a1 = Xje @i}l

(il Yjesy a5 = Y,eyau}| 0000000 000000000000

1 a;=1000

L o< ZseSUS}V tis < ey @is0 0D (10)
0 bDOoDbOoooo

Afi(S,7) =

3.3 00000000000 LSBP (S¢|S.)0 PCLSBP (S¢|S,)0

0000 Leasty < kOO Leasty <n—k00000LSBP(S¢|S,)0 0 FFBB(S¢|Se)0
00000000000000000000000000000000000000000
0000000000000000000000000000000000 LSBP(Sy|Se)
0PCLSBP(S¢|S,)0 0000000000000 PCLSBP(Sy|S¢) O LSBP(S¢|S,) OO
0080 P;,, 008, 0 P, 0000000000P, 00000000000000
000000000000 1000000000000000MBPOOOOO00OOOO
000000000000000000000000000000 Leasty,, 000000
00o0O0oooood

0000D00000000000000000000000000000 k00000000
000000000 kr:=n—|S7|+|P;| 00000000000 kr :=n—|Sr|—|Pe|
0000000000000 0000O0PCLSBP(Sy|S,) 000000000 Ag(T) DO
0O (11)0000ooon

000000000 Vol 50 No. 8 1780-1788 (Aug. 2009)

BB-MBP(S;|S,)

/* meaningless restriction 1 */

If there exist four columns j1,j; € Sy, jo2,js € Se such that Pj, =Pj, # Pji =

Pj/ , then return.

/* meaningless restriction 2 */

Compute the values Leasty and Least; by using (7) and (8).

If Leasty > k or Leasty > n — k, then return.

/* obtaining a feasible solution */

If Leasty =k, let S} := Py \ (P\ Sy) and S} := N\ S}

Else if Least, = n — k, let SY¥ := P, \ (P \ S¢) and S‘;\] =N\ Sy.
Obtain f(S) by DP-MBP of (2) and (9), and obtain f(S}') by DP-
MBP of (2) and (10).
The upper-bound is zy := f(Sf‘v) + F(SM).
If Z > zy, then improve the current best solution and value, 2z := zy.
Return.

/* lower-bound */

(Both Leasty < k and Least, < n — k are satisfied.)

Solve PCLSBP(S|S¢) and PCFFBB(S¢|S;) (We solve PCLSBP(S;|Sy) instead

of POFFBB(S4|S;).) by DP-LSBP of (4) and (11).

The lower-bound is

zr, := mn—opt(PCLSBP(Sf|S¢))—opt(PCFFBP(S¢|S¢)) by (3).

If Z < zp,, then the current branching node is pruned, and return.

/* branching */

Choose a column j € N \ (S§ U Sp).

Call BB-MBP(S; U {j}|S¢).

Call BB-MBP(S;|S, U {j}).

Return.
07 00000000000 BB-MBP(S|Se)
Fig.7 The branch-and-bound algorithm: BB-MBP(S¢|Sy).
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02 BB-MBPUOOOOOOOOOOD
Table 2 The computational results of BB-MBP (sec.).

sparse (25%) middle (50%) dense (75%)
m n # ave min max # ave min max #  ave min max
30 10 5.51 1.31 20.20 10 3.88 0.09 19.84 10 6.91 0.17 31.41
35 10 12.30 3.63 28.47 10 23.94 1.97 133.25 10 14.48 0.23 60.45
5 40 10 18.43 6.95 44.34 10 43.53 5.19 192.77 10 33.62 0.55  196.59

45 10 52.93 17.34 143.53 10 67.20 8.30 238.72 9 45.24 0.33 —
50 10 81.62 21.91 327.09 0 107.17 14.09 391.67 8 190.64 0.39 —

—

30 8 958.70  106.16  — 9 116.49 8.33 — 10 307.18 0.64 2,296.00
7 35 2 2,513.71 1,516.34 8 529.42 10.19 9 172.53 10.22

40 0 — — — 6 1,483.36 118.92 — 9 444.82 5.05 —

30 4 2,559.99 1,638.97 — 7 555.69 125.48 — 10 717.13 12.84 2,025.59
9 35 0 — — — 4 1,585.47 463.81 «— 8 861.54 1.22 —

40 0 — — — 0 — — — 5 854.94 144.42 —
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