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Deeping and Expansion
of Large-Scale Random Fields
and Probabilistic Image Processing

KAZUYUKI TANAKATL

The mathematical frameworks of probabilistic image processing are formu-
lated by means of Markov random fields and Bayesian inference. Some practical
algorithms are constructed by applying belief propagation methods. Markov
random fields and belief propagation methods can be regarded as one of
statistical-mechanical approaches to probabilistic information processing. In
the present paper, we review some fundamental frameworks and statistical-
mechanical approaches of probabilistic image processing.
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X4 T4
X4 T4
Xv=| X5 |, Xv\is3 = | e = (13)
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000D00000D00. 0000000000 (11)-(12) 000 50000000000
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1
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05 ={2,4,6,8} (17)
0000 500000000000000O0ODOODOODO. O (16)
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X1 1

X X1 To €1
X3 Xo T3 T2
X4 X3 Ta X3
X5 X4 Ts T4

Xy = ii , Xv\ie,my = f(z , Ty = Zj , Ty (6,7} = Z (19)

Xg Xo s T9
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goo0odoooooooo,o0e0d700Db0O0OD0O0OD0OO0ODOOOODOODOOO
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PI‘{XV:wv}
Pr{Xv\(6,7} = Tv\(6,7}}

PI‘{X6 = Ze¢, X7 = -T7|XV\{6,7} = wV\{6,7}} = (20)

1

1
Pr{Xv\(67 =@nen}= Y > Pr{Xv =av} (21)

zg=0x7=0
0 (20-(21) 00 (1)00000000000000.
Pr{Xs = z6, X7 = 27| Xv\(6,73 = Tv\{6,7} }

o~ ( H exp( — %a(me — mk)Q))

kedB\{7}

xexp( - %a(mﬁ - 367)2) ( H eXP( - %0‘(5” - xk)2)) (22)

kea7\{6}

8{6} = {2,5,7,10}, 9{7} = {3,6,8,11} (23)
ooo
Pr{Xs = 26, X7 = 27| Xv\{6,7} = Tv\{6,7} }
= Pr{X¢ = z6, X7 = x7| Xy = x1,Vk€D{6,7}} (24)

gooooooboooo.
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0 (QQ)DD (22)00000000000DO00000D0O00O0OOO0,0000000
ddddoooooooooooboooobooooddooooooo. oboboooooad
00 Xy OOoooooao (MarkovRandomField: MRF)DDDD,DDDDDD
goobooag.

Pr{X; = z:| Xv\ (i} = ®v\{5} } = Pr{Xi = 2| Xy =z, VkeO{i}} (VieV) (25)
o, 000+000000000O000UOO0O0OUO0ODO. 00,0 (22)00 (22)000
ooo0oO0oooooo(v,p)UOoUOOODO0OO0O0OO0OOO0OOOOOoDoOOooDooooDOo.
Pr{X; = z;| Xv\ (i} = Tv\ (i} } Hexp(—%a(xi—mk)Q) (26)
kedi
Pr{Xi; =z, X; = 2;| Xv\{s,5} = Tv\{i,j} }

oc( H exp(—%a(xi—xkf))

kedi\{s}

Xexp( — %a(mi - 37]')2)( H exp( - %a(xj — xk)2)) (27)

keoj\{i}
3. DO0O0OO0OOOO0O0OO0oOoOOooOn

ooooooooooooo0oo0o0 )oooooooooooooooooooo
ocooobo,00000000b000o0O0b00b0Ob0O0bObObOOoOoOooOobOOoOooOno. oo
ocoooooOoO0oO0oO0oO0o0ooOoooobobO. 00oooooooooboooooOobOOO0O0n
zOOoooOooOooboobooboobbobbo. obooboobobbobobooo
00000 (Additive White Gaussian Noise) 000. 0000000000000
n(1€V)000000000000000 n=(n1,n2,---,ny)) 00000000000
00000000 y=(yi,vs--yy) 00000000,

y=z+n (28)
000 y=(y1,y2--yv) 00000000 Y = (V4,Ys,---,Y)y) 000000000
0o0o0ob00oo0o00oo0oooOoooooooooon (o900).

Pr{Y =y|X =2} x Hexp( - %(yi - l‘i)Q) (29)
v

P{Y =y|X =2} 000000 000000000000 yOOOOOOOODO

000000000000000,000 yO0OOOOO00D0000000 00000
00000 Pr{X =2|Y =y} 000. 0000 (1)00 (2900000000 (Bayes
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0 o =exp(—L(X-—Y-)z)
5 ©_0_© o 20270
9

O L EDEBRDER X=(X,X, ... ,X12)
3

7=(Y1’Y2s e sH2)

09 0O (29)0000000000000ODOO.

3 L DETR MEHEEHYR /A X

JAADER TS L

-128 0 128
010 0O (29)00000000DDDODOO yOOOOO.

Formula) 0000000000000,
Pr{Y = y|X = z}Pr{X =z}

) %’r{ij} L
x <Hexp(— ﬁ(yz—xz) ))( H exp(— ga(mz—x]) )) (30)

eV {i,j}€E
00D0000000000000 (30)0000000 Pr{X =Y =y} 0000
O (Posterior Probability) 00O00O0. 00O, 00 Pr{X =2} 00000 (Prior
Probability) D0 O000O.
0 (1)00000 Pr{X =
o100 900o000oocoO0ooobooooooooDoan.

Pr{X =z|Y =y} =

£} 00 (30) 00000 Pr{X = Y = ¢} 0000
00000000000
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= exp(- 30(G-X)

= exp(- 55X~ E))

@) 14 EDEROER )_(;(Xl,Xz, ,Xlz)T
D T g 0) $ 7=(YlaYz’ oo ale )T

011 0O (30)0000poOoooooo.

Pr{X =2|Y =y} 0000,000000000000000000O0O0O0OOO
ogooUooUooUOoUO0. 0000000 X, 0000 1000o0OoO0O)ooooooo
gooO,000000

Q-1Q-1

Elxi]=> Y - Z Pr{X = z|Y =y} (31)

x1=0x2=0 z|\v|= =0

000000000000000. 0000000 O(exp(|V])))0OO00OO0OD0OODOOO
00. 000000 (Ob0o00oo0oo0oooooOoD)00oooooooooooooo
goooooobobboooooobbobbboooooobobobbboooooobbboboo
0000 (Belief Propagation) D0000000000O.

00000000000000 {i,}0000 Mi—j(z;) 0 Mj—i(z;) 0 200000
000 (Message) J0O000O0O0OD0O0OOO. O 30)000000DOOoOoOoOooOoOO
0000000000000000000 (Message Propagation Rule) 000000
O0oo0ooO0oUoUoooooOooooouoooo (o 1200).

Q-1
Mjﬁi(xi)HConstantngexp(—;a(azi_z)Q_%iQ(z_yj)z)

x I Mis(z) (i j}eE) (32)
k€d;\{i}
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Q-1

M j(x;) « ConstantxZexp( — %a(a:j . %(z — yi)Q)
z2=0
x I Mies() (HiideE) (33)

keoi\{i}

9; 000 ;000000000,8\{}000,j0000000000000:i0000
00000000, 000000000 (32-(33)000000 [, 0,00,000
00000000000000 O(1)000.000,0000000000000000
0100000000000 O(V))00000000. 000000000000000
{M;_;(z), M;_;(z)|¥{i,j}€E} 00000000000000000,00000000
00000000000000. 01300000000000000000000000

012 0000O0OO0O0OO0OO0ODOOOOCOOOOO0O0O0O.

gooog.

Pr{X|V}~Pr{V|X} Pr{X}

T—4 HAOHER
013 0000000O0ODOO0ODOO.

000000000000 000000000000000000000?2 00000
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000000.0000000000000000000000000000 1980000
0000,000,0000000000000000000 (Low Density Parity Check:
LDPC)00,00000000000000 (Code Division Multiple Access: CDMA)
00,00000000000000000 (Satisfiability: SAT) 00000000000
00000000000000000000000000. 0000000000000
09 0po0o0000000. 000000000000000000000000
0000000000000000000000000000000000%990

4. DO00OO0O0O0OO0OO0OO0OODOO00OO

00000000000000000000000000000000000000000
000000000000000000 (Sample Average) 0000000000000
00000.000,000000 (1)000000000<«01000000,000000
00000 000000000 (290000 1000000000y 00000.0000,
0000 10000000000000 yOO Pr{X|Y =4} 000000000 <0000
z=2(y) 00000000000 20200000000 d(,2) = e (xi—70)°
000000000000000,0000000000000000000000000
000.000,00000000000100000000000000000000000
00.00,00000000000000000 10000000, 100000000 0000000

00000000000o0o000. 0000, 000000000000
Q-1Q-1

Ty Z ( /f /:"... /jd(m(y))

@1=022=0 x|y =0
xPr{Y:y|X:m}dyldyg---dy|v|)Pr{X:m} (34)
o00o0000oO00ooopooooO,000o00OD0O0o0o0o00ooooO cc0o0D00OOO
O0o0ooO0ooo00. 000 34)0boooooooo 2000000000000 0000OO0
000000 (Spin Glass Theory) 0000000000 DOOOO0OOOO,0000
0000 (Configuration Average) 100000000000 . 000O0O,20000
000000000 0o00oooo0oooooooo00ooDoooooUooooooo
00000000ooooO0000, 00000000 ooooO, 000000, 00000
OooOoO ChMAOOOO,000000000000000000000O000OOO0O0
0000000000000000Q0®:107,
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