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An Experiment of Tall Skinny Type QR -factorization
Algorithm on a Multicore CPU System
and a Small SMP System

HirosHI MURAKAMIT!

We show some experiments of Tall Skinny type Algorithm for QR-
factorization on a multicore CPU system and a small shared memory parallel
multicore CPU system using OpenMP for parallelization.
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Fig.1 Process of upper triangulation (Forward transformation).
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Fig.3 Example 1: Effective speed (DP Gflops), m=12000, vertical block size=1000 (12 capitation).
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Fig.5 Example 3: Effective speed (DP Gflops), m=120000, vertical block size=2000 (60
capitation).
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Fig.8 Example 5: Effective speed (DP Gflops), improved version, m=1200000, vertical block
size=2000 (600 capitation).
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Fig.9 Example 6: Effective speed (DP Gflops), m=100000, n=100, by single core of intel Core2
Quad Q6600 (2.4GHz).
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Fig.10 Example 7: Effective speed (DP Gflops), m=240000, vertical block size=1000 (240
capitation). The QR-decomposition in the second stage is also blocked.
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Fig.11 Example 7: Effective speed (DP Gflops), m=240000, vertical block size=1000 (240
capitation). Vertical blocking is also applied to the second stage QR-decomposition.
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Fortran90 00000000

#define MY_RK 8 ! KIND-VALUE OF REAL-TYPE TO USE
1 sofeskok ke ok sk ok sk sk ok ok sk s sk sk e ok sk s sk sk e ok sk ok sk sk e ok sk sk ok sk ok o ok sk s sk ok ok
! TALL SKINNY QR-FACTORIZATION WITHOUT COLUMN

! EXCHANGE: "A=QR" ("Q" IS WRITTEN OVER "A").
!THIS CODE IS FREE TO USE, MODIFY, RE-DISTRIBUTE.
skt sk ok sk ks ke ksl ok ok sk e ksl s sk sk e ks o sk sk e sk sk sk ok sk ok ke ok sk sk ok sk ok
SUBROUTINE QRFC_BLK(ABLK,BLKSZ,N,NBLK,R,LDR,B)
IMPLICIT NONE

INTEGER,PARAMETER.: : RK=MY_RK

INTEGER, INTENT(IN) : :BLKSZ,N,NBLK

REAL (RK) , INTENT (INOUT) : : ABLK (BLKSZ,N,NBLK)

REAL (RK) , INTENT (OUT) : :R(LDR,N) ! R(N,N).
INTEGER, INTENT(IN) : :LDR

REAL(RK) : :B(N,NBLK,N) ! WORK AREA.

[

ﬁEAL(RK) PIV(N,NBLK) ! SHARED VAR.
REAL(RK) U(N,N) ! PRIVATE VAR.
INTEGER IB ! PRIVATE VAR.
[

'$OMP PARALLEL DO PRIVATE (U)

DO IB=1,NBLK
CALL FWD_BLK(BLKSZ,N,ABLK(1,1,IB),PIV(1,IB),U)
B(:,IB,:)=U(:,:)

ENDDO

CALL QRFC (NBLK+*N,N,B,NBLK*N,R,SIZE(R,1))
|

i$OMP PARALLEL DO PRIVATE (U)
DO IB=1,NBLK
U(:,:)=B(:,IB,:)
CALL BWD_BLK (BLKSZ,N,ABLK(1,1,IB),PIV(1,IB),U)
ENDDO
END SUBROUTINE QRFC_BLK
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! FORWARD TRANSFORM IN THE BLOCK.
!****************************************
SUBROUTINE FWD_BLK(BLKSZ,N,ABLK,PIV,U)
IMPLICIT NONE

INTEGER, PARAMETER::RK=MY_RK

INTEGER , INTENT (IN) : :BLKSZ,N

REAL (RK) , INTENT (INOUT) : : ABLK (BLKSZ ,N)
REAL (RK) , INTENT (OUT) : : PIV (N)

REAL (RK) , INTENT (OUT) : : U(N,N)

]

REAL(RK) V(BLKSZ),S,ALPHA,T
INTEGER K,J
]
DO K=1,N
V(K:)=ABLK(K:,K)
S=SIGN(SQRT (SUM(V(K:)*%2)) ,V(K))
V(K)=V(K)+S
ABLK (K,K) =V (K)
PIV(K)=-S
U(:K-1,K)=ABLK(:K-1,K)
U(K,K)=PIV(K)
U(K+1:,K)=0.0_RK
IF (K==N)EXIT
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IF(PIV(K)==0.0_RK)CYCLE

ALPHA=1.0_RK/ (PIV(K)*V(K))

DO J=K+1,N
T=DOT_PRODUCT (V(K:) ,ABLK(K:,J))*ALPHA
ABLK(K:,J)=ABLK(K:,J)+V(K:)*T

ENDDO

ENDDO
END SUBROUTINE FWD_BLK

stttk skt ok ok sk koo stk sk ok ko ok sk koo ok ook ok ok ok
! BACKWARD TRANSFORM IN THE BLOCK.

Dskokoksk ook ko ook ok ok ok Kook ko ok ok ok ook ok ok sk ok ook ok ok ok Kok ok
SUBROUTINE BWD_BLK(BLKSZ,N,ABLK,PIV,U)
IMPLICIT NONE

INTEGER, PARAMETER: :RK=MY_RK
INTEGER, INTENT (IN) : : BLKSZ,N

REAL (RK) , INTENT (INOUT) : : ABLK (BLKSZ,N)
REAL (RK) , INTENT (IN) : : PIV(N)

REAL (RK) , INTENT (IN) : :U(N,N)

1

REAL(RK) V(BLKSZ),ALPHA,T
INTEGER K,J
]

DO K=N,1,-1
V(K:)=ABLK(K:,K) ! RECALL THE H-VECTOR.
ABLK(:N,K)=U(:N,K)
ABLK(N+1:,K)=0.0_RK
IF(PIV(K)==0.0_RK)CYCLE
ALPHA=1.0_RK/ (PIV(K)*V(K))
DO J=K,N
T=DOT_PRODUCT(V(K:) ,ABLK(K:,J))*ALPHA
ABLK(K:,J)=ABLK(K:,J)+V(K:)*T
ENDDO
ENDDO
END SUBROUTINE BWD_BLK

1 5k 5k 3k 3k ok ok 3k 5k ok 3k 3k ok 3k 3k 5k ok 3k 3k ok 3k 3k 5k ok 3k 3k 5k 3k 3k 5k >k 3k 5k >k 3 3k >k % 3k >k %k %k 5k K
| HOUSEHOLDER QR-FACTORIZATION WITHOUT

| COLUMN EXCHANGE:A=QR(Q IS WRITTEN OVER A).
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SUBROUTINE QRFC(M,N,A,LDA,R,LDR)

IMPLICIT NONE

INTEGER,PARAMETER: : RK=MY_RK

INTEGER, INTENT(IN): :M,N T M >= N.

REAL (RK) , INTENT (INOUT) : : ACLDA,N) ! A(M,N).
INTEGER, INTENT (IN) : :LDA ! LEADING SIZE OF A.
REAL (RK) , INTENT (OUT) : :R(LDR,N) ! R(N,N).
INTEGER, INTENT (IN): :LDR ! LEADING SIZE OF R.
]

REAL(RK) S,PIV(N),ALPHA,T
INTEGER J,K
]

iF(M<N)STDP QRFC: ERROR M < N.~’
|

| FORWARD-TRANSFORM MAKES R AND IMPLICIT Q.
DO K=1,N
! MAKE THE HOUSEHOLDER VECTOR.
S=SUM(A(K:M,K)**2)
S=SIGN(SQRT(S),A(X,K))
A(K,K)=A(K,K)+S
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?IV(K)=-S

IF (PIV(K)==0.0_RK)CYCLE
ALPHA=1.0_RK/ (PIV (K)*A (K,K))
1$0MP PARALLEL DO PRIVATE (T)

DO J=K+1,N
T=DOT_PRODUCT (A (K:M,K) ,A(K:M, J) ) *ALPHA
AK:M, J)=A(K:M, J)+A(K:M,K) *T

ENDDO

ENDDO
]

! PACK THE MATRIX "R".

1$0MP PARALLEL DO

DO K=1,N
R(:K-1,K)=A(:K-1,K)
R(K,K)=PIV(K)
R(K+1:N,K)=0.0_RK

ENDDO

]

! BACK-TRANSFORM TO MAKE Q EXPLICITLY.
DO K=N,1,-1
IF(PIV(XK)/=0.0_RK)THEN
ALPHA=1.0_RK/ (PIV(K)*A(K,K))
'$0MP PARALLEL DO PRIVATE (T)

DO J=K+1,N
T=DOT_PRODUCT (A(K:M,K) ,A(K:M,J))*ALPHA
ACK:M,J)=A(K:M,J)+A(K:M,K)*T

ENDDO

T=A(K,K) *ALPHA

A(:K-1,K)=0.0_RK

A(K,K)=1.0_RK+A(K,K)*T

A(K+1:M,K)=A(K+1:M,K)*T

ELSE

A(:K-1,K)=0.0_RK

A(K,K)=1.0_RK

A(K+1:M,K)=0.0_RK

ENDIF
ENDDO
END SUBROUTINE QRFC

A2 0O0000OO0OO0OOOOOOOOOOOO

T-SO0000000000000000000000000000000000QRROO
OO0 Fortran90 OO OO0OD0OO0OCOOOO0O0O0 HQREBLK2OOOOOOOOOOOOOO
level-2 BLASOOOOOOOOOOODODOOOOOOOOOOOOOOOOOOOOOO
oooOooOOO0O00D0O0OO OopenMPOOOOOOO0O0O0O0O0O0O0O0OOODOOODOOO
ooboooobooooboooooooooboo

goooooooooboooooboooooooobooooooboboooobooobooDon
goo0oooooo0ssksZzOOOOODO M, NOOODOODOODOOOOODOODO
000000000 o0O00OMO0O0000000MO0O0oO0OoOoOoOoOn first touch
gooobooooooooooooooooboboooooobooboooobooooooboo
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0000 ADD0O00OD0O00DO0O00OO0O0OO00000000000000000000000 A(1+(IB-1)*BLKSZ,1) ,LDA, &

] PIV(1,IB),B(1+(IB-1)*N,1),LDB)
O0DO#define 0000000000000 00O0MYRKODOOODOOOOOOOOO ENDDO

000000000000 D0000O00O000 Intel Fortrand OO Fortran90 O O 64-bit D;;;;gg,CATE(B PIV)

END SUBRDUTINE HQRF_BLK2

gobooooooobobosuobooo

go0o0oo0oooo0

#define MY_RK 8

1 5k sk sk sk ok 3k 3k 3k 3k 3k 3k >k 3k ok 3k 3k 3k 3k 3k 3k ok 3k ok 3k 3k 3k 3k 5k 3k >k 3k >k 3k 3k 3k 3k 3k 3k ok 3k >k 3k ok 3k 3k 5k 3k >k 3k %k 3k >k
ITHIS CODE IS FREE TO COPY,USE,MODIFY,RE-DISTRIBUTE.

! TALL SKINNY QR-FACTORIZATION WITHOUT COLUMN

| EXCHANGE: "A=QR" (Q IS WRITTEN OVER "A").

! (NOTE: THIS CODE DOES NOT USE THE FACT THAT

! THE INTERMEDIATE MATRIX B HAS MANY ZEROS.)
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RECURSIVE SUBROUTINE HQRF_BLK2(M,N,A,LDA,R,LDR,BLKSZ)
IMPLICIT NONE

INTEGER,PARAMETER: :RK=MY_RK ! KIND-VALUE.

INTEGER, INTENT(IN)::M,N T M >= N.

REAL (RK) , INTENT (INOUT) : : A(LDA,N) ! FOR A(M,N).
INTEGER, INTENT (IN) : : LDA

REAL (RK) , INTENT (OUT) : :R(LDR,N) ! FOR R(N,N).
INTEGER, INTENT (IN) : :LDR

INTEGER, INTENT (IN) : :BLKSZ ! THE ROW BLOCK SIZE.

]
REAL (RK) , ALLOCATABLE: :B(:,:) ,PIV(:,:)

INTEGER IFLAG

INTEGER MB,LDB

INTEGER NBLK,IB

INTEGER NROW ! NUMBER OF ROWS IN THE BLOCK.

NROW (IB)=MIN(BLKSZ M- (IB-1)*BLKSZ) ! STATEMENT FUNC.
]

NBLK=(M+BLKSZ-1) /BLKSZ
IF (M<4*BLKSZ)THEN ! RECURSION STOP CRITERIA.
CALL HQRF2(M,N,A,LDA,R,LDR) ! TRADITIONAL H-QR.
RETURN
ENDIF
! ALLOCATION OF WORK ARRAYS B AND PIV.
MB= (NBLK-1) *N+MIN (NROW (NBLK) ,N)
LDB=MB
ALLOCATE (B(LDB,N) ,PIV(N,NBLK) ,STAT=IFLAG)
IF(IFLAG/=0) THEN
STOP ’HQRF_BLK2: FAILED TO ALLOCATE B AND PIV.’
ENDIF
!$OMP PARALLEL DO
DO IB=1,NBLK
CALL FWD_BLK2(NROW(IB),N, &
A(1+(IB-1)*BLKSZ.1) ,LDA,
PIV(1,IB),B(1+(IB-1)%N,1), LDB)

!$OMP PARALLEL DO
DO IB=1,NBLK
CALL BWD_BLK2(NROW(IB),N, &
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!*********************************************
| FORWARD DECOMPOSITION INSIDE THE BLOCK.
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SUBROUTINE FWD_BLK2(M,N,A,LDA,PIV,U,LDU)
IMPLICIT NONE

INTEGER,PARAMETER: :RK=MY_RK ! KIND-VALUE.
INTEGER, INTENT (IN) : :M,N

REAL (RK) , INTENT (INOUT) : : A(LDA,N) ! FOR A(M,N).
INTEGER , INTENT (IN) : :LDA

REAL (RK) , INTENT (OUT) : : PIV(N)

REAL (RK) , INTENT (OUT) : :U(LDU,N) ! FOR U(N,N).
INTEGER, INTENT (IN) : :LDU

]
REAL(RK) S,ALPHA,T
INTEGER K,J

]

IF (M<=N) THEN

! POSSIBLE FOR THE LAST FRAGMENT BLOCK.
U(1:M,1:N)=A(1:M,1:N)

RETURN
ENDIF
DO K=1,N

S=SIGN(SQRT (SUM(A(K:M,K)**2)) ,A(K,K))
A(K,K)=A(K,K)+S

PIV(K)=-S

U(1:K-1,K)=A(1:K-1,K)

U(K,K)=PIV(K)

U(K+1:N,K)=0.0_RK

IF (K==N)EXIT

IF(PIV(K)/=0.0_RK)THEN

ALPHA=1.0_RK/ (PIV(K)*A(X,K))

DO J=K+1,N
T=DOT_PRODUCT (A (K:M,K) ,A(K:M, J))*ALPHA
A(K:M,J)=A(K:M,J)+A(K:M,K)*T

ENDDO

ENDIF
ENDDO
END SUBROUTINE FWD_BLK2

1k sk sk 3k >k 3k >k 3k >k 3k 3k 3k 3k 3k 3k >k 3k ok 3k 3k 3k 3k 5k 3k 5k 3K ok 3k ok 3k 3k 3k 3k >k 3k >k 3k %k 3k %k >k 5k
! BACKWARD TRANSFORMATION INSIDE THE BLOCK.
1 5k sk ok ok sk sk ok sk ok ok ok ok ok ok ok ok oK ok oK ok ok ok ok ok 3k ok 3k ok sk sk ok sk ok ok ok ok oK oK K K K Xk
SUBROUTINE BWD_BLK2(M,N,A,LDA,PIV,U,LDU)
IMPLICIT NONE

INTEGER,PARAMETER : RK MY RK ! KIND-VALUE.
INTEGER, INTENT (IN) :

REAL (RK) , INTENT(INOUT) :A(LDA,N) ! A(M,N).
INTEGER, INTENT (IN) : : LDA

REAL (RK) , INTENT (IN) : : PIV(N)
REAL(RK) , INTENT (IN) : :U(LDU,N) ! U(N,N).
INTEGER, INTENT (IN) : : LDU

]

REAL(RK) ALPHA,T
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INTEGER K,J
|

IF (M<=N) THEN

! POSSIBLE FOR THE LAST FRAGMENT BLOCK.
A(1:M,1:N)=U(1:M,1:N)

RETURN
ENDIF
DO K=N,1,-1

IF(PIV(K)/=0.0_RK)THEN

ALPHA=1.0_RK/(PIV(K) *A(K,K))

DO J=N,K+1,-1
T=DOT_PRODUCT (A(K:M,K) ,A(K:M, J))*ALPHA
A(K:M,J)=A(K:M,J)+A(K:M,K) *T

ENDDO

T=DOT_PRODUCT (A(K:N,K) ,U(K:N,K) ) *ALPHA

A(1:X-1,K)=U(1:K-1,K)

ACK:N,K)=U(K:N,K)+A(K:N,K) *T

A(N+1:M,K)=A(N+1:M,K) *T

ELSE
A(1:N,K)=U(L:N,K)
A(N+1:M,K)=0.0_RK

ENDIF

ENDDO
END SUBROUTINE BWD_BLK2

1tk ke sk sk ook ok ko ok ok ok ook ook ok ok ok sk ok ok ko sk ok ok sk ook ok K ok
! TRADITIONAL METHOD.

! HOUSEHOLDER QR-FACTORIZATION WITHOUT COLUMN
! EXCHANGE: "A=QR" ("Q" IS WRITTEN OVER "A").
1 stk ks ko sk ook ok koK ok Kok Kok ook K ok sk Kok K ok ko sk ok Kok kK ok ok K ok
SUBROUTINE HQRF2(M,N,A,LDA,R,LDR)

IMPLICIT NONE

INTEGER,PARAMETER: :RK=MY_RK ! KIND-VALUE.
INTEGER, INTENT(IN): :M,N ! M >= N.

REAL (RK) , INTENT (INOUT) : :A(LDA,N) ! FOR A(M,N).
INTEGER,INTENT(IN):: LDA ! LEADING SIZE OF A.
REAL (RK) , INTENT (OUT) : :R(LDR,N) ! FOR R(N,N).
INTEGER,INTENT(IN)::LDR ! LEADING SIZE OF R.

1
REAL(RK) PIV(N),S,ALPHA,T
INTEGER J,K

1

‘IF(M<N)PRINT*,’HQRF2: ERROR M < N.’
'$0MP PARALLEL PRIVATE(K,ALPHA)
|

! FORWARD-TRANSFORM TO MAKE R, AND IMPLICITLY Q.

DO K=1,MIN(N,M)
1

! DETERMINE THE HOUSEHOLDER VECTOR.
'$OMP WORKSHARE
S=SUM(A(K:M,K)**2)
S=SIGN(SQRT(S),A(K,K))
A(K,K)=A(K,K)+S
PIV(K)=-S
'$0MP END WORKSHARE
]

IF(PIV(K)/=0.0_RK) THEN

ALPHA=1.0_RK/(PIV(K) * A(K,K))
'$0MP DO PRIVATE(T)

DO J=K+1,N
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T=DOT_PRODUCT (A(K:M,K) ,A(K:M, J))*ALPHA
ACK:M,D)=A(K:M,J)+A(K:M,K)*T
ENDDO
ENDIF
ENDDO
]
! PACK THE MATRIX R.
1$0MP DO
DO K=1,N
R(1:K-1,K)=A(1:K-1,K)
R(K,K)=PIV(K)
R(K+1:N,K)=0.0_RK
ENDDO
[}

| BACK-TRANSFORM TO MAKE Q EXPLICITLY.
DO K=MIN(N,M),1,-1
IF (PIV(K) /=0.0_RK) THEN

ALPHA=1.0_RK/ (PIV(K)*A(K,K))

1$0MP DO PRIVATE(T)

DO J=K+1,N
T=DOT_PRODUCT (A (K:M,K) ,A(K:M, J) ) *ALPHA
AK:M, J)=A(K:M,J)+A(K:M,K) *T

ENDDO

1$0MP WORKSHARE

A(1:X-1,K)=0.0_RK

T=A(K,K)*ALPHA

A(K,K)=1.0_RK+A(K,K) *T

A(K+1:M,K)=A(K+1:M,K) *T

1$0MP END WORKSHARE
ELSE
1$0MP WORKSHARE

A(1:K-1,K)=0.0_RK

A(K,K)=1.0_RK

A(K+1:M,X)=0.0_RK

1$0MP END WORKSHARE
ENDIF

ENDDO

1$0MP END PARALLEL

END SUBROUTINE HQRF2

go gbooogoo
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