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A Numerical Experiment on the Fairing
Free-Form Curves

YosuiMi Oxapa*®

Abstract

An algorithm for fairing free-form curves of the body-lofting is presented
using the simulation of the technique commonly employed in the process of
the manual fairing with the batten. With the help of a smoothing procedure
devised for this kind of problem it is shown how one may mathematically
proceed from the given ordered set of points to the faired curve. The obtained

curve is intended to satisfy the same continuity conditions as if it were faired

by a skilled hand.

1. Introduction

For many years, the drawing of the automobile body lines has been done
using the batten and the weight very satisfactorily for interpolating between
points. These works are exceedingly laborious, since they entail a large amount
of trial and error iterations in order to assure that the curve is “fair”. There-
fore, the mathematical fairing is required as the use of numerical control ma-
chinery increases.

For the arbitrarily placed points in a plane or in space obtained by some
methods, the problem in mathematical fairing is focused on the following two
points.

(1) The given points must be adjusted, since they include errors in making
model, in measuring, or in reading a scaled drawing.

(2) The curve passing through these points must be mathematically de-
scribed and must be smooth.

In this paper, the author describes an algorithm, as a simulation of the
iteration process of manual fairing, using the idea [2] for fairing by Dr. Hosaka.

2. Fairing Method
2.1 Fundamental Equation

In Fig. 1, let Pi, i=1, -, n, be n distinct position vectors in space, and let
Y, i=1,--, n—1, and X;, i=1, ---, n, be tangent vectors.

This paper first appeared in Japanese in Joho Shori (the Journal of the Information Pro-
cessing Society of Japan) Vol. 10, No. 3 (1969), pp. 143-149.
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Fig. 1.

The objective curve passing through these points is composed of n—1 curve
segments. Using Ferguson’s expression [1], the ith curve segment is represented
by the following form;

3
Pi(t)= X Ri jti/, 05651 (1)
Jj=0

such that P(0)=P;, Pi(1)=Piu, Pi(0)=X;, P:i(1)=Y: (" denotes d/d?).

After these preparations, the objective curve is assumed to be an elastic
curve in order to simulate the actual operation with the batten and the weight.
The following way is based on Dr. Hosaka’s idea [2]. The “fair” curve is
obtained by minimizing the strain energy stored in it, under the restricted
conditions.

As is generally known, the strain energy by bending moment, under small
deflections, is given as follows;

U:E2—’Igifsz.ds (2)
where the flexural rigidity E-I is constant, ! is the length of beam, # is the
curvature, and s is the length of arc.

£ in Eq. (1) is approximately obtained from the following relations;

» /,Cﬁ D_ /»,(@)2 /,d_zs

P=P'-oy P=P" (3] P g ‘ (3)
. 2

K:IP”]J—T|P1/(%§) (’ denotesdﬁig). (4)

Whence the scalar quantity Vi, which is directly proportional to the strain

—
energy stored in the successive curve segments P;_, P;.,, is obtained;

'—11"..2.IL1"..2_
Vszi-ﬁSo'Pz—l(t“l)] dt"l_‘_cigsolpl(tz)i dt;
:C:'l_lg{(Ri—-l,zRi—l,2)+3<R,‘_1’2Ri_1,3>+3(Rt__1,3Ri_1’3)}
+C1-3 {(Ri,2R:,2)+3(R:i,2Ri,3)+3(R:, 3R, 3)} (5)
where,
Ri :=3(Pis1— P)—2X:—Y;=3(Pis— P:))—2X;—ki+1- X1 (6)
Ri:=2(Pi—Pis1)+X;+Y:=2(P;~ Pixa)+ Xit+kiv1 Xiss (7)

Ci=|Ci|=|Pi1— P | (8)
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Bi=C;a/Cs, s:=Cits. 4 (9)
Assume that k: is constant and use the notations X:=(X;!, X% X,®) and P;=
(P#, P2, P#). Then, the tangent vector and the position vector, which reduce
the quantity Vi, are obtained from the following equations respectively.

. 0 . 0 0 4k; 4
(15:}—(—;+Jﬁ:§+km) Vi:C—i_-ﬁ(Rhl,2“‘]"3Rz’—1,3)‘“7Ci3Ri,2:0, (10)
. 0 . 0 0
(t5p st aps

Eq. (10) and Eq. (11) are represented respectively by the recurring relations as

4 4
>V;‘=m(~3Ri—1,s)+c—i3(3Ri,s)=0. (11)

follows;
X1 F2k(1+E) - Xi+kRi2 kiv1+ Xi1=3(Ci-1+k:2-C;), =2, -+, n—1 (12)
—2P; 121423 P — 2k P =X -+ Ri(1 -k X: — k2 ki1 Xy,
i=2, -, n—L1. (13)

2.2 An Algorithm

The following is a description of an algorithm in outline form.
Step 1: Set the counter m to zero, and read in 7z points and the following aux-
iliary informations to restrict the curve form;

(1) to set the coordinates of points to be adjusted,

(2) to set the ranges to be adjusted,

(3) to set the points to be fixed,

(4) to set the directions of the tangént vectors, if they are known or
specified.

Step 2: Compute the tangent vectors X; and X, at both ends to solve the Eg.

(12).

The author’s method is as follows.

(1) The “unit vectors” are determined from the circular arc passing
through the three points at the end.

(2) The “magnitude” is determined by the unit vectors in (1) and
two parametric quadratics in the two curve segments, making the
second derivative vectors equal at the middle point.

Step 3: Compute the vectors (X, -, X»-1) using the Eq. (12) and the current

vectors (P, - P, X1, X»).

If an auxiliary information (4) in Step 1 is set at the point 7, divide a

set of points into two partitions (P, -, Pi), (Pisy, -+, Pa), determine the

magnitude of X; using (2) in Step 2, and solve the Eq. (12) for each
partition.

When many auxiliary informations (4) in Step 1 are given, the same

procecure is repeated.

Step 4: Step the counter 7 up by one and calculate the curvatures on the pro-

jected planes respectively on account of the space curve.
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Step 5:

Step 6:

Step T:

Y. OKADA

Divide a set of points into several partitions according to the auxiliary
information (3) in Step L.

In each partition, adjust the components of the position vectors, using
the Eq. (13), the results in Step 3 and the auxiliary information (1), (2)
in Step 1, to ensure the fair curve, and replace the position vectors
(P2, -+, Pu-1) in order to prepare for the next iteration.

If m=1, go back to Step 2.

If m>1, decide whether the curve is “fair” or not.

The “fairness” of the curve is decided when the sign of the curvatures
at points, i=1,---, n, are the same to that of the last iteration.

If the curve is fair, go to Step 7. If the curve is not fair, go back to
Step 2.

Compute the coeflicient vectors R:,;, i=1,-, n—1, j=0,-, 8,

3. Experiment
A program for experiment was made according to the algorithm described

in the

above section. In this program, the input points are restricted under

200. It is fairly easy to solve Eq. (12) or Eq. (18), because the absolute values

of the

diagonal elements in the coeflicient matrix are greater than others.

Then, following experiments were made:

1.
2.

3.

to draw a fair curve by using the batten and the weight,
to add some errors, which are approximately 10 times more than usual,
to the points on this curve,

to regenerate a fair curve with computer under several restrictions.

The following is a typical example for three dimentional fairing.

Fig. 2 shows curve forms composed of three views, where the fixed points

(marked X) and curve names are shown in only the side view. These curves

(250,180)
B

C1: no iteration
Cs: 6 iterations
Cs: 10 iterations
Cy: 20 iterations
Cs: 30 iterations

Fig. 2.
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consist of 11 points and four curves (C:—Cs) are given the following auxiliary
information.

1. All the components are to be adjusted,

2. Each range to be adjusted is not restricted,

3. The 3rd, 6th and 8th points are to be fixed.

Table 1 shows the result of points adjustment on C:, and Table 2 and Table
3 show the change of curvature in the case of C: and Cs.

From this experiment, it can be seen that the change of curvature is con-
tinuous over the length of the curve by way of iterative calculation within the
computer. As seen in Fig. 2, C; which is decided to be fair by the program is

nearly restored to the original shape.

4. Conclusion
Generally errors included in the points are not so large as in this experiment,
and so this method may be applied to the actual work. A problem encountered
on applying this method is that the human intervention is required a little in
order to prepare auxiliary information. For example, it is important to decide
which points to fix for the curve whose curvature changes radically.
Therefore, the author considers it effective to utilize the graphic display

unit.
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