Short Note

Some Fifth Order Multipoint Iterative Formulae
for Solving Equations

TAKAHIKO MURAKAMI*

In this paper, we show some fifth order multipoint iterative formulae which find new approximations to a
zero of a function f(x). These formulae require one evaluation of f(x) and three of f’(x) per iteration.

1. Introduction

In order to obtain new approximations to a zero of a
function f(x), Traub [1, pp. 197-204] showed fourth order
multipoint iterative formulae costing one evaluation of
Jf(x) and three of f*(x) per iteration ; and Jarratt[2] showed
fourth order multipoint iterative formulae costing one
evaluation of f(x) and two of f”(x) per iteration. However,
we cannot obtain fifth order formulae without increasing
the number of derivative evaluations. In this paper, we
show that for a class of iterative formulae of the type

Xpe1=¢(x,) n=0,1,2, ..., (1.1
where
O(x)=x~a,u(x) — a,wy(x) — azws(x)— Y(x),
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and
f(x)
b ' () +byf Tx—u(x)]’

fifth order formulae can be obtained by suitable choices
of the parameters a’s, b’s, § and 7.

Y(x)=

2. Derivation of Formulae

In order to obtain fifth order formulae of the type (1.1),
we assume that f(x) has a simple zero « and continuous
fifth derivatives. Expanding w,(x), ws(x) and y(x) into
powers of u(x), we obtain

wy(x)=u+24,u* +4A4%° — 34503 + 8A3u* — 124, 4,u*
+44,u* + (1643 —36A424;+164,A4,+ 943
—545)u® + 0(uS), Q.1

Wwa(x)=u—28A4,u* + 4 —y+ 62 A2u® - 362 A
—8(y+ 6% —287)A3u* + 6(y +26° — 26y) A, A u*
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— 483 A u* +16(—y +92 +6* — 382y +26y) A3u°
—12(—2y+ 92+ 36* — 66%y + 46y) A2 A u°
+8(—y+20% — 36%y) A, A u® +9(6* +26y) 4 2u°
—56*A su” + O(u®) 2.2

and

V(x)= : (u+20A4,1% + 402 A2 — 304,13 + 80> A3u*
b, +b,

—126% A4, A u* + 404 u* + 160* A%u®
—360°A243u° + 1602 A, A u° + 90 A%u®

—50A45u°)+ O(u®), (2.3)
where
%
u=u(x), Aj:mx—) Jj=2(1)5, é=p+y
and
b,
6= m

Since the basic sequence [1, pp. 78-88)
Eg(x)=x—u—Au* ~242u% + A5u® — 5A3u*
+54,A5u* — At — (1444 — 214245+ 64,4,
+34% - A,

it follows from (1.1), (2.1), (2.2) and (2.3) that we
obtain
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Hence, we can conclude that for (1.1) to be fifth order,
the following system of equations must be satisfied:

1
a tayt+ay+i— =1

b, +b,
6 1
a=dat g2
6%)a; + e __1
az+("}’+ )03 b1+b2—2
(7] 1
2 =—
a,+9o a’+bl+b2_3 (2.4)
0® 5
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The system (2-4) is a set of seven equations for the seven
unknowns ay, a,, as, by, b,, f and y. From this system,

we obtain the equivalent system
1 2
0==3 =3

1
a+aytazt— =1

by +b,
6 1
+3;—+—b;=6 (2.5)
NI
b,+b, 3773
9 4 13

a2+m=§y+2—4 .

The general solution of (2-4) can be expressed in terms of

7.
For (16y+ 5)(4y + 1) +0, the general solution of (2-4) is
given by

139

1. 4y+1 1,2
”E(H 9 ) "2'9—1<69 3 3)’

2 66(6— 1)
as=3 bi=—"p 1 (2.6
._60%(0—1) 1
bz—'m‘: B==v-3,
where
0= 16y+5
T Ady+1)

Now, the sample point, x,—u(x,), is the Newton’s
point at x,. Furthermore, since

X+ Bu(x) +yw(x)=x— % u(x) + 2y A 1 (x) + O[u3(x)),

by suitable choices of y, the sample point, x,+ fu(x,)+
yw,(x,), is generally nearer to the zero, «, than x,. In the
case of (2-6), it follows from Theorem 5-2[1, pp. 86-87]
that the asymptotic error constant of ¢(x), c, is given by

o lim 2= Ee®
xve W(X)
32 8 2 1 -, —
=—[Tvz+§?—§+m]43+(3vz+4?)A§A3
128 3., 1 2
+ 3 1A A5 A+ 55 As, 2.7)
where i
- _fP@ .
A== =2(1)S.
e =
By substituting y =0 into (2-6) and (2-7), we obtain
3 1 2 15 75 1
a=1p 92~ "3 &=3 bi=—3, by=3, f=—3
and
1y 3o, 1
ATyt s
Ify=— . then
1 1 2 9 27
a = 18° a, 2’ as g, bl 35) bz 32’ B=0
and
1., 64. . 3. 1 .
c=—§A§—-§A2 4—§A§+§Z 5

3. Conclusion

The formulae obtained in this paper will be particu-
larly convenient for computing new approximations to a
zero of a function f(x), when the evaluation of f’'(x) is
easily compared with that of f(x).

We shall show fifth order multipoint iterative formulae
costing two evaluations of f(x) and two of f'(x) per
iteration elsewhere.
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