A Class of Fifth Order Multipoint Iterative
Methods for the Solution of Equations

TAKAHIKO MURAKAMI*

The purpose of this paper is to show some fifth order multipoint iterative methods which find new approxi-
mations to a zero of a function f(x). These methods require two evaluations of f(x) and two of f’(x) per

iteration.

1. Introduction

In order to find new approximations to a zero of a
function f(x), several classes of high-order multipoint
iterative methods have been studied. In [1, pp. 190-204],
Traub showed two classes of fourth order multipoint
iterative methods involving two parameters. One of
them requires three evaluations of f(x) and one of f’(x)
per iteration, the other requires one evaluation of f(x)
and three of f'(x) per iteration. In [2], Jarratt showed
fourth order multipoint iterative methods involving one
parameter and costing one evaluation of f(x) and two of
f'(x) per iteration. In [3), we showed fifth order multipoint
iterative formulae involving one parameter and costing
one evaluation of f(x) and three of f’(x) per iteration.
Now, the multipoint iterative method derived from the
composition of two Newton methods is given by

X4 1 =Xy —u(x) —tlx,—u(x)], n=0,1,---, (1.1)
where
Jx)
4=

Since it is well known that Newton’s iteration function is
of second order for all simple zeros, it follows from
Theorem 2-4 [1, pp. 27-28] that (1.1) is of fourth order
for all simple zeros.

Then, the iteration function of (1.1) requires two evalu-
ations of f(x) and two of f'(x) per iteration.

In this paper, as stated in [3], we show that for a class
of iterative methods of the type

xu+l=¢(xn)’ n=09 L'“a (1‘2)

Using (2.1) and expanding ¢,(x) and y(x), we obtain

&2(x) = A,u* — A3u® + Au* — Au’ + 0OW®),

where

4
P(x)=x— k§1 ad(x) —Y(x),

S ()=u(x), ¢ (x)= ﬂ)%l]’
L SIx—u()]
d3(x)= T+ pulx)’ ¢4(x)=j__lm(_x)_]’
and
Sx)

V= 57 + b, T BaGOT

fifth order methods can be obtained by suitable choices
of the parameters a’s, b’s and f.

2. Derivation of Formulae

In order to derive fifth order formulae of the type
(1.2), we suppose, from now on, that f(x) has a simple
zero { and continuous fifth derivatives in the range
considered. Next, in order to expand ¢,(x) and ¥(x) into
powers of u(x), we introduce the following expansion:

s
(+au+ Y au'+0w®)
)

SOxtau)
g = 3
f'(x+ Bu) 1+ Z ﬂiui—l_'_o(us)
=2
= i cu'+0(u®), @1
i=1
where
(i)
ll=ll(x), Ai {;fl((xx))’ vai=aiA,', =iﬁi_1A‘,
c=l+a, c;=a;— Z cierBi-p i=2(1)5.
i=0

.2)

Gs(X)=u—2BAu* +4B2 A2 — 324> — 8P A3u* + 1283 A, A u* — 4> A u*

+(1643— 364345+ 16454, +94% ~ 54)8*u° + OW®),

(2.3)

G4(x)=A,u* —2BA%u% ~ AP +4B2 A3u* + 2B - 3B A Au + At

+[—8B3 A5+ (~4B2+120%) 424, — (2B +4%)A, A + 382 A2 -

Aslu® +0u®), 249

*Department of Mathematics, Kobe University of Mercantile Marine, 5-1-1, Fukae-Minami-cho, Higashi-Nada-ku, Kobe 658, Japan.

Journal of Information Processing, Vol. 2, No. 3, 1979



A Class of Fifth Order Multipoint Iterative Methods for the Solution of Equations 147

and
u 208 |, 40%8* , . 308> , 80°F° ,, 120°B° .
V=38, b A b A B b, A T b 15, A b rE, 4 by p, A
. 40B3 4 ﬂ4 4 44 3 42 2 2 42 5 6
~ 5, A +b1+bz(169 A% —360° 4345+ 1602 A, A, +90% A2 — 504 )u’ + O(u®), 2.5
where
b,
o"b1+b2'

Since the basic sequence [1, pp. 78-84] is given by
Eg=x—u—Au* 2433 + A3u® — 5A3u*
it follows from (1.2), (2.2), (2.3), (2.4) and (2.5) that

1
fj)(x)—E(,=(—a,—a3 b1+b +1>u+<—az+2f3a3

+54,A3u* —~ At — (1443 214245+ 64, A, + 343 — AHu°,

9 40
b +’Z +1>A2u +<—4ﬂ203+2ﬂa4—ﬂ—+2)A§u3

b,+b,

ﬁz 03ﬂ3
( 2 +3B2 a3+a4+b 5, -—I)A_,,u3+(8[33¢z3—4f32a4 b 15, +5>A
+| —128%a;,—(26—38Ya, — 92ﬁ3—5 AAsut +| —a,+4B%a,— 6ﬂ3 +1 A u*
3 4 b + b2 2413 2 3= b + b 4
3 p4
+ (— 168%a; +8p%a, — ;694{ + 14)A;u5+ [36[34a3—( 4B% +12p%)a, + 36(1‘[87 21] 24.u°
l
+| —168%a;+(28+4p8%)a, — 02B4+6 A, A+ | —9B%,—3p% 2ﬂ4 +3)4%u
3 “" b +b, 4 3 b, +b,
+(a,+58%;+a +—5(ﬂ—1 Asu’ + 0u®)
2 3 4 bl +b2 5 .
Therefore it follows from Theorem 5-2 [1, pp. 86-87] 0? 3B+1)
that for (1.2) to be fifth order, the following system of "'1,l +b2= T282(38+2)
equations must be satisfied: 68+5
1 9=~ BRET2y
a1+a3+m=l, B(3p+2)
172 + 6° 248%+ 358+ 10 @7
20, =- 3 . .
"2‘2’9"3“‘_3%:1’ b, +b, 88°(38+2)
4012132 2 The general solution of (2.7) can be expressed in terms
2. — —F _ of B.
48%a, 2ﬁa4+bl+b2 2,

2

36,
a,+3B%as+a,+ _b% =1,

3ﬁ3
b, +b,
12(92113
b,+b,

—88%a,+4p%a, — =5,

128%a;+(2p—3p%a, +

46p°
b, +b,
The system (2.6) is a set of seven equations with
respect to the seven unknowns a,, a,, a;, a4, b, b, and §.
Suitable calculations lead to the following system
equivalent to the system (2.6):

5)

—4B%as+a,— =1. (2.6)

a,+a,=1,

1
a1+a3+b +b ’

0
BT e

By solving (2.7), the general solution of (2.6) is given as
follows:
For

B(B+1D(B3B+2)(4B+5)(118+10)#0,

_|_ _3B+D

4= 208738+ 2y

a _(B+1)(38+5)

1T B(3p+2)
34D

= 3823 +2)(0—-1)
__68+5

9= TG+

R 20— 1)*6*(3B+2)
1= 3(B+1) ’

20%(1-6)2(38+2)

b= 3(B+1) ’

2.8)
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where
(38+2)(4p+5)
128(8+1) °

Since, by (2.8), (8+1)b,b,+0 and the conditions a, =
a,=0 cannot be simultaneouly satisfied, the iteration
function of (1.2) requires two evaluations of f(x) and two
of f’(x) per iteration,

In the case of (2.8), it follows from Theorem 5-2
[1, pp. 86-87] that the asymptotic error constant of
@(x), C is given by

0=

T $(x)—Eg
e
4 N4
=(—16ﬂ4a3+8ﬂ3a4 11’63_[; +14)A“
3 p4
+[36[1“a3—(—4ﬂ’+lzﬁ:‘)a4+%-—21]1‘1’253
2 4
+|:—16ﬁ4a3 2B+4p%a,— +§ +6:|
2
+( 98%a;~3p%a, — b0+ﬁ; +3>
4
+< .+ 5%y +a, + bS?fb —1).51"5,
2
where
- SO0 .
A=fray =205

Using (2.7) and (2.8), we find after a long calculation
that

= 1 3 2 4
C= gp oy 486" +21287 + 299+ 13443

—%(24}32 +65p+42)A%A4.
2 o
+3573 B+ DB+ DAA,

+%(3ﬁ+2)(ﬁ+1)A”§. (2.9)
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From (2.9), it can be seen that the asymptotic error
constant of ¢(x) does not contain derivatives higher
than the fourth. Furthermore, we examine the two sam-
ple points in (1.2).

First, since the sample point x,-u(x,) is the Newton
point of x,, x,—u(x,) is generally nearer to { than x,.

Next, the sample point x,+ pu(x,) must be chosen so
that it may be in most cases nearer to the Newton point
of x, than x,. Therefore, we impose the constraint that

~2<B<0 and (B+1)(3B+2)(4B+5)(118+10)5O0.

Finally, we substitute the parameter f into appropriate
values so that the form of (1.2) or the form of the
asymptotic error constant may be simplified.

If = —%, then

e %
al_25! a=1, 03—25,
25
a,=0, b,=b,=- 1aa’
717 9 ... 4. . 1.
C=ﬁ1‘;—z 22 3+§/IZA4—§A§.
If = —14, then
a, =13, a,=-7, az;=-4,
3 1
a,=8, b= 16’ b, 16°
21 .., 31 .,. 3
C=-2—A;—TA%A3+§ §
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