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We study the predecessor and control problems for Boolean networks (BNs). The predecessor problem
is to determine whether there exists a global state that transits to a given global state in a given BN,
and the control problem is to find a sequence of 0-1 vectors for control nodes in a given BN which leads
the BN to a desired global state. The predecessor problem is useful both for the control problem for
BNs and for analysis of landscape of basins 6f attractions in BNs. In this article, we focus on BNs of
bounded indegree and show some harness results on the computational complexity of the predecessor and
control problems. We also present simple algorithms for the predecessor problem that are much faster
than the naive exhaustive search-based algorithm. Furthermore, we show some results on distribution of
predecessors, which leads to an improved algorithm for the control problem for BNs of bounded indegree.

1 Introduction encountered the problem of finding a global state

transiting to a given global state, which is known

The Boolean network (BN, in short) is one of the
well-studied mathematical models of genetic net-
works [6]. Finding a sequence of control actions
for BNs is an important problem on BNs, which
is abbreviated as BN-CONTROL in this article.
Inspired from works on control of the probabilis-
tic Boolean network (PBN, in short) model [5],
we studied BN-CONTROL [1]. We showed that
BN-CONTROL is NP-hard even in considerably re-
stricted cases [1]. However, we may be able to de-
velop algorithms that are much faster than exhaus-
tive search based algorithms. Though we have not
yet fully succeeded to develop such algorithms, we

as the predecessor problem for BNs [3, 4] and is ab-
breviated as BN-PREDECESSOR in this article.
In other words, BN-PREDECESSOR is to find an
input node to a specified node in a state transi-
tion diagram of a BN. It should be noted that the
problem is trivial once a state transition diagram
is constructed. However, the number of nodes of a
state transition diagram is 2" where n is the num-
ber of nodes in a BN. Therefore, faster algorithms
should be developed.

For the predecessor problem, some studies have
been done. Barrett et al. studied the computa-
tional complexity of the predecessor problem for



BNs and other discrete dynamical systems [3]. They
showed that BN-PREDECESSOR is NP-hard even
for BNs with planar graph structures, whereas they
presented a polynomial time algorithm for BNs of
bounded tree-width. Coppersmith also studied the
computational complexity of BN-PREDECESSOR
and distribution of predecessors [4]. She showed
that BN-PREDECESSOR for BNs with maximum
indegree K can be reduced to K-SAT, where K-
SAT denotes the Boolean satisfiability problem for
a set of clauses each of which consists of at most
K-literals. She also showed that as n grows, the ra-
tio of global states having at least one predecessors
converges to 1/e and 0 for general BNs and for BNs
with maximum indegree K, respectively.

In this article, we study BN-PREDECESSOR,
its variant, and BN-CONTROL with focusing on
cases where the maximum indegee is bounded by
some constant K. We show some hardness re-
sults on BN-PREDECESSOR, BN-CONTROL and
a related problem, all of which strengthen existing
hardness results. Next, based on our previous al-
gorithms for identifying singleton attractors [7], we
develop algorithms for identifying all predecessors,
all of which are much faster than the naive enumer-
ation based algorithm. Then, based on studies by
Coppersmith [4], we show some results on distribu-
tions of predecessors. Furthermore, by making use
of some of these results, we develop an improved al-
gorithm for BN-CONTROL for bounded indegree.
Due to space limitation, we do not present details
here. Details are given in the journal version [2]

2 Preliminaries
2.1 Boolean Network and BN-
PREDECESSOR

A BN consists of a set of n nodes V and n Boolean
functions F, where V. = {v1,...,v,} and F =
{f1,-.., fn}. In general, V and F correspond to a
set of genes and a set of gene regulatory rules, re-
spectively. Each node takes either 0 or 1 at each
discrete time ¢, where 1 (resp. 0) means that the
corresponding gene expresses (resp. does not ex-
press) at time t. The state of v; at time ¢ is de-
noted by v;(t). The global state of a BN (or sim-
ply the state of a BN) at time step t is denoted
by the vector v(t) = [vi(t),...,vn(t)]. A reg-
ulation rule for each node is given in the form of
a Boolean function and the states of nodes change
synchronously. A node v; has k; incoming nodes
Viy, .- -5 Vs, and the state of v; at time ¢ + 1 is de-
termined by v;(t+1) = fi(vs, (£), - - -, vy, (¢)), where
fiis a Boolean function with k; input variables. The

number k; is called the indegree of node v;. We also
write v;(t + 1) = fi(v(t)) to denote the regulation
rule for v; and v(t + 1) = f(v(t)) to denote the
regulation rule for the whole BN. A specific global
state can be written as an n-dimensional binary vec-
tor [b1,...,bn]. If we consider all 2" possible states
and compute their respective next states, a list of 2™
one-step state transitions can be obtained. These
2™ transitions fully characterize the dynamics of a
BN and the table representing these 2™ transitions
is called the state transition table. We can also as-
sociate a directed graph called state transition dia-
gram in which a set of nodes is the set of all possible
2™ global states, and there exists a directed edge
from u to v if and only if v = f(u) holds (see also
Fig. 1).

Figure 1: Example of (A) Boolean network and (B)
state transition diagram, where vy (¢t + 1) = va(t) A
Ug(t), ’Uz(t—i— 1) = Ul(t) and U3(t+ 1) = ’Uz(t) @'Ug(t).

For a global state v, a global state u is called
a predecessor of v if v = f(u). That is, u is a
predecessor of v if there is an edge from u to v in
the state transition diagram of a given BN. Then,
BN-PREDECESSOR is defined as follows (3, 4].
Definition 1 (BN-PREDECESSOR) /3, 4/
Suppose that a BN (V, F) and a global state v! are
given. Then, the problem is to find a global state v°
such that vl = £(v°). If there does not exist such a
global state, “None” should be the output.

We can generalize the concept of predecessor to
k-predecessors. u is called a k-predecessor of v if
k times applications of f to u yield v. That is, u

r—’L
is a k-predecessor of v if v = f(f(---(u)---)) holds.
Clearly, a usual predecessor is equivalent to a 1-
predecessor. We define BN-k-PREDECESSOR . to
be a problem of finding a k-predecessor of a given
global state in a given BN.
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2.2 Control of Boolean Network

In BN-CONTROL [1], there are two types of nodes:
internal nodes and external nodes, where inter-
nal nodes correspond to usual nodes (i.e., genes)
in BN and external nodes correspond to control
nodes. Let a set V of n + m nodes be V =
{V1y-- -y VUnyVUnt1,---»VUntm}, Where vy,...,v, are
internal nodes and vp41,...,VUn4+m are external
nodes. For convenience, we use z; to denote an
external node vp4;. Then, v;(t+1)fori=1,...,n
are determined by v;(t+1) = fi(vs, (2), .- ., v, (1)),
where each v;, is either an internal node or an ex-
ternal node. Here, we let v(t) = [v1(t),...,vn(t)]
and x(t) = [21(¢),...,Zm(t)]. We can describe
the dynamics of a BN by v(t + 1) = f(v(¢),x(¢)),
where x(t)’s are determined externally. Then, BN-
CONTROL is defined as follows (see also Fig. 2).

Definition 2 (BN-CONTROL) /1]
Suppose that for a BN, we are given an initial
state of the network (for internal nodes) v° and
the desired state of the network v™ at the M-
th time step. Then, the problem is to find a se-
quence of 0-1 vectors (x(0),...,x(M)) such that
v(0) = v° and v(M) = vM. If there does not exist
such a sequence, “None” should be the output.
Datta et al. proposed a dynamic programming
(DP) algorithm for control of PBN [5]. Here, we
briefly review their method in the context of BN.
We use a table D[bs,...,by,,t], where each entry
takes either 0 or 1. Dby, ...,bn,t] takes 1 if there
exists a desired control sequence beginning from a
state [b1,...,by] at time ¢. This table is computed
from t = M to t = 0 by using the following recur-
rence:

_ 1, if [br,...,bn] = VM,
Dfbs,...,bn, M] - = { 0, otherwise,
1, if there exists (a,x) such
_ that Dfai,...,an,t] =1
Dlbs, - bnst =1] = and a = f(b, x),

0, otherwise,

where b = [by,...,b,] and a = [a1, ..., an)].

3 Hardness Results

We obtained the following hardness results, which
strengthen existing hardness results.
Proposition 3.1 BN-PREDECESSOR is
hard for K = 3.

NP-

Theorem 3.2 BN-CONTROL
K=2and M > 2.

is NP-hard for

Theorem 3.3 BN-2-PREDECESSOR is NP-hard
for K =2.
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Figure 2: BN-CONTROL is, given initial and de-
sired states of internal nodes (v1, vz, v3), to compute
a sequence of states of external nodes (z1,z2) that
leads to the desired state.

4 Recursive Algorithms for

BN-PREDECESSOR

In our previous work [7], we developed a very sim-
ple algorithm (called the basic recursive algorithm)
for identifying all singleton attractors along with
its variants. Furthermore, we analyzed the average
case time complexities. In these algorithms, a par-
tial solution (i.e., a partial global state) is extended
one by one according to a given node ordering that
leads to a complete solution (i.e., a singleton attrac-
tor). If it is found that a partial solution cannot be
extended to a complete solution, the next partial
solution is examined.

By modifying these algorithm slightly, we can ob-
tain algorithms for BN-PREDECESSOR. For that
purpose, we only need to modify the part of

it is found that f;(v(t)) # v;(t)
n [7] to
it is found that f;(v(t)) # v},

where v} denotes the jth element of a vector v'.
Since both algorithms are almost identical, the
same theoretical results on the average case time
complexity as in 7] should hold for the modified
algorithms (see Table 1). We also performed com-
putational experiments on the modified algorithms
and obtained results similar to those in Table 1.

5 Results on Distribution of
Predecessors
Coppersmith showed that the probability that a

randomly chosen global state has a predecessor is
bounded by (1 —272")" [4], which approaches to 0



Table 1: Theoretically estimated average case time
complexities of basic, outdegree-based, and BFS-
based algorithms for the singleton attractor detec-
tion problem [7]. The same results should hold for
the modified algorithms for BN-PREDECESSOR.

K 2 3 4 5

basic 1.35™  1.43™ 1.49™ 1.53"
outdegree-based | 1.19" 1.27" 1.34" 141"
BFS-based 1.16™ 1.27" 1.35™ 1.41"

as n grows. Based on her idea, we estimate a lower
bound of the expected number of predecessors for a
global state having at least one predecessor.

Proposition 5.1 Suppose that for each node,
K input mnodes are randomly selected and then
a Boolean function is randomly selected from
22" possible Boolean functions (including constant
Boolean functions). Then, the expected number of
global states having no predecessor is greater than

9l 1
(%)

Proposition 5.2 Suppose that for each node, K
input modes are randomly selected and then a
Boolean function is randomly selected from 22"
possible Boolean functions. Then, once a global
state has a predecessor, it is expected to have

_— n
where L = P e

K41 _
on/(2 1) or more predecessors.

6 An Improved Algorithm for
BN-CONTROL

BN-CONTROL is NP-hard but can be solved in
O(nM2™*™) time for BNs of bounded indegree by
using the DP algorithm in Section 2.2. Though
some practically faster algorithm was proposed, no
improvement has been done on the theoretical com-
putational complexity. Here, we show an improved
algorithm for BN-CONTROL whose average case
time complexity is O(nM2™+8%) where 8 (< 1)
depends on K.

The idea of the improved algorithm is quite sim-
ple but non-trivial. We can assume without loss of
generality that the constant function 0 is assigned
to each of the first n/2H nodes with high probabil-

ity, where H = 22" [2]. Then, we can ignore these
nodes and thus we can only consider 2"~ 37 states
for internal nodes, instead of 2™ states.

As in Section 5, we let L = -2;;?:; = 5. For a

global state v, vo denotes the global state defined

by
L

0,0,...,0,VL+1,VL+2,...,Vn].

Then, the following proposition follows from the
definition of vg.

Proposition 6.1 Suppose that the constant func-
tion 0 is assigned to each of the first L nodes in a
BN with ezternal nodes. Then, f(v,x) = f(vo,x)
holds for all v.

Based on this proposition, we can replace
Dby, ...,bn,t] in the original DP algorithm with
D'le1,...,cn—r,t]. Using this improved algorithm,
we can obtain the following theorem.

Theorem 6.2 Suppose that for each node, K
input nodes are randomly selected and then
a Boolean function is randomly selected from
92" possible Boolean functions. Then, BN-
CONTROL for bounded indegree K can be solved

K
in O(nM2m+(=01/2%" "0y time on the average.
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