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ON A MECHANICAL REASONING ABOUT CAUSAL RELATIONS
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Central Research Laboratory, Mitsubishi Electric Corporation

This paper presents a method for representation and reasoning about causal relations within the
framework of modal logic. Two types of interpretations are given to the causal relation “ A causes
B”, progressive causality and regressive causality. The former means “ If A has happened, then B
will possibly happen as an effect of A,” and the latter represents “ If B has happened, then A might
have happened as a cause of B.” We define the models by possible world semantics. For a reasoning
method, we have presented a tableaux procedure. It is a procedure to construct a causal tableau
which is essentially stands for the model. Several types of reasoning about causality such as causal
verification and simulation can be treated by this method in a unified way. The applications to
hypothetical reasoning is discussed to illustrate how the causal tableau works.

1. INTRODUCTION

This paper presents a method for repre-
sentation and reasoning about causal relation,
namely, the relation between cause and effect,
within the framework of modal logic. The
two types of interpretation for the causal rela-
tion are defined on the basis of possible world
semantics, and the simple reasoning method
by using tableaux is presented. Also we dis-
cuss about the application of this method to
hypothetical reasoning.

Causality, which has been considered to
be a problematic notion in the philosophy be-
cause of its vagueness, is a very fundamen-
tal concept in natural discourse or common-
sense reasoning. In fact, a usual human action
is itself not logically but causally determined.
Compared with the logical (nominal) implica-
tion, the causal relation gives so many reason-
ing methods in various situations of everyday
life.

For instance, assume that we know a causal
relation
(P1) Eating an ounce of arsenics causes a
sudden death.

From (P1), we may suspect arsenics as a can-
didate for the cause of someone’s sudden

death. This type of reasoning, the causal
analysis or retrodiction, is very often used in
expert systems. Or we may imagine that if
he ate an ounce of arsenics, he should die sud-
denly. This hypothetical reasoning is also use-
ful for the thought-experimentation and con-
tingency planning. By virtue of this concep-
tual importance of causality, many Al sys-
tems involve causal reasoning. For example,
CASNET([10] utilizes causal relation in medi-
cal diagnosis. A qualitative simulation can also
be performed on the basis of causal relation if
the dynamics of a system is given in the causal
form. This paper intends to present a logical
system in which such various types of reason-
ing about causality can easily be realized in a
unified way.

Although there have been a lot of works
on causal relations, their formal treatments
within modal logic return back to Burks.[1]
Burks introduces the new modality of the
causal necessity to the conventional system
of modal logic. However, as is discussed in
Simon][9], he defined the causal relation as the
(strict) logical implication, so that “X causes
Y” should entail its contraposition “not Y
causes not X”. But this isn’t necessarily fit for
the ordinary usage of the word “ causality ”.



For example,

(P2) “If it rains, then the wheat grows.”

is logically compatible with

(P3) “If the wheat does not grow, then it
doesn’t rain .”

But
(P4) «“The rain causes the wheat to grow ”
is not compatible with
(P5) “Not growing of the wheat causes it not
to rain. ” ‘
This difference requires us to introduce
a causal relation with possible world seman-
tics. In this paper, we attempt to define a
causal relation by making a model with a tree-
like structure of the possible worlds. The
asymmentry between cause and effect is not
reflected to the asymmetry of the logical im-
plication but to the asymmetry of the relation
which connects the possible worlds.

In the followings, the model structure
and basic properties of causal relations are
described in section 2. In section 3, tableaux
procedure is introduced as a mechanical
reasoning method. And in section 4, it is ap-
plied to belief contravening hypothesis.

II. CAUSAL RELATION IN POSSIBLE WORLD

2-1. Causal Relation

When we say “A causes B”, the foilowing
two interpretatioﬁs may be considered.

(i) If A has happened, then B will possibly

happen as an effect of A.

(i) If B has happened, then A might have

happened as a cause of B.
In case of (i), A is considered to be a sufficient
condition in the meaning that the occurrence
of the cause A is a sufficient premise for the oc-
currence of B to be possible. We call this rela-
tion the progressive causality. On the other hand,
(ii) is corresponding to necessary condition be-
cause it means that the non-occurence of the
cause B is sufficient for the non-occurrence of
A. We call this relation the regressive causality.

These two types of causal relation are very
often confused with each other because of the
symmetry of their logical properties. However,
their formalizations should be treated inde-
pendently, that is, each interpretation and the
reasoning method should be given differently
and used in the different situation. For in-
stance, the regressive causality is useful to
find out the cause from the result, while
the progressive causality can be adopted to
qualitative simulation by which the behavior
of the system is predicted.

We introduce two modal symbols -2,
and -> which mean

(i) A& B (progressive causality) ’
if the cause A has happened, then the effect
B will happen

(i) A-L+B (regressive causality)
'if the effect B has happened, then the cause
A happened

2-2. Model Structure

We will introduce two types of causal
model, progressive causal model and regressive causal
model , based on the possible world semantics
formulated by Kripke[6].

The progressive causal model (G,K,R) is
defined as follows. K is a set of possible worlds
where a world is a truth value assignment to
the atomic formulas. G € K corresponds to the
real world and R is a reflexive and transitive
binary relation on K. Hence, our theory is
equivalent to .54 in modal logic. For w,w; € K,
w; is said to be a possible world of w if wRw; holds.
A formula F is assigned true by the world w
{denoted by w=F) in the following way.

(i) wep where p is an atomic formula
iff p is true under the truth value assign-
ment for the world w
(i) w-=AAB _iffw=Aand w=B
(ili) we=-4A iffnot weA
(iv)] w-A- LB
if7 for every w; s.t. wRw;, { if wi=A then
there exists j(i5£5) s.t. w;Rw;, w;=B)
Moreover, the standard modal operators are



defined as usual.
(v) w=nA iff for every w; s.t. wRw;, w;=A
{vi) w=0A iff there exists w; s.t. wRw;, w;=A

2-3. Fundamental Properties of Progressive
Causality

From the definition of progressive
causality, the following basic properties hold.
(1) Aa&HB Dol AB)
(2 A-&%B A BXC D> AXLc
8 A&c A BXZCc = AvVvB-Kce
(4a) (ADB)A B2 Cc D A-LcC
(4b) A-2B AQBDC)D ALC
(5) A -2 ralse
(6) A2%LB D>(o-B>o-4A)

=0-A

(1) denotes the causal uniformity principle
which requires the causal relation to be in-
variant thoughout the worlds, since causality
is a universal law.

(2) denotes a  causal chaining
(i.e.transitivity of -2, ). It requires the tran-
sitivity of R, as is shown below.

\.\ e possible worlds of w,  /
\ e //
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Fig.1 Possible world construction

Assume that there exists a model which
falsifies (2). Then there exists a world w; such
that w;= A-Z,B A B-2,C and notw,=
A -2, ¢ . Thelatter indicates that there exists
a world w; such that w,Rw, in which both of
the following conditions are satisfied :

(i) we=aA

(i) for any w, such that w,Rw, not w=c
On the other hand, ws- A-2.B A B2 ¢
means w,= A-2,B and w,= B -2, C . From
wir A-Z,B and wy=A, there exist a world w,
such that w;Rw; and w;=B. Since ws= B -2, ¢
also holds, there exists a world w, such that
we=C. Besides, w,Rw, holds because of the
transitivity of R. It is a contradiction. Hence,
there is no model which falsify (2). (Fig.1)

(3) is a characteristic property of a
sufficient condition. A-2,¢ A B2
shows that both A and B cause ¢ independ-
ently. Let the worlds be wy,w, in which 4, B
is true, respectively. Although w, and w, are
not necessarily the same world, A v B is true
in both of w; and w,. Therefore the formula is
equivalent to AvB_2,¢C .

(4a) and (4b) indicate how causal relation
is related to (strict) logical implication.

(5) indicates a basic requirement for causal
absurdity. The if part represents that nothing
happens that causes logical absurdity. The
only-if part requires the reflexivity of R, since
the model satisfying A4 in all the worlds except
the real world falsifies it if reflexivity is lacking.

(6) shows the requirement on the non-
occurrences of cause and effect.

2-4. Regressive Causality

Regressive causal model is defined
similarly, since the logical properties which
hold in this system are symmetrically treated.
In this case we define a model (G, K, R') where
R is a reflexive and transitive'binary relation
on K. Truth value assignment to A -B is
given similarly, that is,

w A--B

i/ 1 for every w; s.t. wR'w;, (if w;=B then
there exists j(i£j) s.b. wiR'w;, wj =4 )

Regressive causality satisfies the following
properies :
(1) Aa->B
(2) A-5B

Dol A-LB )
A B-HC O A-LcC
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3 A-B A A5HC = A-SHBVC
(4a)o(c >B)A A-DB D A-SC
(4b) A--¢c A(ADB)D B-LC

(5) rsatse A =oD-A

(6) A--B D (DA D 0O-B)

III. CAUSAL TABLEAUX
3-1. Tableaux Procedure

Tableaux procedure gives a mechanical
reasoning method to construct a causal tableau
which is essentially the model defined in the
previous section. There are two types of causal
tableau, progressive causal tableau and regressive
causal tableau .

The progressive causal tableau is built in
the following way. The tableau consists of
two columns : Jeft column and right column. Left
column contains a set of possible worlds and
right column is a necessary world. The ini-
tially introduced tableau is called a main tableau
, which corresponds to the real world. The
tableau is systematically extended by the fol-
lowing world extension rules.

World Extension Rules

[left column]

(PL1) If s is a set of formulas appeared
‘in the left column, then we can add every
formula A, such that o(S D A) to the
same column. (select only the relevant
ones)

(PL2) If A such that A -2.B appears
in the left column then we can create a
new auxiliary column by putting B to it.

(PL3) [or-split]

If AV B appears in the left column, then
the column splits into two alternatives
: either put A or put B. We call them
alternative columns.
(PL4) [and-split]
If A,, A, appear in the left column where
Ay -®»B, and Az -2.B: hold, then
three new auxiliary columns can be
created ; put By, Bz, By A B; to each new
column. If A;, Ay, ..., A, appear in the left
A 5By , Ay-BB,

column where

y sy Ap 2B, hold, then 2*—! new
auxiliary columns can be created.

[right column)]

(PR1) If sis a set of formulas appeared in
the right column, then we can add every
formula A , such that o{ S D A). (select
the relevant ones)

(PR2) If -B appears in the right column
such that A -2,B holds, then -4 is
added.

(PR3) I -B,, -B, ..., B, appear in the

right column, such that 4, 2B, ,
A, -5 B, , then add

Ay 22By ) ey
Ay, A, ..., Ap.
Note that right column is not splitted.
An auxiliary column is said to be closed if
one of the following conditions is satisfied.
(i) A complementary pair of a formula ap-
pears
{(ii) A formula P appears in it, while =P
appears in the right column of the main
tableau
Alternative column is said to be closed if some
auxiliary column of the alternative column is
closed. The main tableau is said to be closed
if one of the following conditions is satisfied.
(i) A complementary pair of a formula ap-
pears in the right column
(ii) All the alternative columns are closed

The construction of the regressive causal
tableau is completely symmetric with that of
the progressive causal tableau. In this case, the
roles of the left column and the right column
are turned over, that is, left column shows the
necessary world and right column shows a set
of possible worlds.

3-2. Reasoning Method by Causal Tableaux
Several types of causal reasoning can be
executed by means of causal tableaux.

(1) Progressive causal verification

(Forward chaining)

When a cause C is given and its effect E can
be predicted, we prove the effect will possibly



happen from the cause ¢ and show the process
which leads to the effect. It can be applied to
the verification of behavioral correctness, that
is, the system behaves as it is intended to.

In order to prove that ¢ -2, E is valid,
we try to construct its countermodel by using
the progressive causal tableau. If the main
tableau is not closed, we obtain a counter-
model. Otherwise, ¢ -2, E is proved to be
valid.

[ Example — Wheat Growing Problem I ]

We will consider a closed world model
determined by six elements ; fertilizer, rain-
fall, wheat-crop, demander, demand and
supply relation, and price. There are two
causal relations.

(i) Small rain-fall or lack of fertilizer causes

the decrease of the amount of wheat crop

(ii) A small wheat crop or an increase of

demander causes the wheat price to rise
We can formalize them in the followings :
-F VR -2 -W -W vV -N -Z,-P
where

F : enough fertilizer is given

R : there is enough rain-fall

W : wheat-crop increases

N : population(demander) decreases

S : supply of the wheat is larger than the

demand

P : price of the wheat falls

In addition, we assume the following logical
property holds.

o(S D P)
It represents the fact that the supply of the
wheat is larger than the demand implies the
price of the wheat falls.

We will show that small fertilizer may
cause the situation that the supply of the
wheat is less than the demand, which is repre-
sented by -F -2,-5 .

At first we put -F in the left column and s
in the right column of the main tableau. And
we will attempt to construct the progressive

causal tableau according to the world exten-
sion rules.

left column right column
-F S
-F Vv =R P
-W
-N Vv W
=P

Fig.2 Wheat growing problem I
(Progressive causal verification)

Since the main tableau is closed, -F -2, -§
is proved to be valid.

(2) Simulation

Simulation means the analysis how the sys-
tem behaves from the given condition. It is
executed by using only left column of the
progressive causal tableau. At first, the for-
mulas which are satisfied in the initial state
are put in the left column of the main tableau
and possible worlds are created by the world
extension rules. Each auxiliary column shows
a possible behavior of the system.

We can apply this method to qulita-
tive reasoning[2](3][5] which is a methodology
that predicts and explains the behavior of
mechanics of the physical systems in-qualita-
tive terms.

(3) Regressive causal verification

(Backward chaining)

When an event E is observed and its cause
C is suspected as a cause of E, we prove that
C is actually the cause of E. The proof of the
validity of ¢ -+ E is done by means of the
regressive causal tableau, symmetrically with
the case of forward chaining.

(4) Causal analysis

Causal analysis is a process which infers
a cause from an effect. It corresponds to
the backward simulation, which is executed
by using only right column of the regressive



causal tableau . At first, the given formulas are
put in the right column of the main tableau.
And then possible worlds are created by the
world extension rules for the régressive causal
tableau .

In the process of this backward simulation,
auxiliary column terminates if one of the fol-
lowing conditions is satisfied.

(i) There is no causal relations to extend
the tableau, namely, causal relations
are exhausted.

(ii) The world which already appeared in
the column appears again. (It means
that the system is cyclic)

Alternative column terminates if all the
auxiliary columns of the alternative column
terminate, and the main tableau terminates
if all the alternative column terminate. Each
auxiliary column shows the possibilities of the
behavior of the system, and a set of formulas
appeared in the auxiliary column except in the
real world is the candidate for the causes of the
effect.

[ Example — Wheat Growing Problem 11 ]

We will consider again a closed world

model previously defined. We assume the
follwing two causal relations.

(i) If the amount of wheat crop has in-
creased, there were the rain-fall and
enough fertilizer

(ii) If the wheat price has fallen, there were
a large wheat crop and a decrease of

population
We can formalize them in the followings :
FAR-DLW WAN-DP

Similarly to the prior example, we assume the
following logical property holds.
o(S D P)

We will show the procedure to find the
cause if the price of wheat rises.

left column right column

P

WAN
W N

FAR
F R

Fig.3 Wheat growing problem II
(Causal analysis)

Since no more worlds can be created, the
procedure terminates, and all the formulas but
P appeared in the tableau are candidates for
the causes.

1V. APPLICATION ,

In this section an application to fault
diagnosis on the basis of belief contravening
hypothesis is presented in order to illustrate
how the causal tableau is used to more sophis-
ticated reasoning.

A belief contravening hypothesis is a supposition
or assumption standing in a logical confliction
with accepted beliefs or known facts. [8]

For example,

» Assume that Lincoln had been defeated

by Douglas in the Presidential election in

1860 :

Since we believe, and indeed know that Lincoln
won in 1860, it is a belief contravening
hypothesis.

To make a belief contravening hypothesis,
it is necessary to reject or modify some beliefs
so that the ultimate residue is logically com-
patible with the hypothesis in question. This
reasoning method is formulated by the causal
tableaux as follows.

Assume that a Dbelief contravening
hypothesis F has happened in the cir-
cumstances of a set of beliefs By, Ba,..., Ba. It
means that By A Bz A ... A B, A F is inconsis-
tent. We try to reject a belief Bi(1<i<n)
and retain the others, and attempt to con-
struct the progressive causal tableau so that
By A ... A By A F (except B;) is consistent. If it



can be constructed, then it is a model, which
means that B; is the cause of the fault.

Belief contravening hypothesis can be
used in the wide range of applications[4]
which include contingency planning, thought-
experimentation and so on. In the followings,
we apply it to the problem of fault diagnosis .

Fault diagnosis , which is an analysis of
causes when some failure of a system hap-
pens, is well performed by the causal analysis
if the dynamics of the system is specified in
detail enough to handle failures and excep-
tional cases. However, since the persons sur-
rounding a system usually have knowledges
about only its normal behaviors, the failure of
the system appears to them as a belief con-
travening hypothesis . Even in this case the
cause for failure can be found out by rejecting
some rules for normal function and inferring
the failure part of the system, as is actually
performed in the following example.

[ Example — Simple plant controller ]

We will consider a simple plant controller
system.(Fig.4-1) It consists of two components
of boiler and temperature controller which
together form a feedback loop. The boiler has
five température states, T1,T2,T3,T4 and TS5,
which indicate the state of the temperature ¢
of water as follows.

Ti(t<a) ; T2(t=a) ; T3(a<t<b

Tat=18) ; T5(0<t)

H Boiler

Controller | F

Fig.4-1 Simple plant controller system

The system is designed to keep the tempera-
ture between a and b by the following control
rules ; if the temperature decreases to the de-
gree less than a, then the switch is on, and
it increases to the degree higher than &, then
switch is off. If the switch of the boiler is on,

then it causes the temperature of the water to
increase, and if the switch is off, then it causes
the temperature to decrease.
This is formulated in the followings :
Control Rule
Crl o(T1 D on)
Cr3 o(T4 D off)
Heat Transmission
H1 o(on D increase)
H2 o(off D decrease)
Frame Axioms
Flo(TivTevT3v T4V T5)
F2 o(increase V decrease V constant )
F3 o(on v off)
Physical Causalities
P1 (T1 A decrease) v (T2 A decrease) -2, T1
P2 (T1 A increase) v (T3 A decrease) -2, T2
P3 (T2 A increase) Vv (T4 A decrease) £, T3
P4 (T3 A increase) V (T5 A decrease) -2» T4
P5 (T4 Aincrease) V (T5 A decrease) 24 T5

Cr2 o(T2 D on)
Cr4 o(T5 D off)

Assume that the water initially in the
state of T1 becomes to be boiled in the state
T5, although temperature is believed to be
kept between s« and b. We will find out the
cause for the failure by a belief contraven-
ing hypothesis . Note that some ‘control rule
or heat transmission are more questionable
than the frame axioms and physical causalities.
Therefore we retain the frame axioms and
physical causalities, while we examine doubtful
rules.

(i) We try to reject Cr2, that is , we assume
that T2 D off does not work correctly.
(Fig.4-2)

As ~T5 appears in all the alternative
columns, Ti-2,~T5 is proven, which shows
the failure of 71 2,75 . Therefore, we can-
not conclude that the rule should be rejected.
It is similar as in the case of Cr1 and H1.

(i) Assume that the control rule Cr3 is
rejected, that is, T4 D off does not work cor-
rectly. (Fig.4-3)

In this case, the tableau gives a model
which satisfies 71 2,75 , Therefore we con-



clude that it causes the failure of the system
if the rule works incorrectly. Hence, it may be
a cause. The case of Cr4 and H2 are in the
similar situation.

V. CONCLUDING REMARKS

We have presented a mechanical method
for representation and reasoning about causal
relations. Since the causality is deeply related
to the notion of time, we may extend the dis-
cussion on the basis of temporal logic or tense
logic. In this case, “ A causes B ” is repre-
sented by “ B regularly follows A ”. Although
this approach will give a similar result to this
paper, we have not attempted it, because the
time independent treatment of causal relations
appears to give a simpler, and therefore, more
practical reasoning method, and also because
some cases are known in which it is not neces-
sarily clear that whether “ A causes B” is com-
patible with « B regularly follows A ”.
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‘ | -T5

on | % SR L ——

increase | decrease

T4 | T2
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---------- |
T3 |
-T5 |

Fig.4-2 Belief contravening hypothesis
(rejecting Cr2)
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left column
T1
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T2
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T3
......... on I o
increase | decrease
|
T4 I T2

on |
increase | decrease |
|- |
| |
| ]
(contradiction)

T5 T3

Fig.4-3 Belief contravening hypothesis
(rejecting Cr3)




