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On Learning Classification Rules Using Decision Trees

Yasubumi Sakakibara
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140, Miyamoto, Numazu, Shizuoka 410-03, Japan
E-mail : yasu%iias.flab.fujitsu.co.jp@uunet.uu.net

We consider the learning problem of decision trees from the theoretical point of view
and practical point of view. We investigate the polynomial-time learnability of decision
trees in the presence of noise on the distribution-independent model of concept learning
from random examples introduced by Valiant. We survey the practical learning system
for decision trees, ID3, by Quinlan which uses an information based method. We also
briefly mention the problem of feature discovery.
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1 o=

B ICEEREN 2 5 C L 2 AN L T 2 EBFEE O TR, R L h

5,5z bhicllx OBE»b—BWABRRILEY HIHERSERAZEAE L LTRSS
NTW5. BITFIC, MNICHR (F8) 73742 ) Xa%, FROBE FIBORNWT
ATY XL L, BET 3.7 A -2 0ZEARBTETTETATY X L) 2HEKCLAE
BOEREL, TOERMBIZTA S, wbW 3 EHERMZEREE L FFEN 2R REA T
H 5. KRTRE, CORMPHEROZENZ & LT, 2RI ERT 2 5E0—oTHh b1k
EA (decision tree) #E Y _Eif 5. REAKNIE, Hhodoly (FBH) 2EH L 2 oEoxf0HE
BTERINTVEIEER, ChbZwlohD7 FACSHET 3 2D0HRIZERT 345
HO—D2TH5. ELTEDRERDELER, BRLH & X7 A% EDKRDT — & % LT
TE0FAETHbN, FlAEXECCOZEERER, AEOBEORHI» LIRL LN T
DREREFEET B L WO EECAES.
AR, CORERDEET AT Y XACDWT, BEREBE L EEWL 27 AlCDn
TN T 5. R R TR, Valiant KX > TEAINAHERNET 7L (PACEE=
F) (13] o BT, FEEAREEIC DO WTEET 2. FiIC, KERDOT— 2 »bDZEH L I RE
KENTE, FT—F R AXBEEINDE L VI RERERHTH 0T, ceTRIAZ%
BIRETF— A bO¥ECONTERT 5. ZEW Y 257 4 & LTI, Quinlan i€ X 215
mEa S zy brE—%FHw ID3 [6] COWTHENT 3. & bICHAER D EE LT
FETHZLEbh 3, FLvEEORA [5] KowTli s 5.

2 REKX
REAR (decision tree) i, thodoy (FH) »EM:L ZOEOMOEETERINT
WBRBEI, TNDOEVLOID 7 7 RACHET O OHAEEBE T 5 HEO—D2TH 5.

W (B = (B, fE), (B2, fE),.. .}

ZLTCTEDRERDER L, EREH AT LALEDKEDT - X 2T 20T A & TH
woih, FlZEZ CCoEERER, BEOBEBEOHHI» DIRLEEEM T 2REALFEET
2EnHEEICAD.

TCThk, KRG T —ABHELREL, Thb% 22 0¥k ]l) 07 7 2 CHET
2HA*E2 3T 3. ThADL, chboFAlR T - BlEET.

G, nBOT—AER (COX 5 HBEROESEY Vo = {a1,72,...,2.) TET) $D3
ERETS. X, = {0,1}" & 8L, X, 0OBEREEVYETLER. 33 LEREOT— LB
i, X, b {0,1} ~0Bfk e LTELIhS.

PEAR L I, BRE — FIC 7 —AZEHR, BEEIC0 £ 7cld 1 BT _AfFT A 25K
TH5. RERZRDL ST — AR *EHRT . 1 20# V4T de X, &, RERKDR
HOBEAD 1 DD I ARRRPET Z: ZENE/ — FCBNT, TDJ) —FILIFn
T EINTVE 7 AETROEREDE D LUTKEBNTOALEE (1 AbREA) oK)
ED. e EVBEDEZ, FoHElh BT 2BRoMEE %3,
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1: A decision tree representation for z;z, V zs.

3 RERDEE

FFHOIC, 51 b HARADBEF» bRERTHET 2HMAEET AT Y XA
KOWCHHHL, W AR T T X > T, HENWEELE CLicT 3.

& HhBTEe X, EEhICHTBET € {0,1} oxt (G,1) (Thk, §lEE) OAR
HES (Chix¥ > FLETELR) BELbIE, SEZELLDET IRERL RO T
Y XLRELDL. COBER, Babhied vy AL FELAWHEALERDZ LW dD
T, BT AT Y XABE—RHCHAIEETRTH 5.

ROEHOUfE LCLUTREDTATI XL %2525, =z, € V, LIRETS. 5§

(S7) 1, S OB (a,1) Td = (a1,...,an) D a; =0 (g, =1) THBIDFRTD
BERFET LB, ST & ST HHIcIERTDH B8, £ ¢ ik informative TH B & 5.

ArcoriTEM FINDT(S)
Input: A sample S.
Output: A decision tree T'.
Procedure:

1. If all pair (@,{) in S has [ = 1, stop and return the decision tree T = 1;
If all pair {@,!) in S has ! = 0, stop and return the decision tree T' = 0;

2. For some informative variable z € V,,

(2) Let T¢ =FINDT(SZ) and TF =FINDT(S%);

(b) Stop and return the decision tree with root labelled z, left subtree 7§ and rxght
subtree TF;

TaA=xY Xn FINDT(S) BFEIELT, $ v 7 SKFELAVREREHENT S C
LR, ABCRTCLAETED. ABTRINZEFTATY Xolk, TXTLHOTATY X
LEIERCLTWS.
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7a=xY X FINDT(S) TR, A7 v 720 BnCEOERERIRT 2 hic ko, 18
DNEIRERDY A XLT A=Y XAOFHHRNEKESLED>TL 3. UFTl’, REKK
FvrlnSHREANRDC X - T, EROBREL D 3 5%\ Z=RM A2 EIC
B 2 RN AR L, HHRERCE S ea— Y X7 4 v 7 2> TER R RIRT 2 5k
SR REE v 2 7 4 ID3 KDOWTERT 3. i, EROBRCBTR, /4 X
BEAET— A hDEBTIMERYELS.

4 FEREM
Valiant i€ X ofﬁ]\éi’bfcﬁ?ﬁﬁ'ﬂ?@%f}v (PACZEH=F71) [13] D LT, 74X
CERWEIR RSB T AT Y XLLCDOWTEET 2.

4.1 PACHEEFTIL

WERBTADTY XRAREENR LT LAl 5 2% F, TEL, chvh b
IND F, PoXRMOBEY fi ¢ET. F, 0Tt #{REZB & IFE UTEREIND
¥HEFATHE, COXSCTOEEINAT —ABRD 7 7 25 bRADOBEEI RIS
LIRET B.

W OLDOHFEOEREYT L. fu DB, X (@, fu(@) prtThb. coT,dEe X,.
Yo FALE, FIOEREEDC L THB. 557 — AP g 2301 (T,1) IEFBLEVEE,
9(@) =1 THBLERVS. g BYTAEFBELEVWER, 20V vy I A0 F X TOF]
CgHBFELANVWEEEZ NS,

Valiant I X > THA I e PACEEEF A (13] TR, T FERB X, L 3EEX
NZMERSG D ¥ {RET 5. COEST D BEZGREN, F2¥EEcikco Dic
BT 2HIEI—U52 b AV COLS R EAARBERGHOTTCH S L EHTc L%
BT 50T, ToEF AL distribution-independent EF A& HIEEN TV 5. EET L
TY XLE, AHNERbAWYH T Y FASILEX() EMBERDET T v 7Ky 7 AT
72T BT ERTES. EX()HFEERS &, 57 D ICit>THIERE € X, AT
Wb HEh, § (@ fu(d) BEBETATY) XAIGEI WS, 2EORIEREE —> 052, IE
BIDNSA—4F ¢ LIEEHDNASA—5 S CELTERINTVS. KL, 0 < e < 1,
0<6<1. 2207 -1 f & g O|OHERST D BT 2R8AVEE%

d(f,9) = »_ Prp(d)
H(@)#9(3)
TERTS.2CT, Prp(@) BRERDH D K-> TER @ XY I REREET.
EX() o—HEDOFUHLICEWT, f & g DEXRRE ZBERIBONIMERE L £ 5 & d(f,9)
TH?. e nBA &L, d(g, fu) S e THEE g %5 . B TAZY XLp7T—1(
#8272 F, % PAC(probably approximately correctly) 2833 & &, 2H71r=2) X
LRECHEELTROGH 2T 7 -2 g 2T E%2E5.

Pr(d(g,fu) <e)>1-6.

Thbb, § CIREEX h?‘c%lﬂﬁﬁ%f’,fﬁiﬁ“é N7 — B8 g L RO 7 — B E OfF
KX, e TIREEE NABGHENOBE AL AVE WS 22 THB (e ELAEBEBREHENT2) .
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DX AZEETATY XA A BSEREL PAC $BT B L X, A OFHERED n,
1/e & 1/§ OSZERTHEAbhBT L %EES.

ey PAC S aREE, ¥R L T2 7 — BB D 7 52 F, 0¥ 4 X |F,| K
HmoTLB. 7T—AERD 7 72 F, 1%, 3EH K LTh(|F,]) = O(n'), 3khbb
In(|Fy]) 28 n OSER T E L bR BH, SERFAXRTHB L 5.

Ehrenfeucht & Haussler [3] i, BREARICKRICETRINE T v 7 L WHlfRZEANRD T &
CkoT, 7 v 7 ¥Ex r DRERD 7 7 2%, ZHEAME PACEEHAGETH 5 T L 2/RL
fo. e R L CORERE, v T A XBEENREBEOMRTD 5.

BERT 0522, r(T), 1, RO XS5 CHRAUICERINS:

1. T=0%%2@3T=1%4bEr(T)=0
2. ro 5T DEDEDIRD S v 7 Try BEDEIARD T v 7 DR,

7o +1 otherwise.

max(rg, ) 1o #
r(T) = {

4.2 JARF—s4hH0¥E

PAC%B =5 A0 LCHREIN T3 Angluin & Laird K X 2 3%/ 41 XEF /L (Clas-
sification noise process) [1] &FEEN 3 J 4 XEFAICOWTEZEL, D8/ A XBFLET S
B CHEHEET A=Y XL 2HET 5 20 DF L LT, Noise-tolerant Occam algo-
rithm (NTOA) %#42%3 3. 2 L7 —rB¥0n 7 7 2L Tce o NTOA BHELET D
AL, TNEE-TEOERD 7 7 2icxkd % 7 4 RiICsR WS IHAR R PACZEE T =
Y XLARHERCE B C LAY, AR CREEOEE L, MRERTETCLYED, C
No O R—UIE < . BBRD A TR (10, 9, 11] 2B E e\

S A XBFET BEEE, 3y 7V v r7F 7 o0 EX,() (B 4 XBHFET S
LS T EERTIDIC, HEn (JAX0HE) 240 3) »ORD X5 KhlpEbhT
Kb EEETS.

EX(), BFEEN B &, DH D K> TH2ERT € X, 2SHLICH Y HE 1528, Fil
2BTATY XACGEE BRI, KFICs LTHLL, BER n T, fu(d) = 1 ORI (4,0)
2, fu(@) =0 DlFic (@,1) pRE N 3.

JAXDEEG L, 12 KETHDLEETS. ¥/ 4 X0EGcET51EH, ccT
B2 AZXDHD LRy > 0, BEFETATYXLCELZbNS LIRET 5. X bIKZEAR
B PAC B 7 A= Y X L OFEFTRENL, 1/(1 — 2n) OZER & 25 T L 2FFT

MBTATY XART —ABRD 7 T2 Fy % 7 4 RF—9 HHSIEREE] PAC 287
i, 3TV TE T o0 EX() BBELbNAERIC,EBTATY XARFEIFEELT

Pr(d(g,fu) <e)=21-46

DT g FHAIL, 0 X OFHEREED n, 16, 1/6 & 1/(1 — 2n,) OZHATHE
AbNBTERES.

I A XBEHE A, PAC¥ERT A=Y X LRI ERNLZEIEL, X0y
TACFBELAEWT — AR RO THENTE L W HETH S [2). Lo, /4 XHEE
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288, COFEREL RN ThALL, JAXKPELT, FYy TrCFELAVE
% F, FICED 03 B TERCEERED L. 2T, UTFEL 3 HER, ¥y ric
FELAWS —ABERERDBRDYVIC, $ v TAHD (FRTOFICTIEAL) BEAY
DFICFE L AVEIERD S & \» 5 MK ZES.

HEOHE*T3. 7B f ey IS IHLT, F(f,S) B f2XFETS SHFD
PoOEHREET LEHRTS. Lo, F(f,5) =040, fRYY 7L SKFELAW
BfTH 3.

T — 1B 7 9 2 F, Kxt3 % Noise-tolerant Occam algorithm (NTOA) & {2,
EX,() »bBbi m BOFLLERDEF Y TAS LRF X=X €,6,1, BG4 NI,

1. ROZMEBRT 57— 1B g € F, 1 - §/2 LLEORFERTHIIL,

m = 4 ’
2. TOEFAREM N & m oSEXTCHEXALbNS

TATYXAZNS.
CNREXYVROERRBDICLHBTED.

T 1 F, ZEZIAXCTH B LRETS. COF, 7—rfin 7 7 X F, kLT NTOA
BEETEIRLIE, F, 7 4 XF— 2 »bZHARME PACEEEETH L. DELEIND

YT AORE XL,
> 8 in 2F|
~ e¥(1 —2m)? §

4.3 WFENFEFTILIIVX LA

WERIKCHT 5 NTOA 28 L, REARR ) A XF— 2 bR E ( EETRETH B C
LERT. TV 7 r ORERD 7 7 2 r-DT(n) IKxf3 3 NTOA %X 2iICR 7.

7A=Y XA FINDT & RFINDT :DBvid, 2F /A XF -2l d 3 edic,
FINDT =25 v 7 1%, RFINDT 25 v 7' 1, 2iKikEE X T 5. £ T Cilibit 2 EH
Qr & Q1 % RFINDT oFRHFFUH LTHRIFT 22D, 2005 AR Ih T 5.
%7, FINDT OR 7 v 7 2B 3EROBRICH L TR, 7 v 7 2imx r ODRERZRD
32X51cT%idHic, RFINDT OBRAFUHLIECBWT, 5K v 7 r— 1 2Fed s
AR S, 2T v 7 4ck T DHERAR T TV 3.

m

TH5.

W 2 Qr = n+<52), Q; = £=TS| &35, $ LT A=Y X4 RFINDT(S,7,Qr, Q1)

4(en/r)"

DBRERT 2N 250, T kT v 7 5&KA r ORERTH Y, 2D
FLS) _ . d1=2m)

b 4

s~
TH5.
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ALGORITHM NODT
Input:

e A sample S of m examples drawn from EX,() subject to classification noise,
e Integers n,r > 0 and positive fractions ¢, and 7, with 0 <5 < 75 < 1/2.
Output:

A decision tree T of rank at most r such that F(T,S)/m < 5+ €(1 — 2nm3)/4 if one
exists, else “none”.

Procedure:

1. Calculate the following:

QrFr = m+ 6(1;821@;
_ €1 -2m)
Qr = WISL

2. Call RFINDT(S,r,QF,Q1);
3. Let T =RFINDT(S,r,QF,Qr1);
4. Output T and halt.

Subprocedure RFINDT(S,r,QF,Qr):
1. If F(1,5)/|5S| £ QF, stop and return the decision tree T = 1;
If F(0,5)/|S| £ QF, stop and return the decision tree T' = 0;

2. If |S] £ Q7 and F(1,S5) < F(0,5), stop and return the decision tree T = 1;
If |§] < Qr and F(0,5) < F(1,S), stop and return the decision tree T' = 0;

3. If r =0, stop and return “none”;

4. For each informative variable z € V,,

(a) Let T§ =RFINDT(SE,r — 1,QF, Q1) and Tf =RFINDT(57,r — 1,QF,Q1);

(b) If both recursive calls are successful (i.e., neither 7§ =“none”, nor I{ =“none”),
then stop and return the decision tree with root labelled z, left subtree 7§ and right
subtree T7;

(¢) If one recursive call is successful but the other is not, then

i. Reexecute the unsuccessful recursive call with rank bound r instead of r — 1;

ii. If the reexecuted call is now successful, then let 7" be the decision tree with root
labelled z, left subtree 7§ and right subtree T, else let T' =“none”;

ili. Stop and return T}

5. Stop and return “none”.

2: Efficient robust learning of decision trees of rank r
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WE3 Qr =0+ L2, Qr = LS| k3 3. £/ S ik, KEID T v 7 281 DREAR
Kst3 29y 7Y v i o0 EX() oo ml@ofrbhd vy I L,
128r(en/r)" <.2.f_7f>
m 2 (1 - 2m,)3 In ré
25, CoOBBEL &b 1-6/2 ORERT, RFINDT(S,r, QF, Q1) RIREART % AT 5.

#HE 4 EX,() »oBoNEBOIHEDOY v IS & r >0 LT, RFINDT(S,r,QF, Q1)
DEFTRIENX O(|S|(n+ 1)) TH 3.

BEoREL Y, ROEE%B5.
EE 5 NODT &, Zv 75 r ORERDZ 7 2Cx5 %5 NTOATHS.
FE 6 r-DT(n) 7 4 X7 — % b EEHARE PACHETRETH 5.

5 FEEEH X5 L: ID3

Quinlan I X > TEA X ID3 TWX, 7A=Y X4 FINDT(S) K 80 2 EHOFR%:
FAh5A7Ty 72080, BHRERCESS Y b rE— 2 FWnTEREZERT 5.

5Ny vy I SHT, HOERZ (7720 caEEND) #)(d,0) oREG%E S,
1 ZM5H0(d,1) DEE%® S1TEL, n= S|, p = |S1| 3 3. ID3 DHERZKRD 2D
DEZHERET S.

1. S s d 2ERE, S HOEZOERETER |So|/|S| T2 720 I, R |S:|/|S| T
7921 CHHEFTBEELDE.DFD, (0FciRl) DEELIEREOESOKE
ARERLE—RT I LiKT 3.

2. ERIX, BV MTEANTE LD (DHINEI75R) 2 RFTOT, Ay -V
0%l 2 ETIHERNABEER L RATc e nmTcE s cot ¥, READE
ETERE (=vitr¥E-) &,

I(p,n) =—pinlog

P n o n
ptn p+n gern

THEZibhb.
L =x; € V, BIRIC I AT INZEHE LGREEN, 21k S % 2 D0HES
Sg & Sfy g5, STHTHEOZISFIDOMEEE n:, H1 2I2FIOMEEE p; &3
3 (i € {0,1}). S7 KT BREROEEEE [(p;, ;) THELOND. LicdioT, Efz %
RICH e ROEREL, INEFS

1
_—pitni
E(:c)"'g p+nI(pnnz)

ERB. XoT, B 2FBR LA &ic X 3 EHREORING
gain(z) = I(p,n) — E(z)

EhD. 2T ID3 I, ZHABIRT 23 L LT, gain(z) 2HBACT2E R z 2 BE L v
S5HERFH3.

I
oo
I



6 BHORER

BEROFEEFEL AV L CoOREA & LT, replication flfE & w5 b DB 5. Th
I, REROWIBICE LA — v OBIABAEDHENTROYf XBKRELE->TLES
METH 3. chit, IREADE/ — Fie—Do0ZH (RiE) LrHEhATohAnwT &t
LT A[EETH . FliE, HOMTHE SN IERMAEN X 5 AEEFUER D 7 -1 K
EREATHAWCERLLS 2152, 2OFTHL XBRDDODREARTH, AL~ F—v
DE|HAARRMEDBENTLES. cOfER, V7 51D F (conjunction) ZNH/ — FiC
) 2T BHAR L e REARE W EFR S 5.

Pagallo & Haussler [5] (%, #&Ficcn X5 A#lA Y 77 r0EE2HRO0T, th
YH LR LCREES A THRERTHEET 2 AL EREL T 5. b i, FRINGE,
GREEDY3, GROVE ¢ MEEN 3 3 D2DT AT Y XLRBRELTwE. ThbD3IDOT A
=Y XLk, REARERT T A=Y XA LT, AWM FINDT 2fv23 (ERE
icix, GREEDY3 & GROVE &, &Y X + [8] L FEE N 2 HBRARER L AHEE LA V)
2, 2EPCHLVEEL LTY Ty 0EERRO0HL, T2 REES V., KN T,
FINDT 27 v 7 280 B BHEOEROER L T2 L CAHBHF L. 3 20T AT X4
7, V77 r0EEERAT B, RA5HEEH5.

#i% ¥ FRINGE &, ¥, ID3 CR#IOEM: (5 Z0 2R TRERTZERT 5. £
LC1 e 9T ENABECEBZET 2 L2 LD (FECEW) BERD2DOD/ —
Fclh MTcoh Ty EE b (FNLOBEXWMB AL LT) SIEXZHLIEYHT.
Ric, BoneH L WEEZ N ZBEEEE 2T, ID3 CREREVEVET. chiikd
B e, hrcKEABEENEBOLND.

T FEH

AR, RERDEFILODWT, PACEREEFADO LT/ 4 X7 — 45 bDFEE R
YEICBET B ERAURE R &, BHERICES v b e — 2w EE Y 27 4 ID3 LRl
DORAOFEHIC ORI Z. LAL, TT TR LBIRRE, REAROZEH T3
BIEDEA D—ITH > T, WY L hro 2 BEABIE L LTk, SR CREREE
DB ~OYLE [4] ¥, BIRERT — & &b D2%H (incremental learning) [12], {FHEFRIC
P 2R/NGEREEE (MDLP) 2 iV E 1) REHH 5.

FRABOEEE LT, flalE, ID3 v 274k (H2&BOTT) LEAEE PAC
BT7AIY) XLthoTndrifiRbc ek, HIKENEEbR?.
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