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An Efficient Method for Simulating Dynamics of
Interaction between Water and Air using Overlapping Grids

Puam THUY THI THU," YONGHAO YUE ,* YOSHINORI DOBASHI 1t
and TOMOYUKI NISHITAY

Fluid simulation has become an important topic in the field of computer graphics. The aim
of this paper is the realistic simulation of water waves caused by the interaction between water
and air flows (i.e wind). In order to calculate water waves accurately, high resolution grids
are required. However this leads to increasing computational cost. To overcome this problem,
we present a new method for simulating water waves due to wind by using overlapping grids
with different resolutions. The method makes it possible to generate accurate shapes of water
waves without increasing computational cost.

1. Introduction

In recent years, fluid simulation has become an
important subjects in the field of Computer Graph-
ics (CG). Animating fluids like water, smoke, and
fire by physics-based simulation is increasingly im-
portant in visual effects, especially simulations of
water waves are widely used in movies and com-
puter games recently. To simulate water waves,
there are several approaches using waves equation.
However, in this paper, we consider both water and
air as two kinds of fluids and water waves are sim-
ulated as the interaction between them. Fluids be-
haviors are governed by well-known Navier-Stokes
equationsm). In 1999, Stam proposed a method to
solve Navier-Stokes equations called the Stable flu-
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ids method? which has made significant progress
in fluid simulation because this method allows the
use of a significantly large time step without losing
stability. To track the movement of fluids with free
surfaces like water, Osher and Sethian developed
a technique called Level Set Method® which has
been used in almost all liquids simulation recently.
One problem that CG researchers always have to
deal with is high computational cost, especially
in simulations where detail is required, because in
such cases we have to use a very high resolution
grid to get accurate and realistic results. Octree
data structure®, Hybrid mesh® were proposed to
deal with the case when solid objects are inside the
fluid. However, if objects move inside the fluid, us-
ing these methods, we have to rebuild our mesh
repeatedly which costs a lot of time. Dobashi pro-
posed a fluid simulation method using overlapping
grids® and applied it to fluids without free surfaces



like smokes. In this method multiple grids are used,
one called the global grid for the entire space, the
others called local grids for regions where accurate
results are needed such as around objects or near
viewpoint. If an object moves, the grid assigned to
it is also moved. By this way, the grids do not have
to be rebuilt repeatedly like in Octree data struc-
ture or Hybrid mesh.

In this paper, we extend Stable Fluids Method and
Overlapping Grids Method to deal with multiple
fluids and fluids with free surfaces. As an appli-
cation, we simulate water waves caused by the dy-
namics of interaction between water and air. We
show that by using overlapping grids near the wa-
ter surface, we can obtain detailed images of the
water surface in dynamic regions with considerably
reduce computational cost in comparison with that
when using one grid which has the same resolution
as local grids.

The rest of this paper is organized as follows. In
Section 2, we briefly review several methods for ac-
curate calculation in fluid simulation. In Section 3,
we described in detail Overlapping Grids Method
and how it is applied in water-air interaction. Re-
sults are shown in Section 4 and conclusion and

future work are discussed in Section 5.
2. Water-Air Interaction Solver

Stable Fluids Method is the basic method in fluid
simulation, used to simulate fluid without free sur-
face like smokes. To deal with fluids with free sur-
face like water, it becomes more complicated. We
not only have to calculate fluid’s velocity accurately
but also need a method to trace the evolution of wa-
ter surface. Moreover, in case of two fluids which
have very different density like water and air (the
density of water is around 1000 times that of air),
some modifications is needed in the calculation of
fluid’s pressures. In the rest of this section, we re-
view several methods to compute fluid’s velocity
and pressure accurately. Although each of them has
already appeared in previous literature, we couldn’t
find a paper that contains all of them.

In the rest of this paper, for simplicity our explana-
tion are done in 2D case although it is still applied
in 3D case.

2.1 Governing Equations
We consider water and air as two kinds of fluid
and their behaviors are governed by Navier-Stokes
equations for incompressible viscous fluids,
;= —(u- Viu+vViu— —V—E-i-g, (1)
V.ou=0, P (2)
where g is the gravity, u = (u, v, w) is the velocity,
p is the pressure, p is the density and » is the kine-
matic viscosity of the fluid.
Our solver is based on Stable Fluids Method, the
numerical algorithm for Navier-Stokes equations,
and Level Set Method which presents the evolu-
tion of the interface between water and air. We
employ the level set function ¢, a signed distance
function defined to be negative for water, positive
for air. Thus, the sign of ¢ distinguishes water and
air regions, and also determines the density p and
kinematic viscosity v at any point in the simulation
space. The fluids dynamically evolve in space and
time due to the velocity field u of the fluids. This
is described by the level set equation:
¢e+u-Vo=0. 3)
We solve Equation (3) using semi-Lagrangian
method'?). Every time step, the advection of level
set ¢ causes the density and viscosity fields appear-
ing in Equation (1) to be updated. One drawback
of Level Set Method is severe volume loss especially
on relatively coarse grids. A method to preserve
water volume is described in the Appendix.
2.2 MAC Grid
To solve Equations (1) and (2), we divide the
simulation space into a finite number of cells. We
use staggered MAC grid model® in which pressure,
level set value, density of a cell are stored at the
cell’s center, while velocities are stored at the cell’s
faces. This model is in contrast to the the stan-
dard collocated grid used in Stable Fluids Method
in which pressure and velocities are all stored at
cells’ centers. The model of MAC is illustrated in
Figure 1. For cell (%, 7) the velocities at the left and
right cell faces are denoted as U1 and u; 1.0
while the velocity at the bottom and top face are
denoted as u; ;_ 1 and u; ;. e When advecting ve-
locity field as well as level set function using semi-
Lagrangian method, we need the velocities at cells’
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Fig.1 MAC grid

centers and they are determined as follows,
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The main advantage of a MAC grid over a collo-

u;; =

cated grid is that it allows first order central differ-
ences to be performed with respect to velocity and
pressure. For example, to compute g—‘t‘ at the center
of cell (3,7), in case of collocated grid, we have to

use the second order central differences,

Ou Uitl,y = Wiz1,j Yipj+1 — Viy—1
- » ) (5)
at g 2dx 2dy
which completely ignores the velocity of the cur-

rent cell (z,7), and in general makes inefficient use
of given data.
In case of MAC grid, the derivative can be com-

Yird; ~%i-1,; Yig+d T Yis-3
dx ’ dy ’
(6)

which is unbiased and accurate to O(Az?), and

puted as
du

E3

2%}

does not skip any value. Therefore, using MAC-
grid, the velocity field can be computed more accu-
rately than when using collocated-grid.

2.8 Updating Velocity Field and Pressure

Field

The velocity field is updated from nth time step
u™ to (n+1)th time step u™*! through the follow-
ing steps.
(1) Apply the external force. We apply gravity g
to both water and air regions.
(2) Calculate the advection term u- Vu using the
semi-Lagrangian method.
(3) Compute the effect of the viscous term vV>u
by employing implicit central differencing. In our
case we apply Vwater for water region (¢ < 0) and
Vair for air region (¢ > 0).
(4) Project the velocity field so that the condition
V-u = 0 is satisfied. Suppose that the u* is the ve-

locity obtained after previous three steps, we have

to compute pressure p using the following equation:

Vp AT
= ™
and using p to compute the velocity in the next
time step A
N t
u" = ut — = Vp. (8)

In the case of water and air’s fnteraction, density p

is spacially varying, Equation (7) is discreted as
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where h is the interval between two grid points,
pi+1,j+1 are the pressure values taken from the cen-
ters of the neighboring cells, Uind g Wigtl and
Pixl,j Pl BT€ the velocities and densities taken
form the cell faces.

2.4 Handling Multiple Fluids

In case of multiple fluids, Hong and Kim used
ghost fluid method to deal with pressure jumps due
to surface tension across the interface between two
fluids”. In this paper we take into consideration
the difference between the fluids’ densities to simu-
late the interaction between them. Using Equation
(9), we need fluids’ densities at cell faces. Because
fluid’s density is only sampled at a cell center, the
density at a cell face is computed using level set val-
ues. For example, the density at the face between
cell (i,7) and cell (i + 1, j) is calculated as follows.
() If pi; = pit1,j, 1.e. cell (,7) and cell (i +1,7)
are both in water or air region, then Pyl = Pig =
Pitl,5-
(ii) If p;,; # piy1,;, it means that one cell is in water
and the other is in air region. Remember that level
set value lset; ; indicates the distace from cell(z, j)
to water surface, therefore, by comparing the abso-
lute value of Iset; ; and Iset;y1,;, we can determine
whether the face between cell (2, j) and cell (i+1, j)

is in water or air.



Pii if |Isets,;| > |lsetiya;l;

Pit1, if |Isets ;) < |lsetivi;l;

Eﬁi;ﬁi if |l$€ti,]‘| = |lseti+1,]-|.
(10)

Pivdis =

2.5 Linear System Solver

The collection of equations in the form of Equa-
tion (9) makes a linear system

Ap=5b (11)

where p is the vector of unknown pressures required
to make the velocity field divergence free. Vector
b is the divergence of the velocity field u*, matrix
A presents the constraint between p and b. To
avoid making matrix A singular, we set boundary
conditions for pressure as follows.

e Dirichlet boundary condition for top row, i.e.

pi,0 = constant.
e Neumann boundary condition of 0 for the other

boundaries, i.e.
0 8
2l =22 - =0, (12)
Oz o, Oz Naz+1,i Oy PNyt

where Nz, Ny are the horizontal and vertical

resolutions of the grid. By these boundary con-
ditions, A is a positive-definite, symmetric ma-
trix, therefore Equation (11) can be efficiently
solved using SOR (Successive Over Relaxation)
method". A further discussion on the bound-
ary conditions can be found in the doctoral the-
sis of Mark Carlson®.

3. Overlapping Grids Method

3.1 Overview of Overlapping Grids Method

The basic idea of Overlapping Grids Method is to
reduce computational cost by using different reso-
lution grids in different regions of fluid. There are
a single global grid and multiple local grids.

e One coarse global grid is assigned to the entire
simulation space.

e One local grid with high resolution is assigned
to each region where fluid’s behavior is compli-
cated and needs to be displayed in details such
as around water surface.

One advantage of Overlapping Grids Method is
that local grids can be moved along with the move-
ment of water surface without being rebuilt every
time step like Octree Data Structure® or Hybrid
Meshes®. We only have to add inertial force caused

by the movement of a local grid to every grid point
of that local grid as external force. Navier-Stokes
equations are solved on global grid as well as on
each local grid. There are two important points we
want to mention when solving Navier-Stokes equa-
tions on overlapping grids.

e Inertial force is added as external force for mov-
ing local grids.

e Data such as velocity, pressure and level set
value is exchanged between global grid and lo-
cal grids. Before the calculation at each time
step, data is copied from global grid to local
grids, and after calculation, they are copied
back from local grids to global grid.

The data exchange process is illustrated in Figure
2 and is described as follows.

e Copy from global grid to local grids: we only
copy data from global grid to the boundaries
of local grids.

e Copy from local grids to global grids: all data
of local grids except that on the boundaries is
copied to the corresponding positions in global
grid.

In case multiple local grids are used and they are
also overlapping each others, data is exchaged as
follows.

Assume that we have n grids g1,92,--- ,g» in in-
creasing resolution order, g; is the global grid.

e Copy from low resolution grids to higher resolu-
tion grids: for each grid gx(k =1,...,7n) except
the global grid, data from grid g; (¢ < k) cor-
responded to the boundary of grid gx is copied
to the boundary of grid gi and this process is
carried out from i =1toéi =%k — 1.

e Copy from high resolution grids to lower res-
olution grids: for each grid gx(k = 1,...,n)
except the highest resolution grid g., all data
except data on the boundary of grid g; (¢ > k)
is copied to the corresponding position in grid
gr- This process is carried out from ¢ = n down
toi=k+1.

3.2 Water-Air Interaction Simulation Us-

ing Overlapping Grids

To simulate the interaction between water and

air, local grids are placed so that they cover the

water surface like in Figure 3.  We let local grids
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Fig.3 A local grid is placed to cover water surface.

overlap each other at the boundaries of local grids
so that the computational accuracy does not de-
grade at the boundaries. In case dynamic waves
occur, the local grids may no longer cover the en-
tire water surface, therefore these local grids are
moved in vertical direction along with the up and
down movement of the surface so that they can al-
ways cover the surface.
To decide the velocity of a local grid, we take the
average value of the velocity of water at grid points
near water surface inside that local grid. The iner-
tial force acting on each local grid is calculated as
follows.

f= -(fl_ltl’ (13)
where u is the velocity of the local grid. One
more point to be considered here is using Level Set
Method in overlapping grids. After we obtain the
velocity field at each time step in all grids, we use
this velocity field to update the level set values in
the global grid as well as the local grids using Equa-
tion (3). For a moving local grid, velocities at grid
points in the local grid we used to advect level set
function is the relative velocities to the local grids,
not to the global grid. Therefore, before the ad-
vection process, the velocity of the local grid must
be substracted from the velocity at each grid point.
The subtracted velocity is added again after the ad-
vection. Level set values are also copied from global
grid to local grids before advecting and after level
set values are updated, they are copied back from
local grids to global grid. Finally, level set values

are reinitialized in all grids using Fast Marching
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Fig.4 Computation flow in one time step when using

overlapping grids.

Method? . The computation flow in one time step is

shown in Figure 4.
4. Results

‘We applied our method to simulate dynamics of
water waves caused by local wind in 2D case. The
grid points in the regions in which winds blow have
the velocity of the winds. The places and directions
of the winds are indicated by the arrows in the re-
sult images. Local grids are displayed as rectangles
with black boundaries.

‘We compared the computational costs when us-
ing our method with those when using only one
global grid. Images obtained when using one grid
are shown in Figure 5. Figure 6 shows the results
when using one grid on the left and the result when
using overlapping grids on the right. Figure 7 shows
how local grids are moved along with the movement
of water surface. In this figure, the two local grids
in the middle are moved up. In Figure 6 and 7,
when using overlapping grids, the resolution of lo-
cal grids is 4 times that of global grid. Comparision
of the computation times is shown in Table 1. Our

e ‘K
Fig.5 Results when using one grid with resolution
256 x 64.
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Fig.6 Results when using one grid (left) and overlapping
grids (right).



] 2] il 1

3 T : 4‘ &W
Fig.7 Local grids are moved along with the movement

of water surface. The resolution of global grid is
128 x 32 and that of local grids is 256 X 64.

Table 1 Computational times

Grid size Comp.time(s/f)
Stable fluids and 256 X 64 (a) 0.239
Level set method 512 x 128 (b) 4.604
Present method | global: 128 x 32 (c) 0.092
local: 256 x 64
global: 256 x 64 (a) 0.906
local: 512 x 128

experiments were conducted on machine with In-
tel(R) Core 2 Extreme 2.94GHz and 2.00GB RAM.
From Table 1, it is indicated that using high res-
olution only around water surface, computational
time is 2.5 to 5 times faster ((a) is compared with
(c), (b) is compared with (d)). Note that when the
grid’s resolution increases, the iteration for com-
puting pressures using SOR method also increases.
Thus, the overall computation time increases more
than in theory which is 4 times (about 20 times in
our experiments) when we increase the grid’s reso-
lution 4 times. The resolutions of grids should be
as low as possible in order to make the simulation
be performed within practical time, on the other
hand, the resolution should be high enough to ob-
tain accurate results. By using overlapping grids,
it is possible to obtain accurate results within prac-

tical time.
5. Conclusions and Future Work

We have presented an efficient method using over-
lapping grids for simulating detailed images of wa-
ter motion. We have presented the water-air inter-
action solver, Overlapping Grids Method to deal
with fluids with free surface. Using our method,
it is possible to reduce computational cost but still
keep accurate computation. Our experiments have
shown that detailed images of dynamic water waves
could be obtained with considerably low computa-
tional cost.

One important future work is to implement our
method in 3D case. Moreover, there is still room

for further research on the way to use overlapping
grids to simulate water waves. One local grid can be
divided into multiple grids when the difference be-
tween the heights of water surface at different loca-
tions become too large. These new grids are moved
with different velocities so that they can still cover
all water surface. By this way, overlapping grids

can be used in a more efficient way.
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Appendix

Suppose that the initial volume of water is Vo
and that at nth time step is V... These volume can
be easily calculated by counting the number of grid
cells which has negative or zero level set value. Ac-
cording to volume error dV = V4 — V., we compute
the number of grids that water surface needs to be
shifted up as dV/S, where S is the area of water

surface.





