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Iterative method for embedding
a triangulated Pair-of-Pants in 3-space *
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This paper describes a method for obtaining a smooth triangulated surface. A pleasing
embedding of the surface in 3-space can be obtained by keeping an iteration of a transformation
matriz derived from the adjacency matrix of the spreaded and triangulated graph of the surface
on plane. As one example of the surface obtaind by our iterative method, we will present a -
useful surface, that we call Pair-of-Pants surface, in visualizing low dimentional topology.

1 Introduction

There have been many kinds of algorithms
and methods for 3D surface modeling, such
as subdivision surfaces[AL], NURBS surfaces,
and other kinds of spline surfaces[AN]. Their
method for the surfaces are based on the idea
of control net and curves, which means the
surfaces depend on coordinates, On the other
hand, the method we present in this paper
are entirely different, because the surface ob-
tained by our method are defined only by com-
binatrial structure of the vertices. '
The method was proposed and first used for
embedding planar graphs and as the applica-
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Figure 1: Example of planar graph; (a)initial
positionings (b)converged positionings

by M. Ochiai [O1]. Main operation of this
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method is an iteration of a canonical matrix,
called transformation matriz, derived from
the adjacency matrix of the given 3-connected
simple planar graph, which has following re-



markable property. For any embedding of the
graph into the plane, the boundary of the
unbounded component consists of a closed,
polygonal subgraph. Consider a particular
placement of this subgraph as a convex poly-
gon around the origin. Since we want a nicely-
embedding of the graph, place the vertices
on the convex polygon at equidistant posi-
tions on the unit circle around the origin,
and all other vertices initially at the origin.
Then apply the transformation matriz recur-
sively to this data. The iteration quickly con-
verges to a canonical embedding of the graph
in the plane keeping the vertices on bound-
ary of the unbounded component fixed. The
embedding will be nicely-balaned which means
intuietively that it minimizes a kind of energy
for tension along the edges. Figure 1 shows an
example. Figure 1(a) shows the initial posi-
tionings of vertices. The vertices you can see
are fixed vertices and those which are gath-
ering at origin. We keep the iteration unitil
it converges, then figure 1(b) shows a nicely-
embedding of the planar graph.

Since this method needs only the initial
placement of the vertices on boundary of the
unbounded component, which turns out to be
fixed vertices, and an adjacency matrix of the
graph, we presumed that this same method
can be applied in 3-space. At first, we con-
sidered the spreaded graph of the surface that
we want (see figure 3), then obtained the ad-
jacency matrix of the graph. As the fixed ver-
tices, we took the vertices on boundary loops
in the surface. In the case of Pair-of-Pants,
there are three boundary loops. We gave the
initial placement of those boundary loops in
3-space, and tried the similar operation. As
the result, the iteration convergs to a pleasing
embedding of the surface in 3-space (figure 2).

2 TIterative method

As we mentioned above, our method for con-
structing a surface is; consider a spreaded
gré,ph of the surface we want on plane, take
fixed vertices among vertices of the graph
and give the initial placement of them, then

Figure 2: Pair-of-Pants surface

transform other vertices to each certain posi-
tions, which turns out the embedding of the
graph will be nicely-balanced, by the iterative
method. In this section, we describe the iter-
atation in detail.

Let G denote a graph obtained by spread-
ing a surface on the plane, and suppose G has
n vertices. Let V = {v1,v9,...,vn} be a set
of vertices in G, and Vo = {v1,v2,...,v,} be
the set of fixed vertices. Let V; =V - Vp =
{vr41,vr42,--,vn}. Let (zk 9k 2E) be the
coordinates of v;,which have done the itera-
tion k times, and denote the set of coordinates
of V after k-th iteration by
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Then we can describe the transformation from
CE to CEF! using n x n F called transforma-
tion matriz as follows;

Ot = Ol (1)
F is unique for G, and its i,J entry, fi; is
defined by
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where §;; is 1 if i = j, and 0 if i # j,
is 1,7 entry of the adjacency matrix of graph



G, and d(v;) is degree of the vertex v;. We
have known and also had the proof that this
iteration by using F' will surely converge, but
we don’t discuss in here.

When we want just to draw the surface, if
we do the iteration on computer until they
converge, it might be too much time consum-
ing. Then we have the following skillful way
to avoid doing calculate repeatedly. Notice
that the transformation matrix F' consists of
4 blocks as follows;

E O
(5 %)

FE; r Xr unit matrix

O; r x (n—r) zero matrix

B; (n—7) X r matrix

A;  (n—r7) % (n—r) matrix

Let CY, = (X{,,Yy), Z),) be a set of co-

ordinates of initial positions of the vertices of
Vo, and CF = (X3%,Yy°, Z77) be the con-
verged positions of V;. Remember that the
vertices of Vp are fixed through the iteration,

so what we want to get is this C77. We can
obtain C7? by the following calculation;

C¥ ~ (E - A)"'BCY, (2)

We obtained (2) as follows. Transformation
from C{“, to C’{“/“ can be done by (1), that is,

C‘k/-l-l
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Remember the vertices of Vp are fixed, that
is,

k+1
oy o=

Il

Ciit=Cf,=...=Cy,=0Cy,. (4
Then by (3) and (4)
CEM = BCY, + ACY,. (5)

Since if k goes to infinity, we know each entries
of C“’,j’ will converge, that is, we can say

k — o0, C’{“,j’l o~ C‘k,I ~ Cy.
Therefore (5) will be

CY ~ BCY, + ACY.
Then we could have (2).

3 Embedding Pair-of-Pants

The surfaces obtained by the iterative method
we discussed in previous section depend on
the adjacency relations between vertices con-
structing the surface, and the positions of
some fixed vertices. Therefore, to obtain de-
sirable surfaces, how we define the spreaded
graph of the surfaces turns out to be the most
important part of whole process. In this sec-
tion, we discuss an idea of the spreaded graph
to obtain Pair-of-Pants surface, and the im-
plementation it.

3.1 Spreaded graph of Pair-of-Pants

We " expect a -nicely-embedding of Pair-of-
Pants surface in 3-space, which we means the
shape is nicely-balanced and also symmetri-
cal. Besides nicely-balanced embedding is led
by the iterative method, the symmetric prop-
erty is related directly to that of the spreaded
graph of the surface. Then we had figure 3 as
the spreaded graph for Pair-of-Pants, which
we could obtain desirable Pair-of-Pants sur-
face. Each number in the graph indicates
number of each vertices (as omission partly).

Consider two hexagons which share one
edge, and are triangulated inside, as in figure
3.. We can specify the density of the triangu-
lation, and as a matter of course, the smaller
we triangulate, the smoother surface we can

- have. To construct Pair-of-Pants surface from

these two hexagons, glue the left and right up-
per thick line to the left and right under thick
line respectively. We can imagine easily that
gluing of edges yield three loops, which meets
the topology of Pair-of-Pants. The idea of glu-
ing is just to assign same numbers to those
vertices. In the case of figure 3, the vertices
on both the left thick upper and under lines
are having same number {1, 6,12,19,27}, sim-
ilary for the right thick line, {5,11,18,26,35}.
As for the other vertices, we give numbers in.
order from up to under as in figure 3. Notice
that this numbering is temporary one to make
the adjacency matrix easily.

Next, we have to obtain the adjacency ma-
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Figure 3: Spreaded graph of Pair-of-Pants

trix of this graph for the transformation ma-
trix. Since the number of vertices have been
given with regularity, we can have the ad-
jacency matrix easily, although gluing parts
are a little tricky. For example, we need to
recognize that there are five vertices, that is
{2,6,7,101, 105}, adjacent to vertex 1.

Now, consider fixed vertices. Pair-of-Pants
surface has three loops, and let L;i,Ls, and
L denote them. We take vertices on Ly,Lo,
and L3 as the fixed vertices. Then we have 6m
fixed vertices, where m is the number of trian-
gulation on an edge of a hexagon. In the case
of figure 3, Ly = {27, 36,44,51,57,62,68, 75},
Ly = {35,43,50,56,61,67,74,82}, and L3 =
{1,2,3,4,5,107,106, 105}.

3.2 Implementation

Since we numbered the vertices from up to
down with regularity in order to obtain the
adjacency matrix easily, then before we start

the iteration, we need to re-number the ver-
tices. At first, let m be the same as above, and
suppose r = 6m, then the vertices on three
loops are

Ll = {’01,’02,,..,1)27%}7
Ly = {vom+1,V2m42;--- ,Vam}, and
Ly = {Vtm+1,V4m+2,--Y6m}-

And except for these fixed vertices, we re-
number each vertices from up to down. Let
n be the number of vertices in the spreaded
graph. Then we have

Vo = {1)1,’1)2,...,1),«}
= {’Ul,...,vzm,vngrh...,'U4m
,‘U4m+1,...,’vem}
V[ = {vr+1,vr+2,...,vn‘}

We construct the transformation matrix for
these re-numbered vertices, which can be ob-
tain from the adjacency matrix that we had
with original numbering.

Next, we specify the positionings of fixed
vertices. At first, decide where we put three
loops in 3-space, in precise, specify the posi-
tions of centers of the three loops, and planes
where the three loops are on, and then sup-
pose the fixed vertices are at equidistant po-
sitions on the unit circles around the centers.

Figure 2 shows the surface obtained by our
method; m = 10, the centers and planes of L1,
Ly and Lz are (0,~1,1) ony = —1, (0,1,1) on
y =1, and (0,0, —1) on z = —1, respectively.

References

[01] %A 24T, T, WHER., HUH
HHRLE Y AT LO%kEH ARICAK
F%4, Vold No.4(1994) 337-348

[AN] A.H.Nasri, Curve interpolation in re-
cursibely generated b-spline surfaces over
arbitary topology, Computer Aided Geo-
metric Design, 14:No.1(1997)

[AL] A.Levin, Interpolating nets of curves
by subdivision surfaces, SIGGRAPH'99
Conference Proceedings (1999)



