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Computing the Diameter of n > 14 Pancake Graph

YUusuKE KOUNOIKE! ,KEIICHI KANEKO! and YUUJI SHINANOf

The n-pancake graph is a graph whose vertices are labeled by permutations on n symbols.
There is an edge between two vertices when the label of one derived from the other by some
prefix reversal. Finding the diameter of the n-pancake graph is known to be a very hard
problem, because n-pancake graph has n! vertices. Actually, n = 13 has been the maximum
size of the n-pancake graph which diameter was known so far. In this paper, we propose an
extended method of the method developed by Heydari et al. They found the diameter of the
13-pancake graph by using their method. By using our method, we give previously unknown
diameteres of 14 and 15-pancake graphs.
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1. OO0O4adg

000000000 (pancake sorting problem)
02)000000000000O0O0OOO

The chef in our place is sloppy, and when he pre-
pares a stack of pancakes they come out all differ-
ent sizes. Therefore, when I deliver them to a cus-
tomer, on the way to the table I rearrange them
(so that the smallest winds up on top, and so on,
down to the largest on the bottom) by grabbing
several from the top and flipping them over, re-
peating this (varying the number I flip) as many
times as necessary. If there are n pancakes, what
is the maximum number of flips (as a function of
n) that I will ever have to use to rearrange them?

000000000000 (prefiz reversal problem)
goooooo

00000000 (pancake graph) 00100 n
goobooo0o0ooobbbooooobobooon

goooobobboboooooooboooooooo
goboodobtodbonU0ObOO0O0OO0OODDbOODbOOO
O00U00nO0O0000O000 (n-pancake graph)
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2. gOogood

100 0000000000 S,0000000
00 .0000000000000000000000
000000000 10000 n00000 7€ Sy
000000000 k00000000000000
00000000 ¢c00000 000 k,n—kO
000 2,y 0000 =2y 000000 =2y 0
O0O0#*=+s0000000 2"02000000
00000000000000 2,002z, 00000
oooo «#@*2) gpooooooooo«¥ooon
00000 z1,22,...,2,000000007% =e,
O00000«xz0 x000000000000000
0O0e, 00000000000 (12---0)0000

0000000000000 f(r) = min{|z] :
¥ =e,} 0000000000000000f(n) =
max{f(r): 7€ S, 000000000000

T€ S, 0000000000000 =x"00
000 re000000000000000O00O0
000000»00000000000000000
0000000000000000000 0000
0000000O0P,00000000400000
000 (R)00 10000

00000000000000000000000
0000000000000000000000000
000000000000000000000000
O0D000000000000P,00n00 Py
000000000000000000000000
000000000000 0000000P* 0000
PrOODODODOOOOOOOO AKOOOD

00000000000 200000000 (00
0000000)0000000000000000
000000000000000000000000
0000000D00000000000Oe, 000
000000000000 O00000000000
0000000000000000000 f(n)OO
0O0oO0oo0ooooo

01 400000000
Fig. 1 The 4-pancake graph

3. UbOuoaoabood

goooooOooooooooooooooogo
ooooOOoooOoOoOoooooOooooooOoOoOod
000000o0o0oooooooooooooooo
Jdddd 4<n< 0000000100000
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pancake problem)00 00000 0O0O0OODOOOOO
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HeydariODOOOOOO f(n) < (23/14)n+c, f(n) <
3(n+1)/20000000000000 f(14), f(15)
0000o0ooooooooooooooooon

4. OO0DOOO0OO

4.1 HeydariOOODO

Heydari® 000 P, 0000000000000
ooooOooOoooooo f(3)yocoooooood
oo0oop,000000COC0O0O0 PO P,y O
goboooooobo P,.00b0O0b0b0OOobOobOog
go0oobooOoboboOoobobobo0oooonPea
goboooboooooooboob0 ~n0ODbOODO
O02<k<n-100000x™® 000000
o000 S, 0000000007 €e S, 00000
fn—1)420007 € S,\S, 00000 f(n—1)+1
goooboooobobbooobbooooobo
000000000000000 € S,0000
f(m)<fn—1)+100000f(n) < f(n—1)+1
00001000 f(r) = f(r—1)+100000
fn)=f(n—1)+100008,008, 00000
000000000 0D f(n)OODOODOODOOO

01 f(n)DODO
Table 1 The values of f(n)

n (12345678 9 10 11 12 13 14 15
f(n)|{01 3457891011 13 14 15 16 17

02 00000000
Table 2 The results of the previously works

oo f(n) OO [f(n)DODO [f(n) DOO
GareyDS) n<7 n+1 2n — 6
Robbin? n<9
Gates 0 ¥ (17/16)n |5(n +1)/3
Gyéri O ) 5(n+1)/3
CohenO V| n <12
HeydariO | n <13 | (15/14)n
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4.2 00000OO0OO

4.2.1 00000000
HeydariDOOOODO P,, 0000000000
000000000000000000000000
000000000000000000000000
00000000000006)0000000000
0000000000000000000 m€eS20
000 f(x)0O00O00O0D0000000
0000000000000 O0000000000
O000OHeydariDOOODOOOOOOOOOOOO
f(rn)ODODOOODOOOOD
goodd « =¥, € S, 0000000
ok € Sn ﬂ<k<MDD(DDDDDDDDﬂm)

00000 (2)0Do0oooo
((en)™)” k=1
((en (k")m 2<k<n-1 (1)
el k=n
fm)+1 k=1
{f(ﬂ)—i—? 2<k<n-1 (2)
f(m) k=n

000, 000000000000000000 Pk
0000000000, 00000000 #0000
000000000000000000000000
oooooooooooon0
e J00,00P,,000 7000000
e 00 o 00P0D0OOODOOOOOOOO
(en)"000 e, 00000000000000
00 ~000000

e D00y 2<k<n)00P:OODOOOOO
000000 (e)®™ 000 e,y DO0ODOO
00000000000 #000000

T € So-1 00000k € S, 0000000
Te(r) = 0, 00000 SC S,.1 0000000
000 Tx(x) 0000000 Tx(S)DOOOO0O00O
0S™0 f(r)=mO0007€S,000000k<0
000 k> f(n)00O0 AODOOODOOSEOOOOO
0000000000 S, 00 (3)000000000

m

En =T (SrT:ll)
Utz (52:12) U
UT1(Snty)

CUTua (S0 )

n

000000 (2)0000reS, 0000 f(r) <
mO000000000S, 008, S, 000000
ooooooooo

fn—1)42 _
So=J,_,  Sn (4)
f('n. 1)+2_
sveld_ s (5)
DDDDweSﬂnDHDDDDf@jDDDDD

00f(r)=f(n—1)+2000000 00000

0 190

procedure make_problem(n, m)
{s* 0D S’ 0D (3) 000000 }
begin
if n — 1 > ¢ then begin
make_problem(n — 1, m — 2);
solve(n — 1, m — 2);
end;
m

ST =10 (3);

n
end

procedure solve(n, m)
{Syoooosrooooooo }
begin
foreach 7 in §: do begin
f(x)yoooo
SEH™ = 5f (™ y {x};
end
end

procedure diameter(n)
{f(m) 0000 }
begin
make_problem(n, f(n — 1) + 2);
solve(n, f(n — 1) + 2);
if Si("_l)'” is not empty then
f(n) = f(n—1)+2;
else
fn)=fln-1)+1

end

02 fn)OOOO0OOOOODD
Fig. 2 Algorithm for computing f(n)
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0000 f(r)=f(n—1)+1000 x0000
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oooooooo §L" Y ooooooooo
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00800000000 S* (k< f(e))DDODODO
00000 0Odiameter(c+ 1),diameter(c+2) 00O O
00000000000c¢=70000000000
00000 S 00000000000 30000
diameter 0000 ¢+100000000000
O Osolve(n,m) 0000000000k >m0O00
O solve(n, k) 00 00000000000000OO
00O00Osolve(n,m)00000000000 (5)0
00 S 00000000000000

f(n—1)4+1
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4.2.2 JO000O0O0ODOOOOO
O0000o0o0ooooooooooouoooA*d
Odo0oooouooooooooA*IOOOooOo
OO0 g Uoououoooouoooooo

A*J 000000000000 0O0oOooooo
Joo0o0dooooooboobooooooooooo
Joo0o0dooDbOo0oobDo0oboobooooboooo
00000000 0A*O000D0O0O0oOOooooo
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mneS, 00r=mme-- 7 0000w =m+1
ood mip1=m—10000m 0 m 00OO0OO
goooooobodon, =n0O0000000O0O0OO
0000000000 «000D00DOODODOODOOO
100000000000DO00 100o00ooooo
O0e, 00000 n000D00000f(n)0 n—mn
000000000 f(n)0 f(xr)00000000
4.2.3 00OO0O0OO
nDDDDDDDDgrDDDDDDDDDDDD
J0O0000OO0solveDOOODOOODOODODOOOO
DDDDDDDDDDDDDDDDDDDDDDDgz
goboooboobbooboboboobobooon
DDDDDDDDDDDDDDDDDDDDDDE?
Jg1oo0ob0000b0o0o0oobooobobOoooo
golooo0obooOoOoboDOoO

5. 0O0OOOooon

000000000 f(14), f15) 00000000
gbooboboboooboobbobooboobooooo
O0Oe=7000000f(n)00000O0OOOOOO
oooooooooooooooos,0ooddo 4
O0O00*oO0OO0O0O00Od Pentium 4 2.6CGHz, 1GB
Dual Channel DDR-SDRAM OO*OOO0O0OOODO
0000000Pentium3 1GHz Dual, 1GB PC133
ECCSDRAMUOODOO 160000000000O00OO
Jo0o0o0dobOo0oo0oooboooboobooooooo
goo2000 ceUDODOOOOOOOOOOOO
00000oooooooooOoOoo*oooooo
gooooooooooooooooooooooon
S, 000000oUo0o0fn)00DOOOOD

08 STO000000
Table 3 Computing order of S]"

f(n) | ST OO0O0O00OO

8 9 | S8 -5 =0

9 10 | ST — S5 — 83t =

10 11 | 88— 88 - 830 - 512=¢

1| 13| 87— 80— 85— 8jg —~ Sii #¢
12 14 | S13 -85 =9

13 15 | S7 — S§ — S5 — S1

- Sii Sy~ Sig=1¢

04 f(n)DOODOOOOOOOOOO

Table 4 Computing time and the number of problems for

f(n)
n|l00DDO0] DOOODODO |Snl
8[0.06 sec 210 40,320
9| 1.0 sec 9,316 362,880
10[14.1 sec 117,996 3,628,800
11 3.5 min 1,425,037 39,916,800
12]0.07 sec 60 479,001,600
13| 54 min| 18,221,452 6,227,020,800
*14| 8 hour| 249,271,566| 87,178,291,200
*15| 7 day|3,640,943,222|1,307,674,368,000

6. U 4oono

00000000000 14000 15000000
I:II:IDDDDDDDDDf(n)DDDDDDDDDDD
O0300000000000000000000O00O00O
O0o00000o00o000oo0oo00o0ooboooooo
OO0o0oOoO0ooOooooono

Oo0o0doooooooboooobooooooan
O0n000000000000000000O00O000
goobodooooooooooooooooo

000000000000 17000000000
O100000000000000000000

(1,7,3,6, 4,2, 8,14, 12, 10, 13, 9, 11, 15, 5)

—(13,4,2,5,4,2,6,13, 5,2, 14, 15, 2, 4, 5, 7, 2)

(1, 3,2, 4, 15, 5,13, 7, 10, 8, 11, 9, 12, 6, 14)

—(5,15,8,2,3,4,9,3,9,5,3,8,14, 4, 3, 2, 3)

(1, 3, 15, 4, 13, 6, 8, 11, 9, 7, 10, 2, 12, 5, 14)

—(4, 2,15, 14, 12, 5,2, 7, 6, 5, 3, 10, 9, 7, 8, 13, 5)
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